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Motion of Spinning and Spinning De-
viation Density Tensors in Riemannian
Geometry

Magd E. Kahi, Samah A. AmmarH and Shymaa A. Refaey?

Abstract Equations of motion of spinning density for extended objects, and corresponding
deviation equations are derived. The problem of motion for a variable mass to a spinning
extended object is obtained. Spinning fluids may be considered as a special case to express the
motion of spinning density for extended objects. Meanwhile, spinning density tensor can be
expressed in terms of tetrad formalism of General Relativity to be regarded as a gauge theory
of gravity. Equations of spinning and spinning deviation density tensors have been derived

using a specific type of Bazanski Lagrangian is performed.

1 Introduction

Spinning motion is regarded as one of the actual features of the characteristic behavior for
objects in nature, which led many authors to focus on the cause of the spinning process. Would
be eligible to include its internal properties or discard them as a step of simplification? From

this perspective, it is vital to begin with equations of motion of spinning Mathisson-Papapetrou

[
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where P® is the momentum of the particle
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R%; 5 is the Riemannian curvature, U* = Lz

ds

is the unit tangent vector, s is a parameter
varying along the curve and S is the spin tensor. For a spinning object with precession

(Gyroscopic motion) can be described using the following equation

DS+
= pPrUY — PYU*
Ds

(1.2)
If P*=mU*" then equation (LI and (2)) become, the Papapetrou equation for short!

DU~ ., 5778
DS - %R 5"/557 U 5 (13)
and
DS
Ds =0
provided that [2]

(1.4)
S = (UM — UV TH)

(1.5)
where, 5 spin magnitude, U* is four vector velocity and ¥* is a geodesic deviation vector.
Equation (I.3) can be obtained from geodesic equations [3]

DU
=0
Dt

and the geodesic deviation equations

(1.6)
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If we apply the following transformation of paths for different parameters [2]
dz®  dz® DU~
= 1.8
ds dr +5 DTt (18)
where g & =

and by operating covariant derivative with respect to the parameter s on both
sides, we get

DU~ DU +BDQ\I!O‘
Ds  Dr D2

(1.9)
Using geodesic equations (L6) and geodesic deviation equations (7)) as well Equation(L3])
one can obtain Equation (IL1]), while if one consider Frenkel condition

S U" =0

to be covarient differentiated on both sides and after some manipulations one can get Equa-
tion (4]).

Thus, due to the extension of spin tensor form pole-dipole moments to multi-pole moments

for extended objects, this may lead to examine its corresponding propagation equation [4]

2



Such an equation may be obtained by means of introducing the spin tensor densityS®*” as a
third order skew symmetric tensor is viable to be describe extended objects. These equations
play a vital role in astrophysics and early cosmology to become a good candidate for describing
a spinning fluid and also for describing the status of the accretion disc orbiting a compact
gravitational field as in AGN [5]. Also, it contribute to understanding the problem of motion
quark-gluon heavy ion collisions in early universe [6].

In our present work we are going to derive equations of spinning density tensor and spin
deviation density tensor of different cases as described in Riemannian geometry in GR. Ac-
cordingly, on studying the spinning density tensor a stringent relation arises its composition
within thermodynamics variables[7].

Tds = dE + pd(%) - %wwds‘“’ (1.10)
where T' is the temperature, § is the entropy, E is energy density , w,, is the spin angular
velocity and s*” spin density. Thus, in self consistent theories described the entropy becomes

conserved i.e. such that

ds

— =0. 1.11
7 (1.11)
Thus, the first law of thermodynamics becomes

dFE dp~t 1 dst
— Zw,—— =0. 1.12
ds tp ds 2w” ds 0 ( )

Meanwhile, it is worth to clarify that thermodynamics transports coefficients such as viscosity
which is connected with identifying the nature of the spin tensor [8]. It is well known that
spinning fluids are dominating properties of nature, may be found to describe the problem of
motion of particles in an accretion disc as a Gyrodynamics fluid. This is the counterpart of
the Papapetrou equation [9]. Owing to spin density tensor, an interaction between spinning
motion and thermodynamics variables may be found in equation (LI2) [10].

