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In a sequence of independent and identically distributed (iid) random variables, the

upper (lower) current records and record range are studied. We derive general recurrence

relations between the single and product moments for the upper and lower current

records based onWeibull and positiveWeibull distributions, as well as Pareto and negative

Pareto distributions, respectively. Moreover, some asymptotic results for general current

records are established. In addition, a recurrence relation and an explicit formula for

the moments of record range based on the exponential distribution are given. Finally,

numerical examples are presented to illustrate and corroborate theoretical results.
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1. Introduction

Let {Xj} be a sequence of independent and identically random variables (rv’s) each distributed according to an absolutely
continuous cumulative distribution function (cdf) FX (x) = P(X ≤ x) and a probability density function (pdf) f (x). An
observation Xj will be called an upper record value if Xj > Xi for every i < j. An analogous definition deals with lower record
values. In a number of situations, one may store the largest and the smallest X values observed at the times when a new
record of either kind (upper or lower) occurs. In this case these records are called current records. Specifically, we callUc

n and
Lcn the nth upper and lower current records of the sequence Xn, respectively, when the nth record of any kind (either an upper
or lower) is observed. It can be noticed that Uc

n+1 = Uc
n if Lcn+1 < Lcn and that Lcn+1 = Lcn if Uc

n+1 > Uc
n , for all n = 1, 2, . . . ,

where by definition, Lc0 = Uc
0 = X1. The record range is then defined by Rc

n = Uc
n − Lcn. The record range may also be defined

as the nth record range in the sequence of the usual sample range Rn = max(X1, X2, . . . , Xn)−min(X1, X2, . . . , Xn), where
by definition Rc

0 = 0 and Rc
1 = R2. Note that a new record range is attained once a new upper or lower record is observed.

Record values, aswell as current records and record ranges, comeup in several life situations. One application is industrial
stress and life testing where measurements are taken sequentially and only observations that exceed, or only those that fall
below, the current extreme value are recorded. It is interesting to note that there are situations in which only records are
observed. Moreover, there are some situations wherein upper and lower records are observed together such as in the case of
weather data. In these cases, it would therefore be interesting to consider current records. The current records can be used
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in general sequential method for model choice and outlier detection involving the record range (Basak, 2000). Actually,
both current record values and record range can be detected in several real life situations. For example, the consistency of
the production process is required to meet a product’s specifications. If the current record range is large, then it is likely
that large number of products will lie outside the specifications of the product. Ahmadi and Balakrishnan (2004) obtained
distribution-free confidence intervals for quantiles based on current records and record range. Ahmadi and Balakrishnan
(2005) established some reliability relationships between the original variable and the corresponding current records.
Moreover, Ahmadi and Balakrishnan (2011) considered the case of records and order statistics jointly and discussed the
construction of prediction intervals for order statistics. They observed that in the process of obtaining the ordinary record
values, one usually observes the current records, and so it is worthwhile to use them in the construction of prediction
intervals for order statistics. For more details about current records, record range and their applications, one may refer to
Ahmadi and Balakrishnan (2008), Ahmadi, Razmkhaha, and Balakrishnan (2009) and Raqab (2009).

Houchens (1984) used an inductive argument to derive the pdf of Uc
n , L

c
n and Rc

n, based on an arbitrary cdf FX , (in the
sequel we write Uc

n ‖ X, Lcn ‖ X and Rc
n ‖ X to indicate that these statistics are based on the cdf FX ), respectively by

fUc
n‖X (x) = 2nfX (x)

{
1− F̄X (x)

n−1∑
k=0

[− log F̄X (x)]k
k!

}
, (1.1)

fLcn‖X (x) = 2nfX (x)

{
1− FX (x)

n−1∑
k=0

[− log FX (x)]k
k!

}
(1.2)

and

fRcn‖X (r) =
2n

(n− 1)!
∫ ∞

−∞
fX (r + x)fX (x){− log[1− FX (r + x)+ FX (x)]}n−1dx, 0 < r <∞, (1.3)

where F̄X (x) = 1− FX (x).

Remark 1.1. It is worth mentioning that, the cdf of the nth current upper (lower) record is the mixture of the cdf of
the (n + 1)th current upper (lower) record and the cdf �n+1(−2 log F̄(x)) (1 − �n+1(−2 log F(x))), where �n(θ) =

1
�(n)

∫ θ
0
tn−1e−1dt is the incomplete gamma function and the mixture constant is 1/2. This fact can be easily derived from

the following two relations, which in turn can be easily proved from (1.1) and (1.2), respectively, by routine calculations.

FUc
n+1

‖X (x) = 2FUc
n‖X (x)− �n+1(−2 log F̄(x))

and

FLc
n+1

‖X (x) = 2FLcn‖X (x)− (1− �n+1(−2 log F̄(x))).

Since, we have

f−Uc
n‖X (x) = fUc

n‖X (−x) = 2nfX (−x)

[
1− F̄X (−x)

n−1∑
k=0

(− log F̄X (−x))k

k!

]

= 2nf−X (x)

[
1− F̄−X (x)

n−1∑
k=0

(− log F̄−X (x))
k

k!

