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Motion of Spinning and Spinning De-
viation Density Tensors in Riemannian
Geometry

Magd E. Kahil1, Samah A. Ammar 2 and Shymaa A. Refaey2

Abstract Equations of motion of spinning density for extended objects, and corresponding

deviation equations are derived. The problem of motion for a variable mass to a spinning

extended object is obtained. Spinning fluids may be considered as a special case to express the

motion of spinning density for extended objects. Meanwhile, spinning density tensor can be

expressed in terms of tetrad formalism of General Relativity to be regarded as a gauge theory

of gravity. Equations of spinning and spinning deviation density tensors have been derived

using a specific type of Bazanski Lagrangian is performed.

1 Introduction

Spinning motion is regarded as one of the actual features of the characteristic behavior for

objects in nature, which led many authors to focus on the cause of the spinning process. Would

be eligible to include its internal properties or discard them as a step of simplification? From

this perspective, it is vital to begin with equations of motion of spinning Mathisson-Papapetrou

[1]
DP α

Ds
=

1

2
Rα

. βγδS
γδUβ (1.1)

where P α is the momentum of the particle

P α = (mUα + Uµ

DSαµ

Ds
),
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Rα
. βγδ is the Riemannian curvature, Uα = dxα

ds
is the unit tangent vector, s is a parameter

varying along the curve and Sγδ is the spin tensor. For a spinning object with precession

(Gyroscopic motion) can be described using the following equation

DSµν

Ds
= P µUν − P νUµ (1.2)

If P α = mUα then equation (1.1) and (1.2) become, the Papapetrou equation for short!

DUα

Ds
=

1

2m
Rα

βγδS
γδUβ , (1.3)

and
DSµν

Ds
= 0, (1.4)

provided that [2]

Sµν = s̄(UµΨν − UνΨµ) (1.5)

where, s̄ spin magnitude, Uα is four vector velocity and Ψα is a geodesic deviation vector.

Equation (1.3) can be obtained from geodesic equations [3]

DUα

Dτ
= 0 (1.6)

and the geodesic deviation equations

D2Ψα

Dτ 2
= Rα

µνρU
µUνΨρ. (1.7)

If we apply the following transformation of paths for different parameters [2]

dxα

ds
=
dxα

dτ
+ β

DΨα

Dτ
(1.8)

where β
def
= s̄

m
and by operating covariant derivative with respect to the parameter s on both

sides, we get
DUα

Ds
=
DUα

Dτ
+ β

D2Ψα

Dτ 2
(1.9)

Using geodesic equations (1.6) and geodesic deviation equations (1.7) as well Equation(1.3)

one can obtain Equation (1.1), while if one consider Frenkel condition

SµνU
µ = 0

to be covarient differentiated on both sides and after some manipulations one can get Equa-

tion(1.4).

Thus, due to the extension of spin tensor form pole-dipole moments to multi-pole moments

for extended objects, this may lead to examine its corresponding propagation equation [4].
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Such an equation may be obtained by means of introducing the spin tensor densitySαβγ as a

third order skew symmetric tensor is viable to be describe extended objects. These equations

play a vital role in astrophysics and early cosmology to become a good candidate for describing

a spinning fluid and also for describing the status of the accretion disc orbiting a compact

gravitational field as in AGN [5]. Also, it contribute to understanding the problem of motion

quark-gluon heavy ion collisions in early universe [6].

In our present work we are going to derive equations of spinning density tensor and spin

deviation density tensor of different cases as described in Riemannian geometry in GR. Ac-

cordingly, on studying the spinning density tensor a stringent relation arises its composition

within thermodynamics variables[7].