Thus, it is well known that S*#7 is a third order tensor, viable to define extended objects.
Nevertheless, from a progenitor case, the spin density tensor is bounded to be a skew symmetric
in the last two indices, it comes to arise for expressing a spinning fluid element as a confided
case of an extended object. From this perspective, the notation of importing the expression
propagating equation for spin density [4] the modified becomes crystal clear to express spin
fluids [7]. Yet, one may find out that the Weyssenhoff tensor [6] is most eligible candidate to

express a spin fluid element i.e.

Sem — G, (1.13)



Thus, differentiating both sides of ([LI3]) by the covariant derivative to get
Dser— DSH DU?

P me, 1.14
Ds Ds ur Ds S ( )
Now, one uses the following Lagrangian [11]
Dw¥ Dy
L=g, Ut 45, 2~ 1.1
9urt! Ds 7" Ds (1.15)

By taking the variation with respect to the deviation vector W” one gets (.6l

DU?
=0.
Ds

Also, taking the variation with respect to the spinning deviation tensor U*° to get (L4)

DSPo
= 0. 1.1
e = (1.16)

Consequently, substituting from (L) and (I.I6) into (LI4]), one obtain

DSPoe
5 =0 (1.17)

which indicates equation of spin density tensor. Accordingly, we may obtain equations analo-
gously by means of its corresponding Bazanski Lagrangian stemmed from its original formalism

[3] and its modification in GR [12] to become

Do
L=S,,——, 1.18
H Ds ( )
such that by taking the variation with respect to WP,
DS
=0. 1.19
Ds (1.19)
If we apply the commutation relation in such that
(57 5 — S WUCWP = §oW R ey, (1.20)
and
Sp“’;'éllfp = \I/p“";&Up. (1.21)
Then we obtain its corresponding spin density deviation tensor equation
Dpr(S)\
_ qoléx prl B
Dz = STURT U (1.22)

The importance of spin density deviation tensor is to examine the stability conditions of a

spinning density orbiting a compact object [13].



Accordingly, the paper is organized as follows. In Section 2, we discusses spinning density
tensor and spinning density deviation tensor equations: Papapetrou-like equations. While
Section 3 displays spinning density tensor and spinning density deviation tensor equations: a
variable mass. And Section 4 emphasizes the concept of spinning density tensor and spinning
density deviation tensor equations : a spinning fluid. Spinning and spinning density deviation
equations for a gauge theory of gravity: tetrad formalism is explained in Section 5. Section 6

presents conclusion and future work.

2 Spinning Density Tensor and Spinning Density Devi-
ation Tensor Equations: Papapetrou-Like Equations

In this section, we are going to examine a massive density spin tensor able to describe an
orbiting extended object for a compact object. Accordingly, the Weyssenhoff spin vector may

be amended to be expressed as follows:

SPHv — GHY pP. (2.1)
where P? is the momentum in which it is relating to S”*¥ in the following sense

§ DS
S = S (mU” + Us—5—), (2.2)

1.e.

SPr — SH(mUP + Us(PPU° — P°UP)). (2.3)
Differentiating both sides by covariant derivative for (2.1]) to get

DSew DS DP?
= pe ", 2.4
Ds Ds * Ds S (24)

We suggest the equivalent Bazanski Lagrangian to be:

_ Dyrw _

Thus, by taking the variation with respect to its corresponding deviation tensor W**”, we get

pgew
o e, (2.6
in which
DS DPr
v _ pr gHv
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becomes

aocf

fo = (PMU” — P'U")P? + %R” Serr g,

where

fr= 1 R* . qved
2 )

vpd

is regarded as a spin force, and
M® = PFUY — PYU*.

Consequently, its corresponding spin density deviation tensor equation can be obtained by
applying in a similar way the commutation relations as given in (L2I) and (L.22) the corre-
sponding spinning density deviation equation:

D2yen
Ds?