]
,

then, we get

− Uc
n ‖ X

d= Lcn ‖ −X, (1.4)

where ‘‘X
d= Y ’’ means that the rv’s X and Y have the same cdf’s. The relation (1.4) yields that Uc

n ‖ X
d= −Lcn ‖ X , if X is

symmetric, i.e. fX (x) = fX (−x) = f−X (x).

Houchens (1984) deduced an outstanding representation of Uc
n ‖ X , when X has a negative exponential with parameter

2, i.e., X ∼ EX(2). Namely,

Uc
n ‖ X

d= Y0 + Y1 + · · · + Yn, (1.5)

where Yi’s are independent rv’s such that Y0 ∼ EX(2) and the remaining Yi ∼ EX(1). An analogous representation for the
lower current record can be easily obtained by applying (1.4). Namely, from (1.5), we have

−Uc
n ‖ X

d= −Y0 − Y1 − · · · − Yn
d= Z0 + Z1 + · · · + Zn,
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where Z0 ∼ EX+(2), Zi ∼ EX+(1), i = 1, 2, . . . , n, and EX+(β) is the positive exponential cdf with parameter β . Thus, by
applying again (1.5) and noting that X ∼ EX(β)⇒ −X ∼ EX+(β), we get

Lcn ‖ X
d= Z0 + Z1 + · · · + Zn, (1.6)

where X ∼ EX+(2), Z0 ∼ EX+(2) and Zi ∼ EX+(1), i = 1, 2, . . . , n.
In this paper, some recurrence relations on current records for Weibull and Pareto distributions are derived. Moreover,

a recurrence relation on the moments of the record range under the exponential assumption is obtained. These results,
in addition to providing some simple checks to test the accuracy of the computation of moments of current records and
record range, can reduce the amount of direct computation of these moments, which is highly desirable since we have to
determine these moments by numerical procedures. Moreover, some of these recurrence relations such as (2.7), (2.8) and
(4.8) provide us with efficient prediction estimates for the moments of the future values of the current records and record
range. In Section 2 we use the relation (1.5) to derive recurrence relations between the single and product moments for the
upper record Uc

n ‖ X , in two cases. The first case is X ∼ W(a, b), where W(a, b) is a Weibull cdf with parameters a, b > 0,

i.e., FX (x) = 1 − exp(−axb), x ≥ 0. The second case is X ∼ Par(a), where Par(a) is a Pareto cdf with parameter a > 0,
i.e., FX (x) = 1 − x−a, x ≥ 1. By using the relation (1.6), analogous results will be obtained for the lower current Lcn ‖ X ,

where X ∼ W+(a, b), W+(a, b) is a positive Weibull cdf with parameters a, b > 0, i.e., FX (x) = exp(−a(−x)b), x ≤ 0,
and X ∼ Par−(a), Par−(a) is the negative Pareto cdf with parameter a > 0, i.e., FX (x) = (−x)−a, x ≤ −1. In Section 3 the
relations (1.5) and (1.6) are used to deduce some asymptotic results concerning the current records. Moreover, in Section 4
we derive an explicit formula for the moments of Rc

n ‖ X , when X ∼ EX(β). In addition, a recurrence relation between the
moments of Rc

n ‖ X is derived. This recurrence relation, as well as the recurrence relations concerning the Pareto cdf, can be
used to predict the moments of the future values of the record range and the upper and lower records. Finally, in Section 5
some numerical results are given to illustrate and corroborate theoretical results.

2. Recurrence relations for upper and lower current records

In this section, for any integer valuesm, k1, k2 we adopt the notationsα
(m)
n = E(Uc

n ‖ X)m,α
(k1,k2)

n,n+1 = E((Uc
n ‖ X)k1(Uc

n+1 ‖
X)k2), X ∼ W(a, b); α̃

(m)
n = E(Uc

n ‖ X)m, α̃
(k1,k2)

n,n+1 = E((Uc
n ‖ X)k1(Uc

n+1 ‖ X)k2), X ∼ EX(2);β(m)
n = E(Lcn ‖ X)m, β

(k1,k2)

n,n+1 =
E((Lcn ‖ X)k1(Lcn+1 ‖ X)k2), X ∼ W+(a, b) and β̃(m)

n = E(Lcn ‖ X)m, β̃
(k1,k2)

n,n+1 = E((Lcn ‖ X)k1(Lcn+1 ‖ X)k2), X ∼ EX+(2). Finally,
p
(m)
n = E(Uc

n ‖ X)m, p
(k1,k2)

n,n+1 = E((Uc
n ‖ X)k1(Uc

n+1 ‖ X)k2), X ∼ Par(a), and q
(m)
n = E(Lcn ‖ X)m, q

(k1,k2)

n,n+1 = E((Lcn ‖ X)k1(Lcn+1 ‖
X)k2), X ∼ Par−(a). Theorems 2.1–2.4 give recurrence relations forα

(m)
n , α

(k1,k2)

n,n+1 , β
(m)
n , β

(k1,k2)

n,n+1 , p
(m)
n , p

(k1,k2)

n,n+1 , q
(m)
n and q

(k1,k2)

n,n+1 .

