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Path and Path Deviation Equations in Kaluza-Klein

Type Theories

February 7, 2008

M.E.Kahil1 2

Abstract

Path and path deviation equations for charged, spinning and spinning charged
objects in different versions of Kaluza-Klein (KK) theory using a modified Bazanski
Lagrangian have been derived. The significance of motion in five dimensions, espe-
cially for a charged spinning object, has been examined. We have also extended the
modified Bazanski approach to derive the path and path deviation equations of a
test particle in a version of non-symmetric K-K theory.

1 Introduction

In an attempt to unify gravity and electromagnetism Kaluza(1921) introduced a fifth
dimension to describe electromagnetism. Klein(1926) added a stringent cylindrical
condition , which keeps the extra dimension compact[1]. Following the scheme of
compactification many theories have developed KK ideas and extended the process
of compactification to include higher dimensions as a way to unify many fields[2].
However, Wesson et al. [3] have considered unification of geometry with matter by
dropping the cylindrical condition, and introducing non-compact theories of higher
dimensions based geometrically on the Campbell -Magaard theorem. This approach
has been emerged into two classes of non-compact theories: brane theories [4] and
space-time -matter theories [5].

From this perspective, path and path deviation equations play a vital part to in-
terpret the behavior of any particle describing any of the above mentioned theories.
These equations offer a way to test the new physics coming from the introduction
of extra dimensions[6]. The behavior of test particles and extended objects could
be used for examining additional phenomena embedded in higher dimensions. Ac-
cordingly, we present a study of path and path deviation equations for charged,
spinning and spinning charged objects using different theories of KK. The path and
path deviation equations could also be used to detect the cosmological variation of
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spin, and to study the evolution of the angular momentum of galaxies, pulsars and
high energy primordial objects [7] using a gyroscopic motion in 5-dimensions. KK
theories have been extended to include different types of non-symmetric theory of
gravity. One such trial has been done by Kalinowski to unify gravity and gauge
fields using a multidimensional manifold in the Jordan-Thirry manner[8].

The aim of the present work is to extend the Bazanski approach[9] into 5D in or-
der to derive some versions of path and path deviation equations in multidimensional
space for different objects such as charged, spinning and spinning charged particles,
with taking the status of extra dimension as either compact or non-compact. More-
over, we are going to apply the Bazanski approach to derive the path and path
deviation equations for a test particle moving in non-symmetric theories of gravita-
tion in 5D .
The paper is organized into the following steps:
(1) Describing path equations and their corresponding path deviation equations in
4D.
(2) Extending these equations into 5D.
(3) Comparing and contrasting each equation in compact spaces with the corre-
sponding equations for non-compact spaces.

2 Motion in 4D

2.1 Path & Path Deviation Equations in Riemannian

Geometry

Geodesic and geodesic deviation equations can be obtained simultaneously by ap-
plying the action principle on the Bazanski Lagrangian [9]:

L = gαβUα DΨβ

Ds
, (1)

where D
Ds

is the covariant derivative. This can be done if one takes the variation
with respect to the deviation vector Ψρ in order to derive the geodesic equation:

dUα

ds
+

{

α

µν

}

UµUν = 0, (2)

where
{ α

µν

}

is the Christoffel symbol. If one takes the variation with respect to the
unit tangent vector Uρ, one derives the geodesic deviation equation:

D2Ψα

Ds2
= Rα

.βγδU
βUγΨδ. (3)

where Rα
βγδ is the Riemann- Christoffel curvature tensor. It is worth mentioning that

the Bazanski approach has been successfully applied in geometries different from the
Riemannian [10],[11]. Now, Lagrangian (1) can be amended to describe path and
path deviation equations of charged, spinning and spinning charged particles if we
introduce the following Lagrangian:

L = gαβUα DΨβ

Ds
+ fβΨβ (4)
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such that
fβ = a1FαβUβ + a2RαβγδS

γδUα,

where a1 and a2 are parameters that may take the values e
m

and 1
2m

respectively,Fµ
.ν

is an Electromagnetic tensor and Sγδ is the spin tensor . These parameters have to
be adjusted with their counterparts in the original Lorentz force equation [12], the
Papapetrou equation [13] and the Dixon equation [14].

