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Preface 

Optimization is defined as the selection of the best elements or actions from a set 
of feasible alternatives. More precisely, optimization consists of finding the set of 
variables that produces the best values of objective functions in which the feasible 
domain of the variables is restricted by constraints. 

Meta-heuristic and evolutionary algorithms, many of which are inspired by natural 
systems, are optimization methods commonly employed to calculate good approxi-
mate solutions to optimization problems that are difficult or impossible to solve with 
other optimization techniques such as linear programming, nonlinear programming, 
integer programming, and dynamic programming. Meta-heuristic and evolutionary 
algorithms are problem-independent methods of wide applicability that have been 
proven effective in solving a wide range of real-world and complex engineering prob-
lems. Meta-heuristic and evolutionary algorithms have become popular methods for 
solving real-world and complex engineering optimization problems. 

This book presents various metaheuristic algorithms on single-objective bound-
constrained real-parameter numerical optimization problems. We strongly encour-
aged authors to test the performance of their proposed state-of-the art algorithms 
on either any real-world engineering application such as Electrical and power 
systems, machine learning, Robotics and Expert Systems, Pattern recognition, Image 
processing, Bioinformatics and bio-medical engineering, Electronics and communi-
cation engineering, and Manufacturing Science or one of CEC 2013, CEC2014, or 
CEC 2017 for bound-constrained benchmarks. 

Chapter “Chaotic-SCA Salp Swarm Algorithm Enhanced with Opposition Based 
Learning: Application to Decrease Carbon Footprint in Patient Flow” develops the 
Chaotic-SCA Salp Swarm Algorithm which integrates the sine cosine algorithm for 
updating the position of the leader; the chaotic maps are used for updating the position 
of followers, and opposition-based learning is used for a better exploration of the 
search space into the SSA. To show the applicability of the algorithm in real-world 
problems, then CSOSSA is applied to the green patient flow problem to minimize 
the total carbon emitted during the care process. 

Image segmentation is the most significant pre-processing phase of computer 
vision. Thresholding is one of the most suitable approaches used for the segmentation
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of the image. Searching for an optimal value of the threshold for image segmentation 
has got more attention in recent years due to its accuracy and robustness. In chapter 
“Design and Performance Evaluation of Objective Functions Based on Various 
Measures of Fuzzy Entropies for Image Segmentation Using Grey Wolf Optimiza-
tion”, Grey Wolf Optimization (GWO) algorithm is used along with Shannon and 
non-Shannon measures of fuzzy entropy for selecting optimal threshold value to 
segment image in a reasonable amount of time. The objective of the proposed research 
work is to design objective functions based on Shannon and non-Shannon measures 
of fuzzy entropy for GWO and use them for optimal threshold value selection which 
will further be used to segment images. 

Optimization is a dynamic process and the parameter setup at the initial stage of 
the search may not perform well in the later stages. Artificial Bee Colony (ABC) is 
one of the important algorithms in metaheuristic optimization. In order to contribute 
to the literature on parameter control in ABC, chapter “Improved Artificial Bee 
Colony Algorithm with Adaptive Pursuit Based Strategy Selection” presents an 
Adaptive Pursuit (AP) selection rule-based improved ABC algorithm (IABC-AP) 
that automatically controls among 9 search strategies while the optimization process 
is running. 

In chapter “Beetle Antennae Search Algorithm for the Motion Planning of Indus-
trial Manipulator”, BAS is applied to the redundancy resolution of an indus-
trial manipulator with dynamic joint velocity constraints by searching in high-
dimensional space. The addressed application does not need to construct inverse 
kinematics equations in joint velocity level but directly uses forward kinematics to 
construct antennae fitness function. 

The main objective of an optimal power flow technique is to obtain a steady-state 
operating point that minimizes the total cost of production and losses and main-
tains the power system in an acceptable performance in terms of physical limits of 
electrical network equipment, such as generators, transmission lines, transformers, 
and compensator shunt. The contribution of chapter “Solving Optimal Power Flow 
with Considering Placement of TCSC and FACTS Cost Using Cuckoo Search Algo-
rithm” is to present an efficient and reliable nature-inspired Cuckoo Search (CS) 
algorithm for nonlinear constrained optimization to solve the optimal power flow 
(OPF) problems with the installation of the FACTS devices, considering TCSC cost. 

Increasing energy production from renewable sources is essential to meet climate 
goals without slowing down economic growth and reducing well-being. Chapter 
“Parameter Estimation of Per-Unit Photovoltaic Models Using Optimization Algo-
rithms: Comparative Study” evaluates the performance of classical and per-unit math-
ematical models to estimate the current-voltage characteristic curve describing the 
behaviour of photovoltaic cells or modules. Concretely, we compare photovoltaic 
parameter estimation using the classic models commonly used in the literature 
(single-, double-, and three-diode models) with their per-unit variants. 

Chapter “Space-Time Concept in Social Network Search Algorithm” embeds the 
concept of space-time in the implementation process of the SNS algorithm to develop 
the Space-Time Social Network Search (STSNS) algorithm. Single-objective, bound-
constraint benchmark problems of IEEE congress on evolutionary computation 2014
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(CEC 2014) are utilized to study the efficiency of the STSNS algorithm in solving 
challenging optimization problems. 

The golden ratio denoted by the Greek letter Phi (ϕ) represents the irrational 
number 1.6180339887 approximately. Nowadays, every big organization or company 
converts its design or logo to a golden ratio design and hires the biggest designers 
with the highest cost to make it as only the highest professional designers can make 
it and look good. Chapter “Genetic Algorithm Golden Ratio Design Model for Auto 
Arts” proposes a framework for generating a golden ratio design using golden circles 
through a sketched design from the user so that the output design is near to the input 
design. 

The topic of designing linear arrays with design limitations such as the minimum 
and maximum distance between two adjacent elements is addressed in this book 
chapter. Chapter “Antenna Array Design Using Differential Evolution with Rank-
ing-Based Mutation Operators” applies a design framework based on Differential 
Evolution (DE) with ranking-based mutation operators. 

Battle Royale Optimizer (BRO) is a Gamed-based metaheuristic optimization 
algorithm that has been recently proposed for the task of continuous problems. 
Chapter “Battle Royale Optimizer with a New Movement Strategy” proposes a 
Modified BRO (M-BRO) in order to improve the balance between exploration and 
exploitation. 

It is worth pointing out that the developments in nature-inspired computing are 
so rapid that it is estimated that there are more than 150 algorithms and variants 
in the current literature. Thus, it is not possible and not our intention to review all 
of them. Instead, we have focused on the diversity and different characteristics of 
algorithmic structures and their capabilities in solving a wider range of problems in 
various disciplines. 

Giza, Egypt 
Guadalajara, Mexico 
Singapore, Singapore 
May 2022 

Ali Mohamed 
Diego Oliva 

Ponnuthurai Nagaratnam Suganthan
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Chaotic-SCA Salp Swarm Algorithm 
Enhanced with Opposition Based 
Learning: Application to Decrease 
Carbon Footprint in Patient Flow 

Masoumeh Vali, Khodakaram Salimifard, Amir H. Gandomi, 
and Thierry Chaussalet 

Abstract Salp swarm algorithm is prone to problems such as a slow convergence 
rate and local optimal solution. To solve these problems, this chapter proposes the 
CSOSSA algorithm which integrates the sine cosine algorithm for updating the posi-
tion of the leader, the chaotic maps are used for updating the position of followers, 
and opposition-based learning is used for a better exploration of the search space into 
the SSA. The CSOSSA is compared with the original SSA and other meta-heuristic 
algorithms on 13 benchmark functions of CEC2005 with unimodal or multimodal 
characteristics, and five De Jong’s functions. The experimental results show that 
the performance of CSOSSA is better than or comparable with the SSA and other 
meta-heuristic algorithms. To show the applicability of the algorithm in real-world 
problems, then CSOSSA is applied to the green patient flow problem to minimize 
the total carbon emitted during the care process. 