Theorem 2.1. For any integer values m, k1, k2, we get

α
(mb)
n+1 =

m∑
j=0

m!
j!(2a)m−j

α(jb)n (2.1)

and

α
(k1b,k2b)

n,n+1 =
k2∑
j=0

k2!
j!(2a)k2−j

α((k1+j)b)
n . (2.2)

Proof. First, we note that if Uc
n ‖ Z , where Z ∼ EX(2), then the relation (1.5) enables us to write (Uc

n+1 ‖ Z)m
d=

(Y0 + Y1 + · · · + Yn+1)
m d= ((Uc

n ‖ Z) + Yn+1)
m d= ∑m

j=1

(
m

j

)
(Uc

n ‖ Z)jY
m−j

n+1 . In view of the independence of Uc
n ‖ Z

and Yn+1 (remember that all Yi’s are independent) and Yn+1 ∼ EX(1), we get

α̃
(m)
n+1 =

m∑
j=0

(
m

j

)
α̃(j)n E(Y

m−j

n+1 ) =
m∑
j=0

m!
j! α̃

(j)
n . (2.3)

Now, put Vn = 2a(Uc
n ‖ X)b, where X ∼ W(a, b). By using the fact that Z = 2aXb ∼ EX(2), the relation (1.1) yields

fVn(x) = 2n

[
(2a)−

1
b

b
x

1
b
−1fX

(( x

2a

) 1
b

)]⎡⎢⎢⎢⎣1− F̄X

(( x

2a

) 1
b

)
n−1∑
j=0

(
− log F̄X

((
x
2a

) 1
b

))j

j!

⎤⎥⎥⎥⎦
= 2nfZ (x)

[
1− F̄Z (x)

n−1∑
j=0

(− log F̄Z (x)
)j

j!

]
.
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This means that Vn
d= 2a(Uc

n ‖ X)b
d= Uc

n ‖ Z , where Z ∼ EX(2). Thus,

α̃(j)n = E(Uc
n ‖ Z)j = E(Vn)

j = (2a)jE(Uc
n ‖ X)jb = (2a)jα(jb)n .

Therefore, (2.3) yields

α
(mb)
n+1 = 1

(2a)m
α̃
(m)
n+1 =

1

(2a)m

m∑
j=0

m!
j! α̃

(j)
n

= 1

(2a)m

m∑
j=0

m!
j! (2a)

jα(jb)n =
m∑
j=0

m!
j!(2a)m−j

α(jb)n .

We now turn to prove the relation (2.2). First, we note that

(Uc
n ‖ Z)k1(Uc

n+1 ‖ Z)k2
d= (Uc

n ‖ Z)k1((Uc
n ‖ Z)+ Yn+1)

k2

d= (Uc
n ‖ Z)k1

k2∑
j=0

(
k2

j

)
(Uc

n ‖ Z)j(Yn+1)
k2−j,

which clearly yields (since all Yi’s are independent and Yn+1 ∼ EX(1))

α̃
(k1,k2)

n,n+1 =
k2∑
j=0

k2!
j! α̃

(k1+j)
n . (2.4)

Now, clearly V
k1
n V

k2
n+1

d= (Uc
n ‖ Z)k1(Uc

n+1 ‖ Z)k2
d= (2a(Uc

n ‖ X)b
)k1 (2a(Uc

n+1 ‖ X)b
)k2 , where Z ∼ EX(2) and X ∼ W(a, b).

Thus by applying (2.4), (2.2) follows immediately. �

Theorem 2.2. For any integer values m, k1, k2, we get

β
(mb)
n+1 =

m∑
j=0

m!(−1)(m−j)b

j!(2a)m−j
β(jb)
n (2.5)

and

β
(k1b,k2b)

n,n+1 =
k2∑
j=0

k2!(−1)(k2−j)b

j!(2a)k2−j
β((k1+j)b)
n . (2.6)

Proof. The proof is very similar to the proof of Theorem 2.1, with only the obvious changes. Indeed, we note that if Lcn ‖ Z ,
where Z ∼ EX+(2), then the relation (1.6) yields

β̃
(m)
n+1 =

m∑
j=0

(
m

j

)
β̃(j)
n E(Z

m−j

n+1 ) =
m∑
j=0

m!(−1)m−j

j! β̃(j)
n

and

β̃
(k1,k2)

n,n+1 =
k2∑
j=0

k2!(−1)(k2−j)b

j! β̃(k1+j)
n .

The remaining part of the proof is now followed by using the fact that, if X ∼ W+(a, b), then Z = −2a(−X)b ∼ EX+(2). �

Theorem 2.3. For any integer values m, k1, k2, we get

p
(m)
n+1 =

2a

2a−m
p(m)n , ∀m < 2a, (2.7)

and

p
(k1,k2)

n,n+1 = 2a

2a− k2
p(k1+k2)
n , ∀k2 < 2a. (2.8)
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Proof. By using the fact that X = exp

(
Y
2a

)
∼ Par(a), if Y ∼ EX(2), we get (Uc

n+1 ‖ X)m
d= exp

(
m
2a
(Uc

n+1 ‖ Y )
)
. By taking

the expectation we get

p
(m)
n+1 = Mn+1

(
m

2a

)
, (2.9)

where Mn(t) = E

(
exp(t(Uc

n ‖ Y ))
)
is the moment generating function of Uc

n ‖ Y . On the other hand, in view of (1.5), we

get

Mn+1(t) = E

(
exp(t(Y0 + Y1 + · · · + Yn + Yn+1))