Applying the Bazanski approach for obtaining path and path deviation equations
on Lagrangian(4) we get:
(i)The Lorentz charged equation (for a1 = e

m
and a2 = 0)

dUα

ds
+

{

α

µν

}

UµUν =
e

m
Fµ

.νU
ν , (5)

and the charged deviation equation [15]:

D2Ψα

Ds2
= Rα

.µνρU
µUνΨρ +

e

m
(Fα

.ν

DΨν

Ds
+ Fα

.ν;ρU
νΨρ). (6)

(ii)The Papapetrou equation for spinning objects ( for a1 = 0 and a2 = 1
m

)

dUα

ds
+

{

α

µν

}

UµUν =
1

2m
Rα

.µνρS
νρUµ. (7)

The spinning deviation equation becomes [16]:

D2Ψα

Ds2
= Rα

.µνρU
µUνΨρ +

1

2m
(Rα

.µνρS
νρ DΨµ

Ds
+ Rα

µνλSνλ
.;ρUµΨρ + Rα

µνλ;ρS
νλUµΨρ)

(8)
(iii)The Dixon Equation for spinning charged objects(for a1 = e

m
and a2 = 1

m
) [14]:

dUα

ds
+

{

α

µν

}

UµUν =
e

m
Fµ

.νU
ν +

1

2m
Rα

.µνρS
νρUµ, (9)

and its spinning charged deviation equation becomes:

D2Ψα

Ds2
= Rα

.µνρU
µUνΨρ +

e

m
(Fα

.ν

DΨν

Ds
+ Fα

.ν;ρU
νΨρ) +

1

2m
Rα

.µνρU
µUνΨρ

+
1

2m
(Rα

.µνρS
νρ DΨµ

Ds
+ Rα

µνλSνλ
.;ρUµΨρ + Rα

µνλ;ρS
νλUµΨρ). (10)

Papapetrou [17] has derived an equation describing a spinning object which is
able to precess:

D

Ds
(mUα + Uρ

DSαρ

Ds
) =

1

2
Rα

.µνρS
νρUµ. (11)

Using the Bazanski approach, we can suggest the following Lagrangian:

L = gαβ(mUα + Uρ
DSαρ

Ds
)
DΨβ

Ds
+ RαβγδS

γδUβΨα, (12)

which can be used to derive equation (11) and to obtain its corresponding deviation
equation in the following way:

D2Ψα

Ds2
= Rα

.µνρU
µ(mUν + Uβ

DSνβ

Ds
)Ψρ + gασgνλ(mUλ + Uβ

DSλβ

Ds
);σ

DΨν

Ds

+ Rα
.µνρS

νρ DΨµ

Ds
+ Rα

µνλSνλ
.;ρUµΨρ + Rα

µνλ;ρS
νλUµΨρ. (13)
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2.2 Path & Path Deviation Equations in Non-Symmetric

Geometries

Path equations in one of the versions of non-symmetric geometries e.g. Legaré and
Moffat have been derived from following Lagrangian [18]

L = g(µν)U
µUν + λÂνUν , (14)

by taking the variation with respect to Uσ to give

dUα

ds
+

{

α

µν

}

UµUν = λg(αµ)f[µν]U
ν (15)

where g(µν) is the symmetric part of the gravitational potential tensor,λ is a pa-

rameter and, f[µν] = Âµ,ν − Âν,µ is a skew symmetric tensor related to the Yukawa
force.