Keywords Salp swarm algorithm · Quantum · Chaotic sequence · Patient flow ·
Opposition-based learning · Sine cosine algorithm · Carbon footprint 
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1 Introduction 

Metaheuristic algorithms produce great quality solutions for complex optimization 
problems in relatively much less time than conventional optimization procedures 
[1–3]. Many kinds of research use chaotic variables to the meta-heuristic algorithm. 
Lin et al. [4] proposed a Chaotic Levy flight bat algorithm and described the appli-
cation of the model estimating the parameter vector of the dynamics of endocytosis. 
Gholizadeh and Baghchevan [5] presented a chaotic multi-objective firefly algorithm 
(CMOFA) to implement the performance-based design of steel moment-resisting 
frame (SMRF) structures. They showed that CMOFA had a better computational 
performance of the other metaheuristic algorithms. 

Yuan et al. [6] proposed a chaotic hybrid differential evolution (DE) algorithm 
in order to solve short-term hydrothermal scheduling problems. The efficiency of 
the proposed method is shown by comparing this method with those obtained by 
augmented Lagrange and two-phase neural network methods based on solution 
quality. Ahmadi and Mojallali [7] introduced a novel hybrid approach by integrating 
chaotic with the invasive weed optimization (IWO) method. They examined the 
execution of the proposed method through a few benchmark multi-dimensional func-
tions and results illustrated superior performance with respect to other conventional 
strategies. 

Arora and Anand [8] introduced a new method with the combination of 
Grasshopper optimization algorithm (GOA) with chaos theory to balance the reduc-
tion in repulsion/attraction forces between grasshoppers and the exploration. The 
results of chaotic GOA algorithms on thirteen test functions showed that the chaotic 
maps have a significant role to boost the performance of GOA. In another research, 
Gao et al. [9] proposed a hybrid method called Chaotic Gravitational search algo-
rithms (CGSAs) to overcome the disadvantage of the GSA like other meta-heuristic 
algorithms such as slow convergence speed and local optima trapping problems. 
Experimental results showed that CGSAs have better performances than GSA and 
other five chaotic particle swarm algorithms. 

Gandomi et al. [10] introduced a chaotic accelerated particle swarm optimization 
(CAPSO) algorithm with integration chaos with accelerated particle swarm opti-
mization (APSO) algorithm to enhance its ability to a global search. They evaluated 
CAPSO on twelve benchmark problems and three engineering problems to show the 
efficiency of the CAPSO on complex problems. Gandomi and Yang [11] introduced 
chaos into the Bat algorithm (BA) to increase its global search mobility for robust 
global optimization. They utilized thirteen different chaotic maps to validate four 
variants of them. They showed that some variants of chaotic BAs could outperform 
the standard BA for proposed benchmarks. 

Gandomi et al. [12] introduced chaos into firefly algorithm (FA) called chaotic 
FA to extend its global search mobility for robust global optimization. They utilized 
chaotic FA to 12 distinctive chaotic maps to tune the movement of the fireflies 
in the chaotic FA. The results showed that a few chaotic FAs could outperform 
the standard FA. Mirjalili and Gandomi [13] introduced chaos-based Gravitational
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Search algorithms in terms of exploration and exploitation. The results demonstrated 
that the sinusoidal map is the best map for improving the performance of GSA. Wang 
et al. [14] introduced chaos theory into the Krill Herd optimization process to quicken 
its worldwide convergence speed. The results showed that the performance of Chaotic 
Krill Herd with an appropriate chaotic map is way better than the KH and other robust 
optimization methods. 

Salp Swarm Algorithm (SSA) is one of the meta-heuristic algorithms as of late 
proposed by Mirjalili [15]. Zhao et al. [16] proposed a chaotic salp swarm algo-
rithm based on opposition-based learning (OCSSA). They utilized opposition-based 
learning (OBL) to ensure a better convergence speed and better develops the search 
space, and also they used the chaotic local search (CLS) method which can progress 
the performance of the algorithm to obtain the global optimal solution. They showed 
that execution of the OCSSA, with a suitable chaotic map, was better than or compa-
rable with the SSA and other meta-heuristic algorithms. Table 1 shows a summary 
of applications of SSA and its hybridization with other algorithms. 

There are a number of meta-heuristic algorithms integrated with chaotic but few 
of them are integrated with chaotic and opposition-based learning. In this chapter, 
a mathematical model is proposed for global optimization problems. The proposed 
algorithm is the integration of SSA with chaotic number, sine cosine algorithm and 
opposition-based learning to enrich the searching behavior of SSA and to avoid being 
trapped into the local optimum. 

The balance between exploitation and exploration is a decisive factor in the 
performance and efficiency of a meta-heuristic algorithm. Besides opposition-based 
learning that increases the diversity of the solutions, randomization is a good way to 
move away from local search and avoids the solutions being trapped at local optima. 

The remaining contents of this research are organized as follows. In Sect. 2, the  
concepts of Salp swarm algorithm, opposition-based learning, chaotic maps, and Sine 
Cosine Algorithm are described. In Sect. 3, the proposed algorithm is introduced. 
In Sect. 4, the results of the proposed algorithm on CEC2005 with other algorithms 
are examined. In Sect. 5, the performance of proposed algorithm is compared with 
other well-known algorithms on De Jong’s Functions. In the Sect. 6, the proposed 
algorithm is used on a practical problem to minimize carbon footprint in hospital. 
Finally, the chapter is concluded in the last section. 

2 Preliminaries 

2.1 Salp Swarm Algorithm 

The Salp Swarm Algorithm (SSA) is presented by Mirjalili et al. [15] which is 
inspired by a kind of a barrel-shaped, planktonic tunicate known as Salp. The SSA 
mimics the Salp chain behavior to reach food source. The movement and changing the
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Table 1 Summary of SSA and its applications 

Method Application 

SSA Engineering design problems [15, 17], blocks on critical 
path for reentrant job shop scheduling problems [18], 
optimization of renewable power systems [19], fish image 
segmentation [20], expansion planning with security 
constraints [21], multiobjective electric power load 
dispatch problem [22], extraction of uncertain parameters 
of single and double diode model of a photovoltaic panel 
[23], fiber-optic perimeter intrusion detection system [24], 
redundant container deployment problem [25], facility 
layout problem [26], a hybrid optimal PID-LQR control of 
structural system [27], wireless sensor network node 
location method [28], short-term hydro-thermal-wind 
scheduling [29], load frequency control of multi-area 
power system [30], energy management of fuel 
cell/supercapacitor/batteries in highly fluctuated load 
condition [31], feature selection problems [32–35], PID 
controller tuning for Doha reverse osmosis desalination 
plant [36], three dimensional route planning for multiple 
unmanned aerial vehicles [37], speed control [38], training 
neural network [39], variable speed wind generators [40], 
extracting optimal parameters of PEM fuel cells [41], 
training feed-forward neural networks [42], load frequency 
control of multi-area islanded ac micro grid [43], electrical 
distribution system reconfiguration for power loss 
reduction [44], extracting optimal parameters of fuel cells 
[41], to solve optimal power flow comprising voltage 
stability analysis [45], allocation and capacity of renewable 
distributed generators on distribution grids [46], parameter 
estimation for soil water retention curve [47], predicting 
chemical compound activities [48], optimal allocation of 
distributed generations and shunt capacitors [49], target 
localization [50], radial distribution system reconfiguration 
for real power losses reduction [51], regulation of solar 
integrated power system [52], structural reliability 
assessment [53], node localization in wireless sensor 
networks salp swarm algorithm for node localization in 
wireless sensor networks predicting pan evaporation in the 
arid and semi-arid regions of china [54], an image 
impulsive denoising method [55], economic and emission 
dispatch problem [56], selective harmonics elimination 
technique in cascaded h-bridge multi-level inverters [57], 
optimization of support vector machine parameters [57], 
multilevel thresholding for color image segmentation [58], 
numerical and engineering optimization [59], optimal 
allocation of renewable distributed generation and 
capacitor banks in distribution systems [60], parameter 
estimation in an industry 4.0 control systems IoT 
framework [61], optimization of voltage source inverter’s 
controllers [62], dynamic response and power quality 
enhancement of an islanded micro grid [35]

(continued)
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Table 1 (continued) 

Method Application 

SSA with chaos Feature selection [32, 63], function optimization [64], 
feature selection for data classification [65, 66] 

Opposition based SSA Numerical optimization [67], feature selection [68], graph 
coloring problem [69] 

Opposition-based chaotic Global optimization [16] 

SSA with metaheuristic algorithms Feature selection [70], network reconfiguration and 
capacitor placement for power loss reduction [71], 
multiobjective big data optimization [72] 

Multi-objective 
SSA(MSSA) 

Short-term load forecasting [73], optimum allocation of 
active and reactive power sources in radial distribution 
systems [74], feature selection [75] 

Hybrid SSA and Fuzzy A multilevel image thresholding [76] 

SSA with sine cosine algorithm Optimization of nonlinear functions [77] 

Quantum SSA Contrast enhancement of natural images [78], mechanical 
design [79] 

Learning machine model with SSA Predictive model for hydrological application [80] 

Data mining with SSA Prediction of long-term temperature [81] 

position pattern of Salp chain makes it empower to search food using fast harmonious 
changes [82, 83]. 