)
= Mn(t)E

(
etYn+1

)
= Mn(t)(1− t)−1, t < 1. (2.10)

Thus, by combining (2.9) and (2.10) we get the relation (2.7). To prove the relation (2.8), we start with the obvious relation

(Uc
n ‖ X)k1(Uc

n+1 ‖ X)k2
d= exp

(
k1 + k2

2a
(Y0 + Y1 + · · · + Yn)

)
exp

(
k2

2a
Yn+1

)
,

which yields (2.8), upon taking the expectation. The theorem is proved. �

Theorem 2.4. For any integer values m, k1, k2, we get

q
(m)
n+1 =

2a

m− 2a
q(m)n , ∀m < 2a, and q

(k1,k2)

n,n+1 = 2a

2a− k2
q(k1+k2)
n , ∀k2 < 2a.

Proof. By using the fact that X = − exp

(
− Y

2a

)
∼ Par−(a), if Y ∼ EX+(2), we can easily show that the proof is very similar

to the proof of Theorem 2.3, with only the obvious changes. �

3. Some asymptotic results

In this section, we adopt the abbreviation (−→
n

) for the convergence, as n →∞. Moreover, FXn
w−→
n

FX (or equivalently

Xn
d−→
n

X) stands for the weak convergence of the sequence of cdf {FXn} to the limit cdf {FX } (or equivalently the sequence

of rv’s {Xn} converges to the limit rv X in the distribution).
The relations (1.5) and (1.6) open the way for several asymptotic results for Uc

n ‖ X and Lcn ‖ X , respectively, where
X has an arbitrary continuous cdf FX . In this section we will give some asymptotic results concerning the two current
records Uc

n ‖ X and Lcn ‖ X . The detailed discussion will be given for the upper current records. By defining the function

UX (x) = − log(1− FX (x)), we clearly get UX (X) ∼ EX(1). Therefore, Tn = 2UX (U
c
n ‖ X)

d= Uc
n ‖ Y , where Y ∼ EX(2), which,

in view of (1.5), implies Tn
d= Y0 + Y1 + · · · + Yn, where Yi’s are independent rv’s such that Y0 ∼ EX(2) and the remaining

Yi ∼ EX(1). We have thus the following essential lemma.

Lemma 3.1. We have

UX (U
c
n ‖ X)− n

2√
n

2

d−→
n

Z ∼ N(0, 1), (3.1)

where N(0, 1) stands for the standard normal distribution.

Proof. In view of the central limit theorem, we get Sn−n√
n

d−→
n

Z , where Tn − Y0
d= Sn =∑n

i=1 Yi. On the other hand, we have

Sn−n√
n

d= Tn−n√
n
− Y0√

n
and P

(
Y0√
n
≤ x

)
= (1 − e−x

√
n)I[0,∞)(x)−→

n
I[0,∞)(x), where IA(x) = 0, 1 if x �∈ A, x ∈ A, respectively.

Thus, by applying Lemma 2.2.1 of Galambos (1987), we get Tn−n√
n

d−→
n

Z , which implies the claimed result. �

Lemma 3.1 leads to the following additional general result.

Lemma 3.2. There are constants an > 0 and bn, for which P(Uc
n ‖ X ≤ anx+ bn)

w−→
n

T (x), where T (x) is nondegenerate cdf, if

and only if

UX (anx+ bn)− n√
n

−→
n

g(x), (3.2)
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where g is finite on an interval and has at least two growth points. Moreover, T (x) = N(g(x)), whereN(x) is the standard normal
cdf.

Proof. Since the function UX (x) is monotone nondecreasing, the proof follows from the following equalities

{Uc
n ‖ X ≤ anx+ bn} = {UX (U

c
n ‖ X) ≤ UX (anx+ bn)}

=
{
UX (U

c
n ‖ X)− n

2√
n

2

≤ UX (anx+ bn)− n
2√

n

2

}
and by applying Lemma 3.1. �

Lemmas 3.1 and 3.2 enable us to deduce the following theorem, which fully characterizes the class of possible limit laws of
the upper current records.

Theorem 3.1. Let an > 0 and bn be suitable constants for which (3.2) is satisfied, where g(x) has at least two points of increase,
i.e., T (x) = N(g(x)) is a nondegenerate cdf. Then for every real value τ , the function g(x) satisfies the relation

g(a(τ )x+ b(τ )) = g(x)− τ , (3.3)

where

a[n−τ√n]
an

−→
n

a(τ ),
b[n−τ√n] − bn

an
−→

n
b(τ ) (3.4)

and [x] is the integer part of x. Moreover, there are only three possible types of the function g(x). Namely

g1(x, α) =
{ −∞, x ≤ 0,
α log x, x > 0,

g2(x, α) =
{−α log |x|, x ≤ 0,

∞, x > 0,
and g3(x) = x, ∀ x. (3.5)