= S REL JUTP + e, (2.7)

3 Spinning Density Tensor and Spinning Density Devi-
ation Tensor Equations: A Variable Mass

If we consider a massive spin density tensor whose mass is not constant but function of the

parameter (s) in which its corresponding Weyssenhoff tensor becomes as follows
SPHY — m(s)UPSH. (3.1)

Differentiating both sides we obtain:

DSPw D(m(s)UP) DS
= SHY U’ . 3.2
Ds Ds +ml(s) Ds (3:2)
Thus we can suggest a Lagrangian obtained for spinning variable mass object
Du¥ 1 o Dyes
L = m(S)g‘quuD—S + (m(s)p + §Rpa5fys 57)\11[) + Saﬁ Ds + m(s)p\Ilp. (33)
Thus, by taking the variation with respect to ¥° to get
DU? _ m(S)p (g5p _ U(SUp) + ;R(S Spozﬁ (3 4)
Ds m(s) om(s) P ' '
And by taking the variation with respect to ¥ to obtain
DSHv
=0. 3.5
Ds (3.5)



Thus the spinning density tensor with a variable mass may be expressed in the following way:

DSPW/ _ m(S)U op orTP 1 P AafBy quv
By = O 07 = UOU7) 5 SR 8)5 (3.6)

Accordingly, its corresponding Bazanski Lagrangian may be expressed as

. Dperw _ ,
L == SPNV? + prV\I]PN 3 (37)

where ferv = (e (gor _ o(7e) 4 Q;Rp/\QBS’\O‘ﬁ)SW. By taking the variation with respect

m(s) m(s)

to U7 we obtain .
DSrry

Ds

As we follow the same procedure as given in equation (L2I]) we obtain the deviation spinning

=, (3.8)

density equation to become by taking the variation with respect to ¥*?° we obtain

D2y
Ds?

= (fom) 50 + SR JUCP, (3.9)

This equation may be applied in studying the stability of a variable spinning disk which may
work to explain the effect of mass excess in a region orbiting a compact object. Such an
illustration may give rise to examine the effect of dark matter in the accretion disk of a compact

object.

4 Spinning Density Tensor and Spinning Density Devi-
ation Tensor Equations: A Spinning Fluid

In this section, we are going to suggest that the relation between a variable mass and a spinning
fluid in the following way,

S = (p+ p)(s)UPS™, (4.1)

where, m(s) = (p+ p).
Accordingly, if the pressure is turning to be only parameter of s, while the density is becoming
constant. Owing to this suggestion the spin fluid behaves like a spinning variable mass, such

that:
dm(s) _ dp(s)

. 4.2
dxP dxP (4.2)
Such an equivalence may give rise to suggest the following Lagrangian,
DY 1 Byrra af
L= (p+p)(5)9uU" =5 =+ (By + 5 Roapy STUN)W + Sop—— + B, W7 (4.3)



Such that, by taking the variation with respect to ¥’ to get

DU(S Pp op S
= — Uy +
Ds ~ Y )+

———— R} ;5. 4.4
2ot p) e (44)

Also, by taking the variation with respect to ¥ to obtain

D§
Ds

—0 (4.5)

Equation of a spinning fluid can be expressed in the following way:

DSem Po o 1
= P —UU) 45—
( ¢ P rE

Ds (p+p)
Accordingly, its corresponding Bazanski Lagrangian may be expressed as

R’ 55 7)SH. (4.6)

Do

L=S,— Ds

+ fou U, (4.7)

where,  frH = (25 (g7 =UU”) +

to WP we obtain

0 +p) R’ ,55**7)S" . By taking the variation with respect

Dgm
= frr 4.8
S (1.9
By taking the variation with respect to U*?? we obtain
DQ\I/PHV rpuv v o
B = ()0 4 5ol R, sUP. (4.9)

4.1 Modified Forms of Spin Density

In this part, we suggest a modified form of spin density tensor in Riemannian geometry to be;
(a)_P* =mU“
1
SoPT — g(sﬁmﬂ“ + S1UP + SPUY), (4.10)

Differentiating both sides using covariant derivative,

DS 1 DSH pye s DUP  DS*P DU
_ 4t a | gby B graZlZ U + S8 . (411
Ds 3!< Ds vres Ds DsU i Ds * Ds i Ds ) (411)
(i) For 852 =0 and £ S = 0 and substituting in (£I1]), we obtain
D.SaBy
= 0. 4.12
Da =0 (4.12)
(ii) B = 3= R% ;S7°U* and DSZB =0, (AI1) can be rewritten as
DS 1,1 1 1
— —(_—_po vprThQBY 4 = pB VOTTH QY DY vprTH Qap 4.1
T 3!(2mR S PUMSPT + 2mR S US4 QmR S PUHSY), (4.13)



i.e.