Based on salps’ behavior, the population of salps is divided to two groups: a leader 
and followers. The leader moves at the front of the chain, whereas the rest of salps 
are considered followers. The position of salps is characterized in an n-dimensional 
search space where n is the number of variables of a given problem. Consequently, 
the position of all salps is stored in a two-dimensional matrix called x . Also, there is 
a food source called F in the search space as the swarm’s target. Based on the taking 
after equation the position of the leader is updated: 

x1 j =
{
Fj + c1

((
ub j − lb  j

)
c2 + lb  j

)
c3 ≥ 0 

Fj − c1
((
ub j − lb  j

)
c2 + lb  j

)
c3 < 0 

(1)

where x1 j shows the position of the first salp (called leader) in the jth dimension, Fj 

is the position of the food source in the jth dimension, ub j determined the upper 
bound of the jth dimension, lb  j determined the lower bound of the jth dimension, 
c1, c2, and c3 are random numbers. The coefficient c1 is the foremost vital parameter 
in SSA because it balances exploration and exploitation defined as follows: 

c1 = 2e−( 4l L )2 (2)
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where l is the current iteration and L is the maximum number of iterations. Newton’s 
law of motion is utilized to upgrade the position of the follower as follows: 

xi j = 
1 

2 
at2 + v0t (3)

where i ≥ 2, xi j is the position of the ith follower salp in the jth dimension, t is 
time, v0 is the initial speed, and a = v f inal  

v0 
where v = x−x0 

t . Due to the truth that 
the time in optimization is iteration, the discrepancy between iterations is equal to 1 
and considering v0 = 0, the position of the ith follower salp in the jth dimension is 
expressed as follows: 

xi j = 
1 

2

(
xi j + xi−1 

j

)
i ≥ 2 (4)

The pseudo-code of the SSA is outlined in Algorithm 1 according to the research of 
Mirjalili et al. [15]. The SSA begins approximating the global optimum by initiating 
multiple salps with random positions. It calculates the fitness of each salp, finds the 
salp with the best fitness, and assigns the position of the best salp to the variable F 
as the source food to be chased by the salp chain. Meanwhile the coefficient c1 is 
updated using Eq. (2). For each dimension, the position of leading salp is updated 
using Eq. (1) and the position of follower salps are updated utilizing Eq. (4). If any 
of the salps goes outside the search space, the salp will be brought back on the 
boundaries. All the above steps except initialization are iteratively executed until the 
satisfaction of an end criterion.
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2.2 Sine Cosine Algorithm for Updating the Leader’s Position 

The SCA could be a population-based optimization strategy and a modern meta-
heuristic algorithm [84], the solutions are updated based on the sine or cosine function 
as in Eq. (5). 

Xi =
{
Xi + r1 ∗ sin(r2) ∗ |r3 Pi − Xi |r4 < 0.5 
Xi + r1 ∗ cos(r2) ∗ |r3 Pi − Xi |r4 ≥ 0.5 

(5)

where Pi is the destination solution, Xi is the current solution, |.| indicates the 
absolute value. r1, r2, r3 and r4 are random variables. The parameter r1 update using 
Eq. (6) to balance exploration and exploitation [84]. 

r1 = a − t 
a 

T 
(6)

where T is the maximum number of iterations, a is a constant and t is the current 
iteration. The r2 is a random variable which utilized to discover the direction of the 
movement of the next solution (i.e. if it towards or outwards Pi ). Also, the r3 is 
a random variable which gives random weights for Pi to stochastically emphasize 
(r3 > 1) or deemphasize (r3 < 1) the effect of desalination in defining the distance. 
The r4 is utilized to switch between the sine and cosine functions as in Eq. (5). 

2.3 Chaotic Maps for Updating the Followers’ Position 

In this study, chaotic numbers rather than random number generators (RNGs) are 
utilized to improve the performance of SSA employing a novel approach to upgrading 
the position of each individual. Within the unique form of SSA, the Newton law 
has been utilized for upgrading the position of each salp and most SSAs utilize 
uniform probability distribution to generate random numbers. In many research,
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chaotic sequences have been adopted rather than random sequences to obtain good 
results in many applications. 

Utilizing of chaotic sequences as a substitute for random sequences within the 
proposed algorithm (CSOSSA) may be an effective strategy to diversify the CSOSSA 
population and improve its performance in preventing premature convergence to local 
minima. Different chaotic time series sequences such as Lorenz’s systems, logistic 
map, Ikeda map, tent map, Henon map, Chua’s system, and Lozi’s map are available. 

In a few papers, rather than random number generators (RNGs) were utilized chaos 
methods based on the logistic map to overcome the drawbacks of SSA technique of 
premature convergence [85–88]. In most of the stochastic search algorithms, RNGs 
have been broadly utilized. RNGs are known for moderate convergence and have 
an inherent characteristic of sticking to a solution [89]. To overcome this difficulty, 
chaotic generators have recently been utilized rather than RNGs. In this study, chaotic 
maps are utilized to upgrade the followers’ position and updating the position of salp 
to select the best search agent. The chaotic maps (Table 2) are utilized to replace 
RNGs [90]. 

Based on Eq.  (7), the chaotic maps are used to replace random number generators 
for updating the followers’ position. 

xi j = N (i ) ∗
(
xi j + xi−1 

j 

2

)
i ≥ 2 (7)

where N (i + 1) is obtained using chaotic maps from Table 2. 

Table 2 Details of chaotic maps applied on CSOSSA 

Map name Map equation 

Logistic map N (i + 1) = 4N (i)(1 − N (i)) 
Cubic map Ni + 1 = 2.59 Ni(1 − Ni2) 
Sine map Ni + 1 = sin(π N (i )) 
Sinusoidal map Ni + 1 = 2.3 N (i )2 sin(π N (i)) 
Singer map N (i + 1) = 1.073(7.86 N (i ) − 23.31N (i )2 + 28.75N (i)3 − 13.302875N (i )4) 

Tent map N (i + 1) =
{

N (i) 
0.4 , 0 < N (i) ≤ 0.4 

1−N (i) 
0.6 , 0.4 < N (i ) ≤ 1 

Gaussian map N (i + 1) = 

⎧⎨ 

⎩ 
0, N (i) = 0(

1 
N (i )

)
mod(1), N (i) �= 0 

Chebyshev map N (i + 1) = cos(0.5 cos−1 N (i)) 

Bernoulli map N (i + 1) =
{

N (i) 
0.6 , 0 < N (i ) ≤ 0.6 

(N (i)−0.6) 
0.4 , 0.6 < N (i) ≤≤ 1 

Circle map N (i + 1) = N (i) + 0.5 − 1.1 
π sin(2π N (i )) mod(1)
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2.4 Opposition Based Learning 

The OBL method is implemented to depict the opposite solution to the current solu-
tion, and after that evaluate the fitness function to accept or reject the new solution. 
This method is displayed in Eq. (8). 

xi j = U j + L j − xi j , j = 1, . . . ,  dimention (8)

In which the xi j is the opposite vector from the real vector xi j . Moreover, within 

the process of approaching the optimum solution, the two solutions (xi j , xi j ) will be 
compared and the ones which improved the solution will be accepted and the other 
one will be rejected. The OBL provides a strategy to search for a solution in the 
opposite direction to the current solution, in this manner, the solution gets to be 
closer to the optimal solution and the convergence gets to be faster. 