Proof. For any real τ , let s = s(n) = [n− τ
√
n]. Then, we can write

Us(asx+ bs) =
√

n

s
Un(asx+ bs)+ n− s√

s
,

where Un(x) = UX (x)− n
2√

n
2

. Moreover, it is easy to verify that
√

n
s
−→

n
1 and n−s√

s
∼ τ

√
n
s
−→

n
τ . Consequently, Lemma 3.2

yields P(Uc
n ‖ X ≤ anx + bn)

w−→
n

N(g(x) − τ), where N(g(x) − τ) is a nondegenerate cdf. On the other hand, we have the

relation P(Uc
n ‖ X ≤ anx+ bn)

w−→
n

N(g(x)). Thus an application of Khintchine’s convergence theorem implies the existence

of two real constants a(τ ) > 0 and b(τ )which satisfy (3.4) and N(g(a(τ )x+ b(τ ))) = N(g(x)− τ). The last relation implies
(3.3). Now, in (1.5), let g&(x) = exp(g(x)), it follows that Ag&(a(τ )x + b(τ )) = g&(x), where A = exp(τ ). Smirnov (1952)
proved in Part II, Theorem5, that the onlymonotonically increasing nonnegative solutions of this functional equation,within
a linear transformation of the argument, can be

g&1(x, α) =
{
0, x ≤ 0,
xα, x > 0,

g&2(x, α) =
{|x|−α, x ≤ 0,
∞, x > 0,

and g&3(x) = ex, ∀x.

The corresponding functions g(x) are gi(x, α), i = 1, 2, and g3(x), respectively. That proves the theorem. �

Remark 3.1. It is easy to verify that the class of possible limiting types of lower current records is the same as given in
Theorem 3.1. Moreover, it is worth mentioning that the class of possible limiting types of the intermediate order statistics
(Wu, 1966), the class of the possible limiting types of the usual records (Resnik, 1973 and Arnold, Balakrishnan, & Nagaraja,
1998) and the class of the possible limiting types of the current record (3.5) are the same. This resemblance is due to the fact
that the three classes are governed by the same functional equation (3.3).

Corollary 3.1 (The Continuation Property). If the sequence {P(Uc
n ‖ X ≤ anx+bn)} converges weakly on some compact interval

I = [c, d] to a continuous and strictly increasing function T , then {P(Uc
n ‖ X ≤ anx + bn)} converges weakly on the whole real

line (to one of the three limits N(gi(x, α)), i = 1, 2, and N(g3(x))).

Proof. The proof follows by combining Remark 3.1 and Theorem 2.1 in Barakat (2010). �

Since the record range is the ordinary (n − 1)th record value in a non-independent sequence of rv’s, the study of the
asymptotic behavior of the record range is considered a real challenge. The only case in which this can be easily done is
when X is a uniform(0, 1). Although, in this case the record range itself cannot be normalized to obtain a non-degenerate
limit, but we have the following interesting result.
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Theorem 3.2. Let X be a uniformly (0, 1) distributed rv. Then

FR&cn ‖X (
√
nx+ n)

w−→
n

N(x), (3.6)

where R&cn ‖ X = −2 log(1 − Rc
n ‖ X). Clearly, the relation (3.6) provides us with the asymptotic relation FRcn‖X (r) ∼

1− N(
√
n+ 2√

n
log(1− r)), ∀0 ≤ r ≤ 1, as n →∞.

Proof. Directly from (1.3) we get

FRcn‖X (r) =
2

�(n)

∫ r

0

(1− v)
[
−2 log(1− v)

]n−1

dv = �n(−2 log(1− r)).

Thus, we get FR&cn ‖X (r) = �n(r). The asymptotic relation (3.6) follows from the fact that �n(
√
nx + n)−→

n
N(x), uniformly

for all x (cf. Johnson & Kotz, 1970). �

4. The moments of the record range based on the exponential cdf

In this section, our aim is to derive a recurrence relation between the single moments δ
(m)
n (β) = E(Rc

n ‖ X)m, n =
2, 3, 4, . . . , where X ∼ EX(β) andm is any positive integer. Moreover, we give the exact form of δ

(m)
n (β).

We will frequently use the general Hurwitz–Lerch Zeta function (cf. Jankov, 2011, Chapter 6)

Q (z,M, ") =
∞∑
k=0

zk

(k+ ")M
= 1

�(M)

∫ ∞

0

θM−1e−"θ

1− ze−θ
dθ, (4.1)

where " = 1, 2, . . . , M = 2, 3, 4, . . . , |z| ≤ 1 and�(·) is the complete gamma function. As a special case, the Hurwitz-Zeta
function, is defined by ζ (M, ") = Q (1,M, "). Moreover, the usual Riemann Zeta function is defined by ζ (M) = Q (1,M, 1).
Finally, the following lemma is essential for our next study.