Tdŝ = dE + pd(
1

ρ
)−

1

2
ωµνds

µν (1.10)

where T is the temperature, ŝ is the entropy, E is energy density , ωµν is the spin angular

velocity and sµν spin density. Thus, in self consistent theories described the entropy becomes

conserved i.e. such that
dŝ

ds
= 0. (1.11)

Thus, the first law of thermodynamics becomes

dE

ds
+ p

dρ−1

ds
−

1

2
ωµν

dsµν

ds
= 0. (1.12)

Meanwhile, it is worth to clarify that thermodynamics transports coefficients such as viscosity

which is connected with identifying the nature of the spin tensor [8]. It is well known that

spinning fluids are dominating properties of nature, may be found to describe the problem of

motion of particles in an accretion disc as a Gyrodynamics fluid. This is the counterpart of

the Papapetrou equation [9]. Owing to spin density tensor, an interaction between spinning

motion and thermodynamics variables may be found in equation (1.12) [10].

Thus, it is well known that Sαβγ is a third order tensor, viable to define extended objects.

Nevertheless, from a progenitor case, the spin density tensor is bounded to be a skew symmetric

in the last two indices, it comes to arise for expressing a spinning fluid element as a confided

case of an extended object. From this perspective, the notation of importing the expression

propagating equation for spin density [4] the modified becomes crystal clear to express spin

fluids [7]. Yet, one may find out that the Weyssenhoff tensor [6] is most eligible candidate to

express a spin fluid element i.e.

Sρµν = SµνUρ. (1.13)
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Thus, differentiating both sides of (1.13) by the covariant derivative to get

DSρµν

Ds
=
DSµν

Ds
Uρ +

DUρ

Ds
Sµν . (1.14)

Now, one uses the following Lagrangian [11]

L = gµνU
µDΨν

Ds
+ Sµν

DΨνν

Ds
. (1.15)

By taking the variation with respect to the deviation vector Ψρ one gets (1.6),

DUρ

Ds
= 0.

Also, taking the variation with respect to the spinning deviation tensor Ψρδ to get (1.4)

DSρδ

Ds
= 0. (1.16)

Consequently, substituting from (1.6) and (1.16) into (1.14), one obtain

DSρδσ

Ds
= 0, (1.17)

which indicates equation of spin density tensor. Accordingly, we may obtain equations analo-

gously by means of its corresponding Bazanski Lagrangian stemmed from its original formalism

[3] and its modification in GR [12] to become

L = Sαµν

DΨαµν

Ds
, (1.18)

such that by taking the variation with respect to Ψρδλ,

DSρδλ

Ds
= 0. (1.19)

If we apply the commutation relation in such that

(Sρµν
;αβ − S

ρµν
;βα)U

αΨβ = Sσ[µνR
ρ]
σαβU

αΨβ, (1.20)

and

S
ρµν

;δΨ
ρ = Ψρµν

;δU
ρ. (1.21)

Then we obtain its corresponding spin density deviation tensor equation

D2ψρδλ

Ds2
= Sσ[δλR

ρ]
σαβU

αΨβ. (1.22)

The importance of spin density deviation tensor is to examine the stability conditions of a

spinning density orbiting a compact object [13].
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Accordingly, the paper is organized as follows. In Section 2, we discusses spinning density

tensor and spinning density deviation tensor equations: Papapetrou-like equations. While

Section 3 displays spinning density tensor and spinning density deviation tensor equations: a

variable mass. And Section 4 emphasizes the concept of spinning density tensor and spinning

density deviation tensor equations : a spinning fluid. Spinning and spinning density deviation

equations for a gauge theory of gravity: tetrad formalism is explained in Section 5. Section 6

presents conclusion and future work.

2 Spinning Density Tensor and Spinning Density Devi-

ation Tensor Equations: Papapetrou-Like Equations

In this section, we are going to examine a massive density spin tensor able to describe an

orbiting extended object for a compact object. Accordingly, the Weyssenhoff spin vector may

be amended to be expressed as follows:

S̄ρµν = SµνP ρ, (2.1)

where P ρ is the momentum in which it is relating to S̄ρµν in the following sense

S̄ρµν = Sµν(mUρ + Uδ

DSρδ

Ds
), (2.2)

i.e.