3 Proposed Algorithm 

In this section, a framework of our proposed algorithm (CSOSSA) is presented. Due 
to the three previously mentioned parts, the SSA is modified utilizing the sine cosine 
algorithm for updating the position of salp leader. Moreover, the chaotic maps are 
used for updating the position of followers, and OBL to reach more exploitation 
of the search space and guarantees a better convergence speed and better develops 
the search space. In other words, for escaping the drawbacks of the traditional SSA 
such as slow convergence, getting stuck in the local optimal solution, and time-
consuming, the proposed algorithm is empowered using opposite direction (OBL), 
chaotic maps, and the Sine Cosine algorithm. These modifications make the SSA 
faster in comparison with the original and also other versions. 

Within the proposed strategy, the salps are initialized using uniform randomization 
compel by the lower and upper bounds of each dimension. At that point the objective 
value of each salp is computed to discover the best salp and the best solution P is 
decided. This best salp’s location represents the food location. The position of salps 
is defined in an n-dimensional search space where n is the number of variables of 
a given problem. Therefore, the position of all salps is stored in a two-dimensional 
matrix called x . It is additionally accepted that there is a food source called F in the 
search space as the swarm’s target. To update the position of the leader the Eq. (9) is  
utilized. 

X1 
j =

{
X j + r1 ∗ sin(r2) ∗

∣∣r3 Fj − X j
∣∣r4 < 0.5 

X j + r1 ∗ cos(r2) ∗
∣∣r3 Fj − X j

∣∣r4 ≥ 0.5
(9)



10 M. Vali et al.

where X1 
j shows the position of the first salp (leader) in the jth dimension,Fj is 

the position of the food source in the jth dimension, X j is the current solution, 
|.| indicates the absolute value.r1,r2, r3 and r4 are random variables which r1 is 
obtained using Eq. (6) and r2, r3 and r4 are described previously. To update the 
position of the followers, chaotic maps are utilized. After updating the position of 
leader and followers of salp swarm utilizing Eqs. (9) and (7), their fitness functions 
are computed. Also, the chaotic maps and the OBL are utilized to update the position 
of salps. The proposed OBSCA is outlined in Algorithm 3. 

4 Experimental Results of CSOSSA and Discussion 

In this section, a set of 13 test functions from the CEC2005 benchmark functions 
are selected to compare the performance of the CSOSSA with the original SSA 
and other well-known algorithms. These benchmark functions can be partitioned 
into unimodal functions (F1–F7) and multimode functions (F8–F13). The details of 
these test functions are available in Tables 7 and 8 in the Appendix. Two performance 
indicators are utilized to quantify the performance of the CSOSSA and compared it 
with other similar algorithms in the literature. The performance metrics utilized are 
standard deviation and average of the best solutions obtained found in 30 independent 
runs.
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The standard deviation demonstrates how stable CSOSSA is during all the runs and 
the average is average obtained found in 30 independent runs. For providing a reason-
able comparison, the main controlling parameters of these algorithms, maximum 
iteration, and the number of search agents, are equal to 500 and 30, respectively. 
The results are presented in Table 3. The comes about on the unimodal functions 
show that the CSOSSA outperforms other algorithms based on average and standard 
deviation in the majority of the test functions. 

The results on multimodal test functions again show the CSOSSA outperforms 
other algorithms on most of the test functions. Multi-modal test functions in contrast 
to unimodal ones have many optima, in which one of them is global and the rest are 
local. The results of CSOSSA on these cases show that CSOSSA can explore the 
search space efficiently. The high exploration of CSOSSA causes avoiding the many 
numbers of local optima in a multi-modal search space. 

The standard deviation and average of the best solution obtained during 30 runs 
testify that CSOSSA shows steady and superior performance on average. Table 3 
shows the comparison results of the proposed algorithm with chaotic salp swarm 
algorithm based on opposition-based learning (OCSSA) and SSA with the particle 
swarm optimization [16] on CEC2005 benchmark functions. 

5 Comparison of CSOSSA with Other Algorithms on De 
Jong’s Functions 

In the following subsection, a test suite for comparison, the so-called De Jong’s 
functions is introduced. Then, experimental results are discussed. 

5.1 De Jong’s Functions 

Our approach is examined in De Jong’s five-function test suite [91]. We chose these 
functions because they represent the common difficulties in optimization problems in 
an isolated manner. Moreover, De Jong’s functions are quite popular in the function 
optimization literature [92–95]. 

Table 4 presents a survey of De Jong’s test suite. The first function of De Jong 
is one of the simplest test benchmarks. The function is continuous, convex, three-
dimensional, and unimodal. Unimodal is a function with one solution. The test area 
is usually restricted to the polytope −5.12 < xi < 5.12, i = 1, 2, 3. Moreover, 
global minimum f (x) = 0 is obtainable for xi = 0. 

Known as Rosenbrock’s valley or banana function, the second function of De 
Jong is a classic optimization problem. Although the function is unimodal and two-
dimensional, the global optimum lays inside a long, narrow, parabolic-shaped flat 
valley. Thus, convergence to the global optimum is difficult. The test area is usually
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Table 3 Results of unimodal and multi-modal test functions 

Algorithm F1 F2 

Best Mean Std Best Mean Std 

SSA 2.95E-09 6.63E-09 1.83E-09 2.91E-04 1.87E-01 2.57E-01 

CSOSSA1 0.00E+00 0.00E+00 0.00E+00 2.75E-242 4.48E-218 0.00E+00 

CSOSSA2 0.00E+00 0.00E+00 0.00E+00 6.90E-243 2.41E-213 0.00E+00 

CSOSSA3 0.00E+00 0.00E+00 0.00E+00 2.91E-243 2.96E-215 0.00E+00 

CSOSSA4 0.00E+00 0.00E+00 0.00E+00 1.80E-302 1.03E-289 0.00E+00 

CSOSSA5 0.00E+00 0.00E+00 0.00E+00 3.71E-256 7.68E-210 0.00E+00 

CSOSSA6 2.05E-43 2.86E-43 7.49E-44 7.36E-23 8.63E-23 1.58E-23 

CSOSSA7 1.06E-51 2.42E-46 4.70E-46 7.47E-26 2.11E-22 5.06E-22 

CSOSSA8 0.00E+00 0.00E+00 0.00E+00 3.05E-237 2.20E-218 0.00E+00 

CSOSSA9 9.90E-47 1.33E-46 2.20E-47 1.16E-24 1.47E-24 2.57E-25 

CSOSSA10 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

OCSSA1 4.97E-47 6.10E-42 2.80E-41 9.27E-25 3.14E-09 1.75E-08 

OCSSA2 1.12E-52 1.20E-38 6.67E-38 2.08E-27 3.71E-20 2.06E-19 

OCSSA3 2.56E-49 1.22E-41 3.79E-41 2.16E-25 2.43E-17 1.35E-16 

OCSSA4 0.00E+00 0.00E+00 0.00E+00 2.01E-230 1.57E-179 0.00E+00 

OCSSA5 3.09E-116 8.12E-28 4.51E-27 9.18E-55 1.64E-05 9.09E-05 

OCSSA6 1.42E-110 6.19E-102 2.12E-101 1.45E-57 1.54E-31 8.57E-31 

OCSSA7 2.95E-108 4.48E-94 2.40E-93 9.05E-58 1.18E-51 5.29E-51 

OCSSA8 0.00E+00 4.29E-34 2.31E-33 3.96E-197 3.18E-06 1.77E-05 

OCSSA9 3.57E-110 6.08E-98 1.83E-97 2.80E-55 1.73E-23 9.64E-23 

OCSSA10 1.05E-10 1.24E-09 1.39E-09 6.61E-06 1.27E-04 4.28E-04 

SSAPSO 3.38E-31 8.17E-10 6.82E-10 5.02E-31 8.21E-23 2.80E-22 

F3 F4 

Best Mean Std Best Mean Std 

SSA 1.02E+01 1.09E+02 1.06E+02 1.78E-01 2.80E+00 3.51E+00 

CSOSSA1 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

CSOSSA2 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

CSOSSA3 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

CSOSSA4 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

CSOSSA5 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

CSOSSA6 5.35E-44 2.38E-43 1.53E-43 1.32E-22 1.62E-22 1.96E-23 

CSOSSA7 1.55E-96 5.92E-46 1.36E-45 4.80E-49 1.23E-26 3.88E-26 

CSOSSA8 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

CSOSSA9 1.57E-47 1.17E-46 1.10E-46 1.87E-24 4.01E-24 1.10E-24 

CSOSSA10 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00

(continued)
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Table 3 (continued) 