DS*» 1 1
_ « B 8 « af v
Ds §<§<R m/pS "+ R ;prﬁ{ + RPYHVPS )S*7), (4.14)
to become 5
DSy 1
— — (Rl@  gBr)ygue 4.15
Ds Qm( wee )5, (4.15)
(b)P* # mU“
1
ST = g(sﬂwa + S PPy g8 py, (4.16)

Differentiating both sides using covariant derivative,

DP* DS DPP  DSeP DPY
P 4+ % PPy g PY 48— ) (417
Ds + Ds + Ds + Ds + Ds + Ds ) ( )

D5 _ 1.D5™
Ds 3!

However, if DD—T = %RaﬁwswUﬁ and %:ﬁ = P2UP — PSU then, we obtain

D5 _ 1 PAUY — PR P 4 LRe  qmigsy | (prpe — oy pP
]‘ v (63 (67 (6% 1 14 «
+ 510, SMS 1+ (POUP = PPU)PY 4 DR, S S7), (4.18)
in which can be B
D5 _ iSW"(SO‘ﬂR7 + SR+ S7RP ). (4.19)
Ds 192 pnrvo pnro uvo

To get their corresponding deviation equation as similar as equation (4.9]).

5 Spinning and spinning density deviation equations for

a gauge theory of gravity : A Tetrad Formalism

5.1 A class of Gauge theories of gravity in Riemannian geometry

The problem of studying microscopic structure of particles led many relativists to get a
paradigm shift towards gauge theories of gravity. From this perspective, the building blocks of
this type of theories stands for an analogy between the quantities used in current gauge theories
and space time. It is of interest to revisit primarily GR to be descriptive by gauge theory and
their counterpart in non-Riemannian geometry [14], 15]. Yet, collins et al (1989) described GR
as a gauge theory of gravity subject to the following gauge potential vectors e}, and W , to
represent translational and rotational gauge potentials respectively. From this perspective, the
problem of invariance of any quantities must be a covariant derivative invariant under general
coordinate transformation (GCT) and Local Lorentz transformation (LLT) that are expressible

in terms of gauge potential of translation and rotation in the following way [16]. The equations
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of physics will contain derivatives of tensor fields and it is therefore necessary to define the
covariant derivatives of tensor fields under the transformations GCT and LLT, one must need
to define two types of connection fields to be associated with each of them. Accordingly, the

Christoffel symbol {}Z/} is referred to GCT while the spin connection wg, as related to LLT.

Accordingly ,
Dyer € e — {2 Yem 4w, M e, (5.1)

Provided that
D,D,e; = D,D,e;". (5.2)

Using this concept it turns out that GR may be expressed in terms of connecting e , wq, and

{:‘V } together

def 4
G = euegnab, (5.3)
a def 1 ao
MV} = ég (gl/o,a + Joay — gazx,o>- (54)
And for any arbitrary vector A,
Au;cd - Au;dc = R_C:deAon (55)

where R ,. the curvature tensor may be defined, due to gauge approach, in terms of spin

connection w%
def
C D C C (& a (& a
duv T w dv,un w du,v +w a,uw dv — W W du
From this perspective, one can figure out the effect of both mesh indices and world indices on

describing the curvature tensor.

5.2 Spinning and Spinning Deviation equation of an object in a class
of gauge theory in Riemannian geometry
In a similar way to [I6] one can find out the equations of motion for a spinning object with

precession for a class of gauge theory by taking the variation with respect to W* and W

simultaneously, for the following Lagrangian

L= gWP“DD—‘I: + %wasabU“\w + eZeﬁSab%:y +(P,U, — P,U,)¥", (5.6)

to obtain X
DDZ = %Rayabsabw (5.7)

Multiply both sides by ef, )
%i = %Rcmbsabw, (5.8)