Applying the Bazanski approach, we can derive (15) from the following La-
grangian:

L = g(αβ)U
α DΨβ

Ds
+ λfνΨ

ν . (16)

Using the same approach, we can show its corresponding deviation equation to be:

D2Ψα

Ds2
= Rα

.µνρU
µUνΨρ + λ(fα.ν

DΨν

Ds
+ fα

.ν;ρU
νΨρ). (17)

But, if we consider the following Lagrangian:

L = gµνUµ DΨν

Dτ
+ λfνΨ

ν , (18)

where gµν = g(µν) + g[µν], and follow the Bazanski approach to get the path and
path deviation equations related to this type of geometry by taking the variation
with respect to Ψσ and Uσ respectively, we can obtain:

dUα

ds
+

{

α

µν

}

UµUν = λgαµf[µν]U
ν + gασg[νσ];ρU

νUρ, (19)

and the path deviation equation becomes:

D2Ψα

Ds2
= Rα

.µνρU
µUνΨρ + 2gσα(g[ν[σ];ρ])

DΨν

Ds
Uρ + λ(fα

.ν

DΨν

Ds
+ fα

.ν;ρU
νΨρ). (20)

It is clear that the difference between (15 ) and (19) is related to absence of the spin
of the source in (15). Thus, from (19) it is possible to find an interaction between
the spin of the source and the skew field [19]. Kalonowski [20] has extended Moffat’s
version [21] which is described in Einstin-Cartan geometry, to establish a relation
between the mass and fermion current curves space-time while the spin of the source
is twisting it.

Moreover, Wanas and Kahil have extended the Bazanski approach, applying it
in Einstein non-symmetric geometries[22] to reach the conclusion that paths in these
geometries are naturally quantized (in the Planck sense of quantization)[10]. This
type of natural quantization of paths exists in absolute parallelism geometries as
well [11].
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3 Motion in 5D

The problem of motion in higher dimensions is an intriguing problem. The signifi-
cance of motion in higher dimensions may yield some indications with regards to the
principles that should be followed when describing motion in 4-dimensions, i.e an
equation which governs the motion in 4-dimensions [5]. In the present work, we will
examine the effect of non gravitational forces on the current motion, i.e. should this
motion be absorbed into the extra dimension or remain unchanged from the usual
equation of motion in 4-dimensional space apart from increasing the dimensions?

3.1 The Bazanski Approach in 5-Dimensions

In an attempt to derive path and path deviation equations in 5-dimensions, we
extend the Bazanski Lagrangian to 5D:

L = g
AB

UA DΨB

DS
(21)

where (A = 1, 2, 3, 4, 5). By taking the variation with respect to the deviation
vector ΨC and the tangent vector UC , we obtain the geodesic and geodesic deviation
equations respectively,

dUC

dS
+

{

C

AB

}

UAUB = 0, (22)

and
D2ΨC

DS2
= RC

.ABD
ΨDUAUB (23)

3.2 Compact Spaces

The process to unify electromagnetism (gauge fields) and gravity depends on extra
component(s) of the metric using the cylinder condition [1]. Some authors believe
that compact dimensions can be tested, for example, by examining the rate of energy
released as a result of gravitational waves from binary pulsars [23].

In our study, we derive the same geodesic and geodesic deviation equations given
by Kerner et al. [15] using the Bazanski approach:

dUµ

dS
+

{

µ

νλ

}

UνUλ + (
dx5

dS
+ Aν

dxν

dS
)F .µ

.λ Uλ = 0, (24)

d

dS
(
dx5

dS
+ Aµ

dxµ

dS
) = 0. (25)

where Q ≡ dx5

dS
+ Aµ

dxµ

dS
is constant along the 5D geodesics i.e.

q

m
=

dx5

dS
+ Aµ

dxµ

dS
.

Consequently, (24) becomes:

dUµ

dS
+

{

µ

νλ

}

UνUλ +
q

m
F

.µ
λ Uµ = 0, (26)
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with ds2 = (1 − Q2)dS2 and its corresponding path deviation equation becomes:

D2Ψµ

DS2
= R

µ
.ρνλUρUνΨλ+

q

m
(Fµ

.ν;ρU
νΨρ+Fµ

.ν

DΨν

DS
)+F

µ
.λUλ(

d

dS
(AλΨλ+Ψ5)+FνρU

νΨρ)

(27)
and

d

dS
((Ψ5 + AλΨλ) + FλρU

ρΨλ) = 0 (28)

A charged particle whose behavior is described by the Lorentz equation in 4D be-
haves as a test particle moving on a geodesic in 5D. This result is obtained from
the usual Basanski method in 5D rather than its modified method in 4D.