Algorithm F1 F2 

Best Mean Std Best Mean Std 

OCSSA1 2.74E-11 5.39E-02 1.55E-01 6.69E-13 3.42E-12 2.80E-12 

OCSSA2 8.60E-10 1.13E-02 2.48E-02 2.50E-20 1.82E-18 1.97E-18 

OCSSA3 2.03E-20 2.59E-02 7.42E-02 1.79E-13 1.42E-12 1.96E-12 

OCSSA4 0.00E+00 0.00E+00 0.00E+00 8.75E-235 4.21E-208 0.00E+00 

OCSSA5 1.25E-09 9.04E-01 2.56E+00 1.20E-63 9.58E-47 2.91E-46 

OCSSA6 2.92E-52 6.97E-10 1.90E-09 1.29E-47 4.89E-44 1.40E-43 

OCSSA7 7.86E-71 2.20E-10 5.68E-10 9.40E-42 1.45E-37 4.58E-37 

OCSSA8 4.49E-241 6.23E-03 1.73E-02 1.41E-233 3.19E-198 0.00E+00 

OCSSA9 1.77E-145 3.49E-85 1.00E-84 3.31E-39 9.29E-38 1.09E-37 

OCSSA10 1.07E-09 6.21E+00 1.70E+01 5.26E-06 8.12E-06 1.75E-06 

SSAPSO 4.43E-48 1.09E-34 4.09E-34 4.17E-25 8.77E-21 3.16E-20 

F5 F6 

Best Mean Std Best Mean Std 

SSA 1.70E+01 5.55E+01 1.70E+03 3.85E-09 8.30E-09 3.02E-09 

CSOSSA1 8.80E+00 8.9373 2.06E-02 4.26E-11 1.01E-11 3.83E-11 

CSOSSA2 8.89E+00 8.9373 2.04E-02 3.33E-11 1.08E-11 4.24E-11 

CSOSSA3 8.82E+00 8.93921 4.90E-02 5.61E-11 1.03E-11 3.53E-11 

CSOSSA4 8.89E+00 8.92136 2.42E-02 2.08E-11 1.06E-11 4.63E-11 

CSOSSA5 8.91E-12 8.943 1.93E-12 4.97E-11 1.13E-11 4.62E-11 

CSOSSA6 8.96E-08 8.94E-10 1.73E-07 1.29E-15 2.16E-11 4.40E-11 

CSOSSA7 8.96E-08 8.99E-07 1.29E-08 1.97E-11 2.28E-11 2.39E-11 

CSOSSA8 8.89E-08 8.99E-07 2.98E-10 1.92E-11 6.80E-11 3.08E-11 

CSOSSA9 8.95E+00 8.94E-07 1.59E-02 1.31E-11 2.22E-11 4.06E-11 

CSOSSA10 8.91E+00 8.99E+00 1.93E-02 4.51E-11 9.26E-12 3.27E-12 

OCSSA1 1.86E+01 1.86E+01 3.04E-02 6.21E-10 2.97E-09 1.44E-09 

OCSSA2 1.85E+01 1.86E+01 3.71E-02 1.32E-09 4.43E-09 1.63E-09 

OCSSA3 1.86E+01 1.86E+01 2.45E-02 3.71E-10 2.20E-09 1.06E-09 

OCSSA4 9.41E-09 1.52E+01 6.95E+00 3.26E-14 1.04E-10 1.81E-10 

OCSSA5 2.28E-07 1.57E+01 6.34E+00 1.35E-09 5.24E-09 1.75E-09 

OCSSA6 1.86E+01 1.86E+01 3.11E-02 3.75E-10 2.24E-09 1.24E-09 

OCSSA7 1.86E+01 1.86E+01 3.19E-02 1.12E-11 1.76E-09 1.56E-09 

OCSSA8 1.85E-07 1.75E+01 3.34E+00 8.43E-11 4.05E-09 1.87E-09 

OCSSA9 1.86E+01 1.87E+01 2.64E-02 8.50E-12 1.20E-09 9.70E-10 

OCSSA10 1.49E+01 2.95E+01 2.68E+01 3.82E-09 7.92E-09 2.39E-09

(continued)
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Table 3 (continued) 

Algorithm F1 F2 

Best Mean Std Best Mean Std 

SSAPSO 7.3333 7.8707 2.62E-01 2.55E-11 6.40E-10 3.76E-10 

F7 F8 

Best Mean Std Best Mean Std 

SSA 2.53E-02 6.45E-02 2.56E-02 – 6360.384 – 5100.721 537.607 

CSOSSA1 1.24E-05 3.25E-05 1.82E-05 – 4189.080 – 4.19E+03 324.1259 

CSOSSA2 2.58E-04 2.58E-04 1.11E-04 – 4185.286 – 4.19E+03 181.9815 

CSOSSA3 3.57E-05 3.57E-05 1.78E-04 – 4188.789 – 4.17E+03 365.2767 

CSOSSA4 3.57E-05 3.57E-05 1.25E-04 – 4182.604 – 4.18E+03 294.1638 

CSOSSA5 2.14E-08 2.14E-06 1.71E-06 – 4187.684 – 4.19E+03 530.671 

CSOSSA6 1.66E-03 1.66E-03 2.06E-03 –1356.309 –1.3E+03 432.9544 

CSOSSA7 1.24E-03 1.24E-03 3.79E-03 – 2139.457 – 1.54E+03 510.4484 

CSOSSA8 1.17–05 1.10E-05 1.54E-04 – 4178.275 – 4.18E+03 1108.434 

CSOSSA9 2.44E-04 2.44E-04 7.01E-01 – 1592.721 – 1.59E+03 440.7878 

CSOSSA10 2.58E-04 2.58E-04 1.38E-04 – 4186.782 – 4.19E+03 403.4007 

OCSSA1 2.04E-06 6.28E-04 7.36E-04 – 21,777.57 – 12,304.42 3402.744 

OCSSA2 7.00E-06 4.34E-04 6.05E-04 – 17,624.57 – 10,567.80 3418.34 

OCSSA3 8.96E-06 3.96E-04 5.62E-04 – 14,301.47 – 12,155.98 2163.005 

OCSSA4 7.20E-06 5.18E-04 6.90E-04 – 26,072.40 – 11,567.62 5019.843 

OCSSA5 1.46E-07 3.46E-05 2.23E-05 – 20,970.76 – 11,363.73 4055.461 

OCSSA6 1.61E-06 6.82E-04 6.87E-04 – 14,301.44 – 11,523.50 2611.771 

OCSSA7 9.78E-06 5.75E-04 6.13E-04 – 8379.658 – 8379.658 0 

OCSSA8 1.13E-05 4.95E-04 7.89E-04 – 20,473.33 – 11,424.89 4154.301 

OCSSA9 5.48E-06 2.43E-04 2.93E-04 – 14,300.68 – 10,097.61 2540.583 

OCSSA10 1.91E-05 1.85E-02 1.94E-02 – 16,857.83 – 13,571.51 2249.651 

SSAPSO 5.97E-05 9.12E-04 8.48E-04 – 2689.49 −2480.9 1.74E+02 

F9 F10 

Best Mean Std Best Mean Std 

SSA 5.97E+00 2.92E+01 8.73E+02 1.28E-05 9.69E-01 2.91E+01 

CSOSSA1 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 0.00E+00 

CSOSSA2 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 0.00E+00 

CSOSSA3 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 2.06E-31 

CSOSSA4 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 0.00E+00 

CSOSSA5 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 0.00E+00 

CSOSSA6 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 0.00E+00

(continued)
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Table 3 (continued) 