S̄ρµν = Sµν(mUρ + Uδ(P
ρU δ − P δUρ)). (2.3)

Differentiating both sides by covariant derivative for (2.1) to get

DS̄ρµν

Ds
=
DSµν

Ds
P ρ +

DP ρ

Ds
Sµν . (2.4)

We suggest the equivalent Bazanski Lagrangian to be:

L = S̄ρµν

DΨ̄ρµν

Ds
+ fρµνΨ̄

ρµν . (2.5)

Thus, by taking the variation with respect to its corresponding deviation tensor Ψρµν , we get

DS̄ρµν

Ds
= f ρµν , (2.6)

in which

f ρµν =
DSµν

Ds
P ρ +

DP ρ

Ds
Sµν ,
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becomes

f ρµν = (P µUν − P νUµ)P ρ +
1

2
R

ρ
ασβS

ασβSµν ,

where

fµ =
1

2
R

µ
νρδS

νρδ,

is regarded as a spin force, and

Mµν = P µUν − P νUµ.

Consequently, its corresponding spin density deviation tensor equation can be obtained by

applying in a similar way the commutation relations as given in (1.21) and (1.22) the corre-

sponding spinning density deviation equation:

D2Ψρµν

Ds2
= Sδ[µνR̄

ρ]
δαβU

αΨβ + f
ρµν

;̄δΨ
δ. (2.7)

3 Spinning Density Tensor and Spinning Density Devi-

ation Tensor Equations: A Variable Mass

If we consider a massive spin density tensor whose mass is not constant but function of the

parameter (s) in which its corresponding Weyssenhoff tensor becomes as follows

Ŝρµν = m(s)UρSµν . (3.1)

Differentiating both sides we obtain:

DŜρµν

Ds
=
D(m(s)Uρ)

Ds
Sµν +m(s)UρDS

µν

Ds
. (3.2)

Thus we can suggest a Lagrangian obtained for spinning variable mass object

L = m(s)gµνU
µDΨν

Ds
+ (m(s)ρ +

1

2
RραβγS

αβγ)Ψρ + Sαβ

DΨαβ

Ds
+m(s)ρΨ

ρ. (3.3)

Thus, by taking the variation with respect to Ψδ to get

DU δ

Ds
=
m(s)ρ
m(s)

(gδρ − U δUρ) +
1

2m(s)
Rδ

ραβS
ραβ . (3.4)

And by taking the variation with respect to Ψρδ to obtain

DŜµν

Ds
= 0. (3.5)
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Thus the spinning density tensor with a variable mass may be expressed in the following way:

DŜρµν

Ds
= (

m(s)σ
m(s)

(gσρ − UσUρ) +
1

2m(s)
R

ρ
λαβS

λαβ)Sµν . (3.6)

Accordingly, its corresponding Bazanski Lagrangian may be expressed as

L = Ŝρµν

DΨ̄ρµν

Ds
+ f̄ρµνΨ

ρµν , (3.7)

where f̄ ρµν = (m(s)σ
m(s)

(gσρ − UσUρ) + 1
2m(s)

R
ρ
λαβS

λαβ)Sµν . By taking the variation with respect

to Ψρσδ we obtain
DŜρµν

Ds
= f̄ ρµν , (3.8)

As we follow the same procedure as given in equation (1.21) we obtain the deviation spinning

density equation to become by taking the variation with respect to Ψρσδ we obtain

D2Ψρµν

Ds2
= (f̄ ρµν);δΨ

δ + Sξ[µνR
ρ]
ξαβU

αΨβ. (3.9)

This equation may be applied in studying the stability of a variable spinning disk which may

work to explain the effect of mass excess in a region orbiting a compact object. Such an

illustration may give rise to examine the effect of dark matter in the accretion disk of a compact

object.

4 Spinning Density Tensor and Spinning Density Devi-

ation Tensor Equations: A Spinning Fluid

In this section, we are going to suggest that the relation between a variable mass and a spinning

fluid in the following way,

Ŝρµν = (p+ ρ)(s)UρSµν , (4.1)

where, m(s) = (p+ ρ).