Lemma 4.1. We have the following three integrations∫ ∞

0

θM−1e−θ

(1− e−θ )
dθ = �(M)ζ (M, 1), M = 1, 2, . . . , (4.2)∫ ∞

0

θM−1e−θ

(1− e−θ )2
dθ = �(M)ζ (M − 1, 1), M = 2, 3, . . . , (4.3)∫ ∞

0

θM−1e−lθ

(1− e−θ )2
dθ = I(",M), M = 2, 3, . . . , (4.4)

where " is positive integer and I(",M) = I("− 1,M)− �(M)ζ (M, "− 1). As special cases:

I(1,M) =
∫ ∞

0

θM−1e−θ

(1− e−θ )2
dθ = �(M)ζ (M − 1, 1), (4.5)

I(2,M) = I(1,M)− �(M)ζ (M, 1) = �(M)(ζ (M − 1, 1)− ζ (M, 1)), (4.6)

I(3,M) = I(2,M)− �(M, 2) = �(M)(ζ (M − 1, 1)− ζ (M, 1)− ζ (M, 2)). (4.7)

Proof. The integration (4.2) is obvious. The relation (4.3) follows by applying the integration by parts∫ ∞

0

θM−1e−θ

(1− e−θ )2
dθ = −

∫ ∞

0

θM−1d

(
e−θ

1− e−θ

)

= (M − 1)

∫ ∞

0

θM−2 e−θ

1− e−θ
dθ = �(M)ζ (M − 1, 1).

To prove (4.4), we first note that e−"θ
(1−e−θ )2 + e−θ("−1)

(1−e−θ ) = e−θ("−1)

(1−e−θ )2 . Thus,

I(",M) =
∫ ∞

0

θM−1e−θ("−1)

(1− e−θ )2
dθ −

∫ ∞

0

θM−1e−θ("−1)

(1− e−θ )
dθ

= I("− 1,M)− ζ (M, "− 1)�(M).

The lemma is proved. �
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Theorem 4.1. For any positive integers m ≥ 1 and n ≥ 2, we get

δ
(m)
n+1(β)− 2δ(m)n (β) = βm�(m+ 1)

(
ζ (m+ 1, 1)+ ζ (m+ 1, 2)

)
− 2nβm�(n+m+ 1)

�(n+ 1)

[
ζ (n+m, 1)− ζ (n+m+ 1, 1)+ ζ (n+m+ 1, 2)

]
−

n−1∑
k=1

2nβm�(k+m+ 1)

�(k+ 1)

[
ζ (k+m, 1)− ζ (k+m+ 1, 1)− ζ (k+m+ 1, 2)

]
. (4.8)

Moreover, we have

δ(m)n (β) = (2n − 1)βm�(m+ 1)ζ (m+ 1, 1)− βm�(m+ 1)ζ (m+ 1, 2)

+
n−1∑
k=1

βm�(k+m+ 1)

�(k+ 1)

[
(2n − 2k)

(
ζ (k+m+ 1, 1)− ζ (k+m, 1)

)
− 2kζ (k+m+ 1, 2)

]
. (4.9)

Proof. If X ∼ EX(β), then (1.3) can be written in the form

fRcn‖X (r) =
2ne−r/β

β2(n− 1)!
∫ ∞

0

e−2x/β [− log(1− ae−x/β)]n−1dx.

Upon using successively the transformations z = e−x/β and ξ = − log[1− az], where a = 1− e
− r
β ≥ 0, we get

fRcn‖X (r) =
2ner/β

β(n− 1)!
∫ 1

0

z[− log(1+ az)]n−1dz = 2ne−r/β

βa2(n− 1)!
∫ − log(1−a)

0

e−ξ (1− e−ξ )ξ n−1dξ

= 2ne−r/β

βa2(n− 1)!
∫ r/β

0

e−ξ (1− e−ξ )ξ n−1dξ = e−r/β

a2β
Jn(r), (4.10)

where Jn(r) = 2n

(n−1)!
∫ r/β

0
e−ξ (1− e−ξ )ξ n−1dξ . Therefore,

Jn+1(r) = 2n+1

n!
∫ r/β

0

e−ξ (1− e−ξ )ξ ndξ .

Upon integrating by parts (by differentiating ξ n and integrating (e−ξ − e−2ξ )), we get

Jn+1(r) = 2n+1

n!

[
1

2

(
r

β

)n

e−2r/β −
(

r

β

)n

e−r/β + n

2

∫ r/β

0

e−ξ (2− e−ξ )ξ n−1dξ

]

= −2nrne−r/βa

n!βn
− 2nrne−r/β

n!βn
+ Jn(r)+ 2n

(n− 1)!
∫ r/β

0

e−ξ ξ n−1dξ

= −2nrne−r/βa

n!βn
− 2nrne−r/β

n!βn
+ 2Jn(r)+ 2n

(n− 1)!
∫ r/β

0

e−2ξ ξ n−1dξ .

Thus, we have

fRc
n+1

‖X (r)− 2fRcn‖X (r) = −2nrne−2r/βa

n!βn+1a2
− 2nrne−2r/β

n!βn+1a2
+ 2ne−r/β

a2β(n− 1)!
∫ r/β

0

e−2ξ ξ n−1dξ .