Algorithm F1 F2 

Best Mean Std Best Mean Std 

CSOSSA7 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 0.00E+00 

CSOSSA8 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 0.00E+00 

CSOSSA9 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 0.00E+00 

CSOSSA10 0.00E+00 0.00E+00 0.00E+00 8.88E-16 8.88E-16 0.00E+00 

OCSSA1 0.00E+00 1.34E+00 2.85E+00 8.88E-16 6.44E-15 5.63E-15 

OCSSA2 0.00E+00 0.00E+00 0.00E+00 8.88E-16 7.44E-15 5.60E-15 

OCSSA3 0.00E+00 2.49E-01 6.34E-01 8.88E-16 4.55E-15 2.59E-15 

OCSSA4 0.00E+00 0.00E+00 0.00E+00 8.88E-16 1.11E-15 6.38E-16 

OCSSA5 0.00E+00 0.00E+00 0.00E+00 8.88E-16 2.81E-08 7.98E-08 

OCSSA6 0.00E+00 3.42E-01 8.78E-01 8.88E-16 4.33E-15 2.15E-15 

OCSSA7 0.00E+00 4.97E-01 1.43E+00 8.88E-16 2.89E-15 1.76E-15 

OCSSA8 0.00E+00 0.00E+00 0.00E+00 8.88E-16 1.55E-15 1.32E-15 

OCSSA9 0.00E+00 0.00E+00 0.00E+00 8.88E-16 1.44E-15 1.21E-15 

OCSSA10 6.40E-11 8.05E+00 1.46E+01 4.71E-06 1.01E-05 4.55E-06 

SSAPSO 0.00E+00 1.47E-14 3.43E-14 8.88E-16 1.62E-15 1.46E-15 

F11 F12 

Best Mean Std Best Mean Std 

SSA 7.14E-08 2.29E-02 2.11E-02 4.64E-01 3.56E+00 1.87E+00 

CSOSSA1 0.00E+00 0.00E+00 0.00E+00 2.46E-12 2.46E-12 9.33E-11 

CSOSSA2 0.00E+00 0.00E+00 0.00E+00 3.30E-12 3.30E-12 7.93E-11 

CSOSSA3 0.00E+00 0.00E+00 0.00E+00 4.50E-12 4.50E-12 6.65E-11 

CSOSSA4 0.00E+00 0.00E+00 0.00E+00 5.16E-12 5.16E-12 5.99E-11 

CSOSSA5 0.00E+00 0.00E+00 0.00E+00 2.88E-12 2.88E-12 3.78E-11 

CSOSSA6 0.00E+00 0.00E+00 0.00E+00 3.97E-13 3.98E-11 8.11E-11 

CSOSSA7 0.00E+00 0.00E+00 0.00E+00 1.25E-12 1.25E-11 4.68E-11 

CSOSSA8 0.00E+00 0.00E+00 0.00E+00 1.06E-11 1.06E-11 2.02E-11 

CSOSSA9 0.00E+00 0.00E+00 0.00E+00 1.33E-12 1.33E-10 4.70E-11 

CSOSSA10 0.00E+00 0.00E+00 0.00E+00 4.30E-12 4.30E-12 6.18E-11 

OCSSA1 0.00E+00 0.00E+00 0.00E+00 3.06E-11 1.14E-01 1.66E-01 

OCSSA2 0.00E+00 0.00E+00 0.00E+00 4.50E-11 1.26E-01 1.90E-01 

OCSSA3 0.00E+00 0.00E+00 0.00E+00 1.31E-11 5.90E-02 8.47E-02 

OCSSA4 0.00E+00 0.00E+00 0.00E+00 1.34E-14 1.55E-12 1.56E-12 

OCSSA5 0.00E+00 1.08E-09 2.84E-09 8.50E-11 7.26E-02 1.30E-01 

OCSSA6 0.00E+00 0.00E+00 0.00E+00 4.65E-12 1.71E-02 4.15E-02

(continued)
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Table 3 (continued) 

Algorithm F1 F2 

Best Mean Std Best Mean Std 

OCSSA7 0.00E+00 0.00E+00 0.00E+00 2.04E-13 3.11E-11 3.76E-11 

OCSSA8 0.00E+00 6.73E-18 1.99E-17 4.60E-11 3.98E-04 9.85E-04 

OCSSA9 0.00E+00 0.00E+00 0.00E+00 3.48E-15 3.71E-12 3.88E-12 

OCSSA10 3.63E-10 1.87E-03 4.39E-03 1.00E-09 6.93E-01 1.14E+00 

SSAPSO 0.00E+00 3.30E-13 9.35E-13 6.21E-02 1.50E-01 4.26E-02 

F13 

Best Mean Std 

SSA 1.04E-07 1.05E-01 4.11E-01 

CSOSSA1 4.36E-11 4.36E-11 2.70E-12 

CSOSSA2 4.10E-10 4.10E-07 2.61E-08 

CSOSSA3 2.70E-08 2.70E-06 3.03E-07 

CSOSSA4 5.62E-15 5.62E-08 1.96E-08 

CSOSSA5 2.33E-10 2.33E-06 3.01E-06 

CSOSSA6 7.10E-12 9.45E-12 1.15E-12 

CSOSSA7 9.96E-11 9.96E-11 1.22E-11 

CSOSSA8 2.71 E-11 2.71E-11 2.95E-11 

CSOSSA9 7.94E-11 7.94E-11 8.26E-12 

CSOSSA10 4.12E-11 4.12E-11 2.42E-11 

OCSSA1 1.23E-10 1.28E-09 1.50E-09 

OCSSA2 1.36E-10 1.71E-08 4.73E-08 

OCSSA3 1.15E-11 3.18E-10 2.18E-10 

OCSSA4 6.03E-17 3.36E-02 1.60E-01 

OCSSA5 1.67E-10 1.32E-03 7.10E-03 

OCSSA6 1.43E-13 2.48E-10 2.58E-10 

OCSSA7 5.89E-11 3.20E-01 6.54E-01 

OCSSA8 1.51E-11 1.51E-08 3.81E-08 

OCSSA9 3.89E-14 3.00E-11 2.53E-11 

OCSSA10 6.51E-09 4.78E-03 7.65E-03 

SSAPSO 2.38E-07 1.76E-05 1.50E-05 

restricted to the square −2.048 < xi < 2.048, i = 1, 2. Its global minimum is 
f (x) = 0, which is acquired by xi = 1. 
The third function of De Jong is a step function, representing the problem of flat 

surfaces. Flat surfaces are obstacles to optimization algorithms because they give no 
information as to which direction is favorable. Unless an algorithm has variable step 
sizes, it can get stuck on one of the flat plateaus. The function is multidimensional 
and multimodal with an uncertain number of local optimums. The test area is usually
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Table 4 De Jong’s functions 

Type Function Limits Dim Number of 
local 
minima 

F1 Convex 
function

∑3 
i=1 xi 

2 −5.12≤ xi ≤ 5.12 3 1 

F2 Banana 
function 

100.
(
x1 2 − x2

)2+(1 − x1)2 −2.048≤ xi ≤ 2.048 2 1 

F3 Step 
function 

30 + ∑5 
i=1�x j � −5.12≤ xi ≤ 5.12 5 Uncertain 

F4 Stochastic 
function

∑30 
i=1 i xi 

4 + Gauss(0, 1) −1.28 ≤ xi ≤ 1.28 30 Uncertain 

F5 Foxholes 
function 

1 
0.002+∑24 

i=0 
1 

i+∑1 
j=0 (x j −ai j  )

6 
−65.536≤ xi ≤ 
65.536 

2 25 

restricted to the polytope −5.12 < xi < 5.12, i = 1, . . . ,  5. Its global minimum 
f (x) = 0 is obtainable for xi = 0. 
The fourth function of De Jong is a stochastic 30-dimensional function. In this 

type of function, the algorithm never gets the same value on the same point. Although 
the function without the added Gaussian noise is a simple unimodal function, the 
noise makes multimodal function with an uncertain number of local optimums. We 
limit the test area to the polytope −1.28 < xi < 1.28, i = 1, . . . ,  30. However, in 
the fourth function without the Gaussian noise, the global minimum f (x) = 0 is 
obtainable for xi = 0. 

The fifth function of De Jong, also called Foxholes function, is a multimodal test 
function with 25 local minimum in the square −65.536 < xi < 65.536, i = 1, 2. 
Many standard optimization algorithms get stuck in the first peak they find. Its global 
optimum is f (x) = 0 for xi = −32. 