10



and

DS*#
= (P*U” - PPU° 5.9
= ) (59)
ie. b qab
DeleS°
a”B _ arrf Brra
— = (P*U" - P°U 5.10
7 ) (5.10)
DS D(e%e%)
a b ab a3 . arrfB Brra
SP—= = (P*U"” — P°U 5.11
eaeﬁ DS _'_ DS ( )7 ( )
multiplying both sides by egeg
DS D(e%e?
egegege% ;S + egegSab% = egeg(PO‘Uﬁ — PPU"), (5.12)
provided that
D(egep)
—F— =0 5.13
ot (5.13)
consequently,
DScd
= (PU? — PU°). 5.14
= ) (5.14)
Using the commutation relations as mentioned above, we obtain their corresponding deviation
equations;
D2(I)c c d178 0 c abrrd )
W — R dﬁo’P U @ + (R dabS U );p@ 5 (515)
and
D*we 1[d pel s cyrd dyre
TSQ - S Rl,\/éUﬂf\I] —|—<P U —P U );p\pp. (516)

5.3 Spinning Density and Spinning Density Deviation Equations for

a class of Gauge theory

Let us define the following spin tensor
Sabe — gbepa (5.17)

Differentiating both sides using covariant derivative to get

DS DS DP"
= P+

be, 1
Ds Ds Ds S (5.18)

Substituting (5.8) and (5:14) in (5.I8)) to obtain

Dgabc 1
o 5Rabcdsbcd. (5.19)
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We suggest the equivalent Bazanski Lagrangian

Dy

L=¢eleks —
P Ds

popTY

+ fabc\yabc- (520)

To become after taking the variation with respect to its corresponding deviation tensor WPH”

D Sabc
Ds

= fabe, (5.21)

Similarly their corresponding geodesic deviation equation may be found as follows;

DQ\I/abc u B
Do = SR S e v (5.22)

6 Discussion and Concluding Remarks

The spinning density tensor may play to express a spinning fluid. In this perspective the 3rd
rank skew symmetric tensor turns to be specified to become S**7 skew symmetric in the last
two indices in an approach to relate the spin density tensor with the Weyssenhoft tensor which
is describing a spinning fluid. The problem of spinning density is vital to describe an extended
object which can be expressible to plamsa fluid and heavy ion collision [17].

In the present work, we focused on spinning fluid tensor and its deviation one as a special
case of applying spinning density tensor. In principle, a spinning fluid tensor is a special
case of the spin density tensor with a skew-symmetry in the last two indices as expressed by
Weyssenhoff tensor. Such a description has led many authors to geometrize it by means of using
Riemannian-Cartan geometry, instead of the Riemannian geometry which gave a transition of
GR to Einstein-Cartan theory of Gravity [10l 18]. This type of geometry has employed a new
role of orthonormal frames to describe its internal composition. This gives rise to an insightful
vision to examine the internal structure of a fluid element using a rotational potential vector 1";'» "
called spin connection able to describe torsion of space time beside the translational potential
vector €. It is worth of mention Hehl et. al, were able to include spin tensor not only of
energy momentum tensor 7),, but also in angular momentum equations €2 interms of torsion
of space-time. This is clearly found Poincare gauge theory (PGT)[15, [19]; but if one introduces
the absolute parallelism condition. [20), 21], one may relax the second equation of angular
momentum which includes spin effects.

In our present work, we applied a tetrad formalism as expressed by means of orthonormal
frames to express Spin density tensor in Equation (5.17). In this approach using the curvature

tensor is defined by spin connection terms [I6] . Uusing this type of amended curvature with
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symmetric affine connection, torsionless we obtain its corresponding the spin density tensor
equation (5.19) and the spin deviation denity tensor equation (5.22) as expressed in mixed way
anholonomic indices besides holonomic ones. Such a tendency to relate the internal effects.
However, we are going to revisit the problem of spin density tensor and their corresponding spin
and spin deviation tensor in the presence of modified absolute parallelism geometry including
spin connection as described as to be expressed within the context of non-linear connection
defined in Finsler geometry [24] will be examined in our future work.

Nevertheless, a spinning density tensor may be described in Clifford spaces [22), 23] in

the following way such that U = a‘% Shv = afiﬁ and SHr = ax‘ism in terms of holograhic
coordinates such that s = s(x*, 2" z*? ....). However, from this perspective, replacing vectors
to poly-vectors leading express torsion and curvature tensors viable to express the internal
structure of spinning density tensor in Riemannian geometry. This issue will be studied in our

future work as well.
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