3.3 Non-Compact Spaces

In an attempt to unify geometry and matter, Wesson and his collaborators[3]
have assumed that gAB,5 6= 0, which is applied in the brane world models[4] and
space-time-matter theories [5]. The idea of non-compact spaces is based upon the
Campbell-Maagard theorem [24]. Using this approach, Wesson [25] has found that:
(1)Massive particles travelling on a time-like geodesic in 4-dim can be regarded as
traveling on a null-geodesic in 5D. This is obvious as an implication of the behavior
of wave-like particles in a double slits experiment.
(2) Massive particles travelling on any path may exhibit changes their rest mass
because there is a direct contact with the fifth force. In this case, the path equation
will be a generalization of the problem of moving particles having variable mass in
classical mechanics.

It is well known that the path equation of a charged object described in non-
compact space [26] is given by

dUα

dS
+

{

α

µν

}

UµUν = nFα
µ UνUν+ǫn2 Φ;α

Φ3
−Aα dn

dS
−gαλ dx5

dS
(nAλ,5+gλµ,5

dxµ

dS
) (29)

and
d

dS
ǫΦ2(

dx5

dS
+ Aµ

dxµ

dS
) = 0 (30)

where n = ǫΦ2(dx5

dS
+ AµUµ), Φ is a scalar potential, and ǫ = ±1 depending on

whether the extra dimension is space-like or time-like respectively. This leads to
q
m

= ǫΦ2(dx5

dS
+ AµUµ) in which its scalar field affects the ratio of charge to mass.

However, the above equation has two main defects: it is not gauge invariant, and
the additional extra force from an extra dimension is parallel to the four vector velocity
i.e. fµUµ 6= 0.

Ponce de Leon [26] has dealt with these two defects by using various types of
transformations in order to make (29) and (30) like the geodesic equation in its
usual form:

d2ξA

dS2
+

{

A

BC

}

dξB

dS

dξC

dS
= 0, (31)

where ξA is the projected 5D velocity. This allow us to introduce its corresponding
Bazanski Lagrangian:

L = gAB
dξA

dS

DΨB

DS
(32)
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which gives its geodesic deviation equation as:

D2ΨA

DS2
= 0 (33)

3.4 Path & Path Deviation Equations of Non-Symmetric

Geometries in 5D

We now consider the following Lagrangian:

L = g
AB

UA DΨB

DS
+ λf

C
ΨC , (34)

Applying the Bazanski approach to derive the path and path deviation equations
by taking the variation with respect to ΨD and UD respectively, we obtain:

dUA

dS
+

{

A

BC

}

UBUC = λgADf
[DC]

UC + gADg
[CD];M

UCUM , (35)

and

D2ΨA

DS2
= RA

.BCD
UBUCΨD+2gDA(g[A[D];M ])

DΨC

DS
UM+λgDA(fA.C

DΨC

Ds
+fAC;MUCΨM ).

(36)
In one version of K-K Non-symmetric theory of gravity, Kalnowski [8] has summa-
rized the role of the extra dimension in the following matter: mass and fermion
current curve the four dimensions, the spin of the source and the electromagnetic
potential twist the fifth dimension.

4 Rotation in 5D

The concept of rotation in higher dimensions is related to obtaining the governing
equation of the current spinning object [27]. For a spinning gyroscope it is well
known that the fifth equation is testing the rate of precession [28]. Some authors
believe that the study of two nearby free-falling gyroscopes could be used to examine
the question of the existence of gravitational waves[16].

We may apply the Bazanski approach on the following Lagrangian:

L = g
AB

UA DΨB

DS
+

1

2m
R

ABCD
SCDUBΨA (37)

to derive the path equation of a spinning object in 5D:

dUC

dS
+

{

C

AB

}

UAUB =
1

2m
RC

.ABD
SBDUA (38)

The above equation describes spinning objects in compact spaces which satisfy the
cylinder condition i.e gAB,5 = 0. This is identical to the Dixon equation if we project
it into four dimensions. The fifth coordinate will contribute the electromagnetic
tensor, which has already appeared in the Dixon equation.
Also, the original Papapetrou equation in 5D will be as follows:

D

DS
(mUA + UE

DSAE

DS
) =

1

2
RA

.BCD
SCDUB (39)

7



and its corresponding deviation equation will take the following form:

D2ΨA

DS2
= RA

.BCD
UB(mUC + U

E

DSCE

DS
)ΨD + gACg

BE
(mUE + U

O

DSEO

DS
);C

DΨB

DS

+ RA
.BCDSCD DΨB

DS
+ RA

BCE
SCE

.;D UBΨD + RA
BCE;D

SCEUBΨD. (40)

These equations could be used to study the behavior of spinning charged objects
that exhibit precession e.g. neutron stars, compact objects..etc.

In non-compact spaces with RABCD = 0 , it is found that a spinning particle is
moving on a geodesic in 5D rather than the Papapetrou equation [29]. This leads us
to suggest that in non-compact spaces, satisfying the Campbell-Magaard theorem,
spinning particles and spinning charged particles as well as test particles are moving
along geodesics in 5D. But if we consider the original Papapetrou equation in 5D,
we can find out that it is different from the usual geodesic equation i.e.

D

Ds
(mV A + V

B

DSAB

DS
) = 0. (41)

On the contrary, its corresponding deviation equation is identical to (33).

5 Discussion and Conclusion

The Lagrangian required to derive the path and path deviation equations in higher
dimensions becomes the conventional Bazanski Lagrangian if the extra fields are
described in the fifth (higher) dimension. Path equations of different particles in
4D can be considered as the projection of the geodesic equation in 5D on 4D. But
if the extra effect, non gravitational force, is not totally absorbed in the higher
dimensional equations then the Bazanski Lagrangian should be amended like their
counterparts in 4-dimension, which is seen in the 5D Papapertrou’s equation(38).

It has been shown in this paper that the effect of the compactness of the extra
dimension(s) can be clearly perceived on moving objects. Also, we find that the
effect of precession may distinguish between tops and test particles moving in a
background whose 5D curvature has vanished.

In our study we have shown that the apparent Papapetrou equation in 5D is
merely the projection of the Dixon equation in 4D. But if the space does not include
electromagnetism as an extra dimension, the Papapetrou equation in 4D remains
the same in 5D unless the extra dimension space is not compact satisfying the
Campbell-Magaard theorem. Also, as can be seen from (25) and (30) the path
equations in compact and non-compact spaces display a contradictory aspect: the
ratio of charge to mass is constant in the case of compact space, while it is variable
depending on the scalar field in case of non-compact spaces, which can be explored
due to the effect of the cylinder condition on higher dimensions.

It was shown that in 4D, the Bazanski Lagrangian can be modified to describe
path equations for charged, spinning and spinning charged particles, as well as for
spinning objects with precession and their corresponding path deviation equation.
In an attempt to find the path and path deviation equations of the above mentioned
particles in 5D, we have found that the Bazanski Lagrangian could remain unmod-
ified if the non gravitational force could be absorbed into the higher dimension.
Otherwise, the Bazanski Lagrangian must be amended.

8



In our study, we have also found that in non-compact spaces, spinning objects
and the non precessing ones are not following the same trajectory, although their
path deviation equations are the same.

We have applied the Bazanski approach to determine path and path deviation
equations of one version of the Einstein non-symmetric theories of gravity in 5D.
This work could be extended to study the effect of compactness on the path equa-
tions in our future work.

In addition to our study, we would like to point out some trends based on ex-
tending more than one time-like dimension. Recently, Chen [30] has shown that
it is possible to interpret the double slit experiment using one than one time-like
dimension. However, using Wesson’s approach [25], which is based on non-compact
extra dimension, one could interpret the same effect. Also Chen [30] has obtained
an equation of paths with different spins; these types of equations have also been
obtained by Wanas [31] and applied by Wanas et al. to interpret the discrepancy of
the COW-experiment [32] and to provide a consistent temporal model of SN1987A
using parameterized absolute parallelism geometry in 4D [33]. So, introducing more
than one time-like dimension to solve some problems in nature is a tempting sug-
gestion that needs further discussion.
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