5.2 Algorithms for Comparison 

Our algorithm is compared with a conventional genetic algorithm. The GA employs 
simple, uniform crossover and mutation operators with the probabilities 0.6 and 0.05, 
respectively. For a fair judgment, the population size is considered to be four, similar 
to the proposed approach. Besides, our algorithm is compared with the Simulated 
annealing (SA) proposed by Kirkpatrick and his colleagues [96]. SA is a generic 
probabilistic metaheuristic for the global optimization problem in a large search 
space. The algorithm consists of a slow cooling process, which is similar to the 
mutation process in GA. Eventually, our results are compared with the imperialist 
competitive algorithm (ICA) [97]. ICA is a computational method utilized to solve
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different types of optimization problems. Like GA and most evolutionary compu-
tation methods, ICA does not need the gradient of the function in its optimization 
process. From a specific point of view, ICA can be considered as the social counterpart 
of genetic algorithms (GAs). ICA is a mathematical model and a computer simula-
tion of human social evolution, while GAs are based on the biological evolution of 
species. 

5.3 Experimental Results on De Jong’s Function 

To evaluate and to compare the performance of the proposed approach, we have 
examined it on De Jong’s function test suite. Because of the random nature of the 
algorithms, the results are the average of ten repetitions of each algorithm. The sign 
“*” in Table 5 indicates that the algorithm is not converged. The results demonstrate 
that SA is incapable to provide a solution for F3 (step function), F4 (stochastic 
function), and F5 (multimodal function). Additionally, ICA does not converge in the 
case of step function. By and large, the results in Table 5 confirm that the proposed 
approach is significantly better than SSA, ICA, GA, and SA. Comparing CSOSSA 
with SSA shows that CSOSSA is better than SSA, except for the Banana function 
F2. 

Table 5 Obtained optimum fitness value in optimizing the De Jong’s functions 

F1 F2 F3 F4 F5 

Global minimum 0.0E+0 0.0E+0 0.0E+0 0+noise 0.0E+0 

Genetic algorithm [98] 5.9E-02 8.39E-02 0.0E+0 1.2E-01 9.9E-01 

Simulated annealing [96] 9.7E-02 3.41E-01 * * * 

Imperialist competitive algorithm [97] 5.2E-02 9.56e-02 * 9.1E-01 9.9E-01 

SSA [15] 3.5E-12 7.23E-03 0.0E+0 4.1E-01 9.9E-01 

CSOSSA1 0.0E+0 6.6E-03 0.0E+0 0.0E+0 8.6E-02 

CSOSSA2 0.0E+0 2.09E-03 0.0E+0 0.0E+0 9.9E-02 

CSOSSA3 0.0E+0 1.53E-03 0.0E+0 0.0E+0 9.9E-02 

CSOSSA4 0.0E+0 1.5E-04 0.0E+0 0.0E+0 5.7E-2 

CSOSSA5 0.0E+0 2.98E-03 0.0E+0 0.0E+0 9.5E-02 

CSOSSA6 2.5E-48 5.9E-03 9.9E-03 2.5E-93 9.9E-01 

CSOSSA7 4.7E-84 5.75E-03 9.9E-03 6.3E-10 8.2E-01 

CSOSSA8 0.0E+0 1.77E-03 0.0E+0 0.0E+0 9.4E-02 

CSOSSA9 6.1E-51 3.77E-03 9.9E-03 1.1E-9 9.9E-01 

CSOSSA10 0.0E+0 6.65E-03 0.0E+0 0.0E+0 9.1E-02
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6 Practical Problem: Carbon Footprint Minimization 

In this section, the CSOSSA is utilized to minimize the carbon footprint (CFP) of a 
hospital using electricity consumption of medical equipment in the patient flow, and 
after that the performance of CSOSSA is evaluated and compared with SSA. 

Our case study is Bushehr Heart Hospital in southern Iran. The hospital has 
twelve care units including triage, cardiopulmonary resuscitation (CPR), inpatient 
emergency department (IED), coronary care unit I and II (CCUI and CCU II), post 
coronary care unit (PCCU), intensive care unit I and II (ICU I and ICU II), Catheteri-
zation Laboratory (Cath lab) (angiography, angioplasty and recovery), and operating 
rooms (ORs). Also, it has two administration units, including reception and discharge 
units. All the care units have been conceptualized as workstations. 

Based on Emergency Severity Index (ESI), patients are categorized into resusci-
tation (i.e. ESI 1), emergent (i.e. ESI 2), urgent (i.e. ESI 3), less urgent (i.e. ESI 4), 
and non-urgent (i.e. ESI 5) as a standard classification of patients [99]. A patient in 
ESI1 category enters to CPR. If treatment is successful, the patient is transferred to 
inpatient units and then Cath lab. A patient with ESI2 is titled as acute cardiovascular 
disease (ACS) who has severe pain in the chest, is taken to Cath lab for angiography 
and if necessary, the Percutaneous Coronary Intervention (PCI) will be applied. A 
patient having ESI3 is transferred to inpatient units, while an ESI4 patient is admitted 
to the emergency department for up to six hours’ stay and then will be discharged 
if the treatment is successful. A patient in category ESI5 is referred to an outpatient 
clinic. 

The data covers those patients who have visited the hospital between August 2016 
and August 2017. In that period, 7807 patients were referred to ED in total, from 
which 5% have been diagnosed with ESI 1 and another 5% to ESI 2. The ESI for 
others was found to be 30%, 30%, and 30% for ESI 3, ESI 4, and ESI 5, respectively. 
The amount of CO2 emitted is based on the electricity consumption of equipment 
which available from its technical specification [100–107]. 

6.1 Mathematical Formulation to Calculate CFP 

The care units that the patient has to go to during his/her treatment processes (based on 
his/her ESI). According to this table, ESI 1 and ESI 2 patients have three therapeutic 
pathways (routes) based on physician diagnosis. In general, each patient has to go 
through a number of care units from the time of admission to discharge. Therefore, in 
each care unit, there is a set of medical equipment used for the patient who undergoes 
a series of treatment processes. Each medical equipment consumes electrical power, 
and with more electrical power be consumed, more CO2 is produced. 

As described before, the hospital has 14 units. In each unit, there is a maximum of 
21 medical equipment for patients’ treatment. The emission factor (EF) of different 
fuels is expressed as kilograms of CO2 per kWh, (or kgCO2/kWh). EF average is
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0.61 for the year 2019 in Iran. The amount of produced kgCO2 in the hospital is 
calculated as follows: 

Indices: 

i Medical equipment index (1, 2, . . . ,  m) 
j Patient index (1, 2, . . . ,  n) 
k Care and administration units index (1, 2,…, o) 

Parameters: 

m Total number of medical equipment 
n Total number of patients (ENP) 

Note: 

n1: ENP of ESI 1 (Route 11), n2: ENP of ESI 1 (Route 12), n3: ENP  of  ESI  
1 (Route 13), 

n4: ENP of ESI 2 (Route 21), n5: ENP of ESI 2 (Route 22), n6: ENP  of  ESI  
2 (Route 23), 

n7: ENP of ESI 3 (Route 3), n8: ENP of ESI 4 (Route 4), n9: ENP  of  ESI 5  
(Route 5) 

n = n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9 
s.t ni = n ∗ percentage ni 

Pi, j,k Processing time of the ith medical equipment of kth unit on patient j 
Pmi,k Power consumption of ith medical equipment of kth unit in the processing 

condition 
EF Quantity of emitted carbon footprint per kilowatt-hour 

Decision variables: 

Z The total emitted carbon footprint 

Xi, j,k = 

⎧⎨ 

⎩ 

1, If the i th medical equipment of kth unit is executed treatment 
process on the j th patient 

0, otherwise 

Objective function: 

Min  Z  = 
n∑
j=1 

o∑
k=1 

m∑
i=1 

EF.Pmi,k .Pi, j,k .Xi, j,k
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6.2 Solution Representation 

Each member of the population in the CSOSSA is a chromosome with 14 * 21 = 
296 bits where 14 is the number of units and 21 is the maximum number of medical 
equipment in each unit. The initial value of each bit for population members is a real 
number greater than or equal to zero. Each bit represents the usage time of medical 
equipment i in care unit k. That is, the chromosome is divided into fourteen 21-bit 
units as follows. 