Accordingly, if the pressure is turning to be only parameter of s, while the density is becoming

constant. Owing to this suggestion the spin fluid behaves like a spinning variable mass, such

that:
dm(s)

dxp
=
dp(s)

dxp
. (4.2)

Such an equivalence may give rise to suggest the following Lagrangian,

L = (p+ ρ)(s)gµνU
µDΨν

Ds
+ (Pρ +

1

2
RραβγS

βγUα)Ψρ + Sαβ

DΨαβ

Ds
+ PρΨ

ρ. (4.3)
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Such that, by taking the variation with respect to Ψδ to get

DU δ

Ds
=

pρ

(p+ ρ)
(gδρ − U δUρ) +

1

2(p+ ρ)
Rδ

ραβS
ραβ. (4.4)

Also, by taking the variation with respect to Ψρδ to obtain

DŜµν

Ds
= 0 (4.5)

Equation of a spinning fluid can be expressed in the following way:

DŜρµν

Ds
= (

pσ

(p+ ρ)
(gσρ − UσUρ) +

1

2(p+ ρ)
R

ρ
λαβS

λαβ)Sµν . (4.6)

Accordingly, its corresponding Bazanski Lagrangian may be expressed as

L = Ŝρµν

DΨ̄ρµν

Ds
+ f̄ρµνΨ

ρµν , (4.7)

where, f̄ ρµν = ( pσ
p+ρ

(gσρ−UσUρ)+ 1
2(p+ρ)

R
ρ
λαβS

λαβ)Sµν . By taking the variation with respect

to Ψρσδ we obtain
DŜρµν

Ds
= f̄ ρµν , (4.8)

By taking the variation with respect to Ψρσδ we obtain

D2Ψρµν

Ds2
= (f̄ ρµν);δΨ

δ + Sξ[µνR
ρ]
ξαβU

αΨβ. (4.9)

4.1 Modified Forms of Spin Density

In this part, we suggest a modified form of spin density tensor in Riemannian geometry to be;

(a) P α = mUα

Sαβγ =
1

3!
(SβγUα + SγαUβ + SαβUγ). (4.10)

Differentiating both sides using covariant derivative,

DSαβγ

Ds
=

1

3!
(
DSβγ

Ds
Uα + SβγDU

α

Ds
+
Sγα

Ds
Uβ + SγαDU

β

Ds
+
DSαβ

Ds
Uγ + SαβDU

γ

Ds
). (4.11)

(i) For DUα

Ds
= 0 and DSαβ

Ds
= 0 and substituting in (4.11), we obtain

DSαβγ

Ds
= 0. (4.12)

(ii) For DUα

Ds
= 1

2m
Rα

βγδS
γδUα and DSαβ

Ds
= 0, (4.11) can be rewritten as

DSαβγ

Ds
=

1

3!
(
1

2m
Rα

µνρS
νρUµSβγ +

1

2m
Rβ

µνρS
νρUµSγα +

1

2m
Rγ

µνρS
νρUµSαβ), (4.13)
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i.e.
DSαβγ

Ds
=

1

3!
(
1

2
(Rα

µνρS
βγ +Rβ

µνρS
γα +Rγ

µνρS
αβ)Sµνρ), (4.14)

to become
DSαβγ

Ds
=

1

2m
(R(α

µνρS
βγ))Sµνρ, (4.15)

(b)P α 6= mUα

Sαβγ =
1

3!
(SβγP α + SγαP β + SαβP γ). (4.16)

Differentiating both sides using covariant derivative,

DS̄αβγ

Ds
=

1

3!
(
DSβγ

Ds
P α + SβγDP

α

Ds
+
DSγα

Ds
P β + SγαDP

β

Ds
+
DSαβ

Ds
P γ + SαβDP

γ

Ds
). (4.17)

However, if DPα

Ds
= 1

2
Rα

βγδS
γδUβ and DSαβ

Ds
= P αUβ − P βUα then, we obtain

DS̄αβγ

Ds
=

1

3!
((P βUγ − P γUβ)P α +

1

2
Rα

µνρS
µνρSβγ + (P γUα − P αUγ)P β

+
1

2
Rβ

µνρS
µνρSγα + (P αUβ − P βUα)P γ +

1

2
Rγ

µνρS
µνρSαβ), (4.18)

in which can be
DS̄αβγ

Ds
=

1

12
Sµνσ(SαβRγ

µνσ + SβγRα
µνσ + SγαRβ

µνσ). (4.19)

To get their corresponding deviation equation as similar as equation (4.9).