By using the basic relation

1

(n− 1)!
∫ t

0

λnxn−1e−λxdx = 1−
n−1∑
k=0

e−λt(λt)k

k! , (4.11)

we get

fRc
n+1

‖X (r)− 2fRcn‖X (r) = A1(r)+ A2(r)+ A3(r)+ A4(r), (4.12)
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where A1(r) = − 2nrne−2r/β

n!βn+1a
, A2(r) = − 2nrne−2r/β

n!βn+1a2
, A3(r) = e−r/β

aβ
(1 + e−r/β) and A4(r) = − e−r/β

a2β

∑n−1
k=1

2ke−2r/β rk

βkk! . Now, for

any integersm ≥ 1 and n ≥ 2, by using the relations (4.1)–(4.7), we can easily calculate the following integrations.∫ ∞

0

rmA1(r)dr = −2n

βn+1n!
∫ ∞

0

rn+me−2r/β

(1− e−r/β)
dr

= −2nβn+m+1

n!βn+1

∫ ∞

0

θn+me−2θ

(1− e−θ )
dθ

= −2nβm

n! ζ (n+m+ 1, 2)�(n+m+ 1), (4.13)∫ ∞

0

rmA2(r)dr = −2nβn+m+1

n!βn+1

∫ ∞

0

θn+me−2θ

(1− e−θ )2
dθ = −2nβm

n! I(2, n+m+ 1)

= −2nβm

n! �(n+m+ 1)(ζ (m+ n, 1)− ζ (m+ n+ 1, 1)), (4.14)∫ ∞

0

rmA3(r)dr = 1

β

[∫ ∞

0

rme−r/β

(1− e−r/β)
dr +

∫ ∞

0

rme−2r/β

(1− e−r/β)
dr

]

= βm+1

β

[∫ ∞

0

θme−θ

(1− e−θ )
dθ +

∫ ∞

0

θme−2θ

(1− e−θ )
dθ

]
= βm

[
ζ (m+ 1, 1)+ ζ (m+ 1, 2)

]
�(m+ 1), (4.15)∫ ∞

0

rmA4(r)dr = −
n−1∑
k=1

2k

βk+1k!
∫ ∞

0

rk+me−3r/β

(1− e−r/β)2
dr

= −
n−1∑
k=1

2kβk+m+1

βk+1�(k+ 1)

∫ ∞

0

θ k+me−3θ

(1− e−θ )2
dθ = −

n−1∑
k=1

2kβm

�(k+ 1)
I(3, k+m+ 1)

= −
n−1∑
k=1

2kβm�(m+ k+ 1)

�(k+ 1)

(
ζ (k+m, 1)− ζ (k+m+ 1, 1)− ζ (k+m+ 1, 2)

)
. (4.16)

Therefore, by noting that δ
(m)
n (β) = ∫∞

0
rmfRcn‖X (r)dr and by combining (4.12)–(4.16), we get the relation (4.8). We now turn

to the proof of (4.9). By starting with the relation (4.10) and by using the relation (4.11), we get

fRcn‖X (r) =
2ne−r/β

βa2(n− 1)!

(∫ r/β

0

e−ξ ξ n−1dξ −
∫ r/β

0

e−2ξ ξ n−1dξ

)

= (2n − 1)e−r/β

βa2
− 2ne−r/β

βa2

n−1∑
k=1

rke−r/β

βkk! + e−r/β

βa2

n−1∑
k=1

2krke−2r/β

βkk! .

Upon using the relations (4.1)–(4.7), and after some routine calculations we get

δ(m)n (β) = (2n − 1)βm�(m+ 1)ζ (m, 1)+
n−1∑
k=0

βm�(k+m+ 1)

�(k+ 1)

[
(2n − 2k)

(
ζ (k+m+ 1, 1)

− ζ (k+m, 1)
)
− 2kζ (k+m+ 1, 2)

]
,

which directly leads to (4.9). The theorem is proved. �

The stopping time. For i.i.d. sample from the cdf FX (x) and pdf fX (x), let N denote the stopping time

N = inf{n > 0 : Rc
n > c, c > 0},

where c is fixed but arbitrary. ThusN simply gives the waiting time until the record range of an i.i.d. sample exceeds a given
value c. Basak (2000) showed that, for any 0 < c <∞, we have

E(N ) =
∫ ∞

0

2fX (x)

1− FX (x+ c)+ FX (x)
dx− 1

and

var(N ) = 2− E(N )− E2(N )− 8

∫ ∞

−∞
log[1− FX (x+ c)+ FX (x)]

1− FX (x+ c)+ FX (x)
fX (x)dx.
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Table 1
Themean δ

(1)
n (β) and the varianceσ 2

n (β) = δ
(2)
n (β)−(δ(1)n (β))2 of the record range.

n δ
(1)
n (0.5) σ 2

n (0.5) δ
(1)
n (1) σ 2

n (1) δ
(1)
n (1.5) σ 2

n (1.5)

2 0.855 0.365 1.710 1.459 2.565 3.283

3 1.161 0.446 2.322 1.782 3.483 4.010

4 1.444 0.514 2.888 2.056 4.332 4.625

5 1.714 0.577 3.428 2.308 5.142 5.193

6 1.977 0.638 3.953 2.552 5.930 5.743

7 2.235 0.699 4.469 2.794 6.704 6.286

8 2.490 0.759 4.980 3.035 7.470 6.829

9 2.743 0.819 5.487 3.278 8.230 7.375

10 2.996 0.880 5.991 3.521 8.987 7.923

Therefore, if X ∼ EX(β), we get in view (4.1)

E(N ) = 2Q (ς, 1, 1)− 1,

and

var(N ) = 2+ 2Q (ς, 1, 1)− 4Q 2(ς, 1, 1)+ 4c2

ςβ2
,

where ς = 1− e−c/β .