5 Spinning and spinning density deviation equations for

a gauge theory of gravity : A Tetrad Formalism

5.1 A class of Gauge theories of gravity in Riemannian geometry

The problem of studying microscopic structure of particles led many relativists to get a

paradigm shift towards gauge theories of gravity. From this perspective, the building blocks of

this type of theories stands for an analogy between the quantities used in current gauge theories

and space time. It is of interest to revisit primarily GR to be descriptive by gauge theory and

their counterpart in non-Riemannian geometry [14, 15]. Yet, collins et al (1989) described GR

as a gauge theory of gravity subject to the following gauge potential vectors eaµ and ωij
. .µ to

represent translational and rotational gauge potentials respectively. From this perspective, the

problem of invariance of any quantities must be a covariant derivative invariant under general

coordinate transformation (GCT) and Local Lorentz transformation (LLT) that are expressible

in terms of gauge potential of translation and rotation in the following way [16]. The equations
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of physics will contain derivatives of tensor fields and it is therefore necessary to define the

covariant derivatives of tensor fields under the transformations GCT and LLT, one must need

to define two types of connection fields to be associated with each of them. Accordingly, the

Christoffel symbol
{

α

µν

}

is referred to GCT while the spin connection ωabµ as related to LLT.

Accordingly ,

Dµe
m
ν

def
= emν,µ − {ανµ}e

m
α + ω .m .

µ . ne
n
ν . (5.1)

Provided that

DρDµe
m
ν = DµDρe

m
ν . (5.2)

Using this concept it turns out that GR may be expressed in terms of connecting eµa , ωabµ and
{

α

µν

}

together

gµν
def
= eaµe

b
νηab, (5.3)

{αµν}
def
=

1

2
gασ(gνσ,α + gσα,ν − gαν,σ). (5.4)

And for any arbitrary vector Aµ

Aµ;cd − Aµ;dc = Rα
.µdcAα, (5.5)

where Rα
.µdc the curvature tensor may be defined, due to gauge approach, in terms of spin

connection ωa
bµ

Rc
.dµν

def
= ωc

dν,µ − ωc
dµ,ν + ωc

aµω
a
dν − ωc

aνω
a
dµ

From this perspective, one can figure out the effect of both mesh indices and world indices on

describing the curvature tensor.

5.2 Spinning and Spinning Deviation equation of an object in a class

of gauge theory in Riemannian geometry

In a similar way to [16] one can find out the equations of motion for a spinning object with

precession for a class of gauge theory by taking the variation with respect to Ψµ and Ψµν

simultaneously, for the following Lagrangian

L = gµνP
µDΨν

Ds
+

1

2
RµνabS

abUνΨµ + eaµe
b
νSab

DΨµν

Ds
+ (PµUν − PνUµ)Ψ

µν , (5.6)

to obtain
DP α

Ds
=

1

2
Rα

νabS
abUν . (5.7)

Multiply both sides by ecα
DP c

Ds
=

1

2
Rc

νabS
abUν , (5.8)
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and
DSαβ

Ds
= (P αUβ − P βUα), (5.9)

i.e.
Deaαe

b
βS

ab

Ds
= (P αUβ − P βUα), (5.10)

eaαe
b
β

DSab

Ds
+ Sab

D(eaαe
b
β)

Ds
= (P αUβ − P βUα), (5.11)

multiplying both sides by ecαe
d
β

ecαe
d
βe

a
αe

b
β

DSab

Ds
+ ecαe

d
βS

ab
D(eaαe

b
β)

Ds
= ecαe

d
β(P

αUβ − P βUα), (5.12)

provided that
D(eaαe

b
β)

Ds
= 0, (5.13)

consequently,
DScd

Ds
= (P cUd − P dU c). (5.14)