5. Numerical examples

Example 5.1. In Table 1, we apply the relation (4.9), by using Mathematica 8.0, to calculate the exact value of the mean

δ
(1)
n (β) and the variance σ 2

n (β) = δ
(2)
n (β) − (δ

(1)
n (β))2 for n = 2, 3, . . . , 10, β = 0.5, 1, 1.5. We note that the mean

and the variance values of the record range increase by increasing the value of the parameter β . Moreover, for all values

n = 2, 3, . . . , 10, and β = 0.5, 1, 1.5, we have δ
(1)
n (β) < δ

(1)
n+1(β) < 2δ

(1)
n (β) and σ 2

n (β) < σ 2
n+1(β) < 2σ 2

n (β).

Example 5.2. We note that the recurrence relations in Theorems 2.3, 2.4 and 4.1 provide us with efficient prediction

estimates for the moments of the future values of the current records and record range. For example, let p̄
(m)
n and δ̄

(m)
n (β)

be any unbiased and consistent estimates for p
(m)
n and δ

(m)
n (β), respectively. Then, clearly the predictions p̂

(m)
n+1 = p̄

(m)
n+1

and δ̂
(m)
n+1(β) = δ̄

(m)
n+1(β), resulted from (2.7) and (4.8), respectively, are unbiased and consistent prediction estimates for

p
(m)
n+1 and δ

(m)
n+1(β), respectively (note that Var(p̂

(m)
n+1) =

(
2a

2a−m

)2
Var(p̄

(m)
n ) and Var(δ̂

(m)
n+1(β)) = 4Var(δ̄

(m)
n (β))). To illustrate

numerically this interesting and useful fact, we simulate samples each of size 20 from the cdf of the upper record (1.1),
for Pareto cdf for the values n = 1, 2, 3, 4; a = 1.5, 2, 2.5 (we use the recurrence relation defined in Remark 1.1 and
Mathematica 8.0). By calculating the usual arithmetic mean for each of these samples, we get the unbiased and consistent

estimates p̄
(1)
n , n = 1, 2, 3, 4; a = 1.5, 2, 2.5, for the corresponding truemeans p

(1)
n , n = 1, 2, 3, 4; a = 1.5, 2, 2.5. By using

these estimates, for n = 1, 2, 3; a = 1.5, 2, 2.5, and the recurrence relation (2.7), we get the corresponding predictions p̂
(1)
n+1,

for n = 2, 3, 4; a = 1.5, 2, 2.5. Table 2 summarizes these results and shows that the values of these predictions are close to
the corresponding true values of the mean. This example shows that the recurrence relations, defined in Theorems 2.3, 2.4
and 4.1, work well with the estimates of the moments whenever these estimates are efficient (unbiased and consistent).

6. Discussion

The moments of current records and record range have considerable importance in many applications. In this paper we
derived some recurrence relations satisfied by the single as well as product moments of current records and record range,
based on the Weibull, Pareto and exponential cdf’s, primarily to reduce the amount of direct computations. In addition,
these recurrence relations usefully express the higher order moments in terms of the lower order moments and hence
make the evaluation of higher order moments easy. Moreover, they are very useful in checking the computation of these
moments. Most of the known recurrence relations in the literature satisfy the preceding desirable properties, but to the
best of our knowledge a few well-known recurrence relations are predictive recurrence relations. A recurrence relation
θn+1 = F(θi1 , θi1 , . . . , θik), 1 ≤ i1 < i2 < · · · < ik ≤ n, satisfied by the sequence θn is said to be predictive recurrence

relation, if for any unbiased and consistent estimates θ̄i1 , θ̄i2 , . . . , θ̄ik of the parameters θi1 , θi2 , . . . , θik , the prediction

estimate θ̂n+1 = F(θ̄i1 , θ̄i2 , . . . , θ̄ik) is unbiased and consistent estimate for θn+1. Clearly any recurrence relation which
has the simple form θn+1 = aθn + b, where a �= 0 and b are constants w.r.t. the sequence θn, is a predictive recurrence
relation. It is worth noting that, the recurrence relations defined in Theorems 2.3, 2.4 and 4.1 having this simple form and
consequently they serve to be predictive recurrence relations.
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Table 2
True, estimated and predicted mean of the upper current record for Pareto cdf.

a = 1.5 n = 1 n = 2 n = 3 n = 4

True mean p
(1)
n 4.5 6.75 10.125 15.1875

Estimated mean p̄
(1)
n 4.5038 6.4340 10.3592 15.2559

Predicted mean p̂
(1)
n+1 – 6.7557 9.6510 15.5388

a = 2 n = 1 n = 2 n = 3 n = 4

True mean p
(1)
n 2.67 3.56 4.74 6.32

Estimated mean p̄
(1)
n 2.7537 3.6052 4.7012 6.0888

Predicted mean p̂
(1)
n+1 – 3.6716 4.8069 6.2683

a = 2.5 n = 1 n = 2 n = 3 n = 4

True mean p
(1)
n 2.0833 2.6042 3.2552 4.0690

Estimated mean p̄
(1)
n 2.2184 2.4532 3.1204 4.2734

Predicted mean p̂
(1)
n+1 – 2.7730 3.0665 3.9005
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