Using the commutation relations as mentioned above, we obtain their corresponding deviation

equations;
D2Φc

Ds2
= Rc

dβσP
dUβΦσ + (Rc

dabS
abUd);ρΦ

ρ, (5.15)

and
D2Ψcd

Ds2
= Sl[dR̂

c]
lγδU

γΨδ + (P cUd − P dU c);ρΨ
ρ. (5.16)

5.3 Spinning Density and Spinning Density Deviation Equations for

a class of Gauge theory

Let us define the following spin tensor

S̄abc = SbcP a, (5.17)

Differentiating both sides using covariant derivative to get

DS̄abc

Ds
=
DSbc

Ds
P a +

DP a

Ds
Sbc. (5.18)

Substituting (5.8) and (5.14) in (5.18) to obtain

DS̄abc

Ds
=

1

2
Ra

bcdS
bcd. (5.19)
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We suggest the equivalent Bazanski Lagrangian

L = eiρe
j
µe

k
νSρµν

DΨ̄ρµν

Ds
+ fabcΨ

abc. (5.20)

To become after taking the variation with respect to its corresponding deviation tensor Ψρµν

DSabc

Ds
= fabc. (5.21)

Similarly their corresponding geodesic deviation equation may be found as follows;

D2Ψabc

Ds2
= Sd[bcR

a]
dijS

dij + fabc
;̄γΨ

γ . (5.22)

6 Discussion and Concluding Remarks

The spinning density tensor may play to express a spinning fluid. In this perspective the 3rd

rank skew symmetric tensor turns to be specified to become Sαβγ skew symmetric in the last

two indices in an approach to relate the spin density tensor with the Weyssenhoff tensor which

is describing a spinning fluid. The problem of spinning density is vital to describe an extended

object which can be expressible to plamsa fluid and heavy ion collision [17].

In the present work, we focused on spinning fluid tensor and its deviation one as a special

case of applying spinning density tensor. In principle, a spinning fluid tensor is a special

case of the spin density tensor with a skew-symmetry in the last two indices as expressed by

Weyssenhoff tensor. Such a description has led many authors to geometrize it by means of using

Riemannian-Cartan geometry, instead of the Riemannian geometry which gave a transition of

GR to Einstein-Cartan theory of Gravity [10, 18]. This type of geometry has employed a new

role of orthonormal frames to describe its internal composition. This gives rise to an insightful

vision to examine the internal structure of a fluid element using a rotational potential vector Γi
jµ

called spin connection able to describe torsion of space time beside the translational potential

vector eaα. It is worth of mention Hehl et. al, were able to include spin tensor not only of

energy momentum tensor Tµν but also in angular momentum equations Ωµ
νρ interms of torsion

of space-time. This is clearly found Poincare gauge theory (PGT)[15, 19]; but if one introduces

the absolute parallelism condition. [20, 21], one may relax the second equation of angular

momentum which includes spin effects.

In our present work, we applied a tetrad formalism as expressed by means of orthonormal

frames to express Spin density tensor in Equation (5.17). In this approach using the curvature

tensor is defined by spin connection terms [16] . Uusing this type of amended curvature with

12



symmetric affine connection, torsionless we obtain its corresponding the spin density tensor

equation (5.19) and the spin deviation denity tensor equation (5.22) as expressed in mixed way

anholonomic indices besides holonomic ones. Such a tendency to relate the internal effects.

However, we are going to revisit the problem of spin density tensor and their corresponding spin

and spin deviation tensor in the presence of modified absolute parallelism geometry including

spin connection as described as to be expressed within the context of non-linear connection

defined in Finsler geometry [24] will be examined in our future work.

Nevertheless, a spinning density tensor may be described in Clifford spaces [22, 23] in

the following way such that Ûµ = ∂s
∂xµ

ˆSµν = ∂s
∂xαβ and Ŝµνρ = ∂s

∂xαβγ in terms of holograhic

coordinates such that s = s(xµ, xµν , xµνρ, ....). However, from this perspective, replacing vectors

to poly-vectors leading express torsion and curvature tensors viable to express the internal

structure of spinning density tensor in Riemannian geometry. This issue will be studied in our

future work as well.
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