The upper and lower bound for each chromosome corresponds to the maximum 
and minimum time of use of the medical equipment. Therefore, the minimization 
problem of CFP is converted as follows: 

minT (X ) 

lb  ≤ X ≤ ub 

where lb and ub represent the upper and lower bound of the decision variable. 

6.3 Experimental Results of CFP Minimization 

The SSA and CSOSSA are run ten times for CFP minimization problem. Table 6 
compares the performance of the original SSA with the CSOSSA in terms of mean 
and standard deviation based on the average produced CO2 in the treatment process 
of each hospitalized patient of different ESI. Depending on the patient conditions and 
treatment requirements, patients of ESI 1 and ESI 2 have three possible routes. The 

Table 6 Average kgCO2 produced based on ESI 

Algorithm Route SSA CSOSSA 

Patient category Mean STD Mean STD 

ESI 1 11 30,991 0.306 21,406 0.093 

12 16,209 0.176 11,860 0.034 

13 6774 0.130 5278 0.077 

ESI 2 21 17,504 0.151 12,652 0.083 

22 7000 0.057 5339 0.011 

23 2559 0.041 1821 0.006 

ESI 3 3 51,209 0.122 46,948 0.011 

ESI 4 4 13,277 0.159 11,200 0.032 

ESI 5 5 271 0.006 205 0.003 

Total kgCO2 145,794 116,709
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Fig. 1 General scheme of any solution 

Fig. 2 Convergence graph for SSA and CSOSSA for CFP minimization 

total CFP of the hospital in the patient flow with SSA and CSOSSA is 145,794 kg and 
116,709 kg, respectively. Based on the results obtained from Table 6 and Fig. 2, the  
CSOSSA has better performance than the SSA based on ESI (therapeutic pathways) 
in terms of the performance measure: mean and STD. 

Applying a Wilcoxon signed-rank test on the results of SSA and CSOSSA, the 
p-value is 0.0039. It shows that CSOSSA outperforms the original SSA with a 
statistically significant difference. 

7 Conclusions and Future Insights 

Climate change is occurring as a result of the accumulation of greenhouse gases in 
the atmosphere arising from the combustion of fossil fuels. The delivery of healthcare 
services produces exceptional greenhouse gas emissions, and with more electrical
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power be consumed, more greenhouse gases, specifically CO2, are produced. To solve 
these problems, SSA is integrated with the chaotic maps, sine cosine algorithm, and 
opposition-based learning. The proposed algorithm (CSOSSA) is compared with 
that of the original SSA and some other metaheuristic algorithms on CEC2005, 
and five De Jong’s functions. The experimental results show that the performance 
of CSOSSA is better than or comparable with the SSA and other meta-heuristic 
algorithms. Besides, the problem of CO2 minimization is solved using CSOSSA. 
The results indicate that the CSOSSA effective in reducing CO2 in the patient flow. 

For future works, it is suggested that the CSOSSA is extended for multi or 
many-objective optimization problems. The algorithm could be used in other appli-
cations such as renewable energy, optimal distributed generation placement (ODGP) 
problems, and flexible job scheduling. 

Appendix 

See Tables 7 and 8. 

Table 7 Unimodal benchmark functions 

Function Dim Range Shift position fmin 

F1(x) = ∑n 
i=1 x

2 
i 20 [–100,100] [–30, –30,…, –30] 0 

F2(x) = ∑n 
i=1|xi | +

∏n 
i=1|xi | 20 [–10,10] [–3, –3,…, –3] 0 

F3(x) = ∑n 
i=1

(∑i 
j=1 x j

)2 
20 [–100,100] [–30, –30,…, –30] 0 

F4(x) = max 
i 

{|xi |, 1 ≤ i ≤ n} 20 [–100,100] [–30, –30,…, –30] 0 

F5(x) =∑n−1 
i=1 �100(xi+1 − x2 i

)2+(xi − 1)2�
20 [–30,30] [–15, –15,…, –15] 0 

F6(x) = ∑n 
i=1 ([xi + 0.5])2 20 [–100,100] [–750, –750,…, –750] 0 

F7(x) = ∑n 
i=1 i x

4 
i + random[0, 1) 20 [–1.28,1.28] [–0.25, –0.25,…, –0.25] 0
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Index of Key Terms 

CFP (Carbon Footprint) 

CO2 (Carbon Dioxide) 

CSOSSA (Chaotic Sine Cosine Opposition Based Salp Swarm Algorithm) 

OBL (Opposition Based Learning) 

SSA (Salp Swarm Algorithm) 
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38. Hekimoğlu, B., et al.: Speed control of DC motor using PID controller tuned by salp swarm 
algorithm. In: Proceeding of IENSC (2018) 

39. Panda, N., Majhi, S.K.: Improved salp swarm algorithm with space transformation search for 
training neural network. Arab. J. Sci. Eng. 45(4), 2743–2761 (2020) 

40. Qais, M.H., Hasanien, H.M., Alghuwainem, S.: Enhanced salp swarm algorithm: application 
to variable speed wind generators. Eng. Appl. Artif. Intell. 80, 82–96 (2019) 

41. El-Fergany, A.A.: Extracting optimal parameters of PEM fuel cells using salp swarm 
optimizer. Renew. Energy 119, 641–648 (2018)

http://arxiv.org/abs/1911.10519


Chaotic-SCA Salp Swarm Algorithm … 27

42. Bairathi, D., Gopalani, D.: Salp swarm algorithm (SSA) for training feed-forward neural 
networks. In: Soft Computing for Problem Solving, pp. 521–534. Springer (2019) 

43. Sahu, P.C., et al.: Improved-salp swarm optimized type-II fuzzy controller in load frequency 
control of multi area islanded AC microgrid. Sustain. Energy Grids Netw. 16, 380–392 (2018) 

44. Yodphet, D., et al.: Electrical distribution system reconfiguration for power loss reduction by 
the Salp Swarm algorithm. Int. J. Smart Grid Clean Energy 2, 156–163 (2019) 

45. El-Fergany, A.A., Hasanien, H.M.: Salp swarm optimizer to solve optimal power flow 
comprising voltage stability analysis. Neural Comput. Appl. 32(9), 5267–5283 (2020) 

46. Tolba, M., et al.: A novel robust methodology based salp swarm algorithm for allocation 
and capacity of renewable distributed generators on distribution grids. Energies 11(10), 2556 
(2018) 

47. Zhang, J., Wang, Z., Luo, X.: Parameter estimation for soil water retention curve using the 
salp swarm algorithm. Water 10(6), 815 (2018) 

48. Hussien, A.G., Hassanien, A.E., Houssein, E.H.: Swarming behaviour of salps algorithm 
for predicting chemical compound activities. In: 2017 Eighth International Conference on 
Intelligent Computing and Information Systems (ICICIS). IEEE (2017) 

49. Asasi, M.S., Ahanch, M., Holari, Y.T.: Optimal allocation of distributed generations and shunt 
capacitors using salp swarm algorithm. In: Iranian Conference on Electrical Engineering 
(ICEE). IEEE (2018) 

50. Liu, X., Xu, H.: Application on target localization based on salp swarm algorithm. In: 2018 
37th Chinese Control Conference (CCC). IEEE (2018) 

51. Kamel, S., et al.: Radial distribution system reconfiguration for real power losses reduction by 
using salp swarm optimization algorithm. In: 2019 IEEE Innovative Smart Grid Technologies-
Asia (ISGT Asia). IEEE (2019) 

52. Singh, A., Sharma, V.: Salp swarm algorithm-based model predictive controller for frequency 
regulation of solar integrated power system. Neural Comput. Appl. 31(12), 8859–8870 (2019) 

53. Zhong, C., et al.: Structural reliability assessment by salp swarm algorithm–based FORM. 
Qual. Reliab. Eng. Int. 36(4), 1224–1244 (2020) 

54. Wang, H., et al.: A novel nonlinear Arps decline model with salp swarm algorithm for 
predicting pan evaporation in the arid and semi-arid regions of China. J. Hydrol. 582, 124545 
(2020) 

55. Liu, W., Wang, R., Su, J.: An image impulsive noise denoising method based on salp swarm 
algorithm. Int. J. Educ. Manag. Eng. 10(1), 43 (2020) 

56. Mallikarjuna, B., Reddy, Y., Kiranmayi, R.: Salp swarm algorithm to combined economic 
and emission dispatch problems. Int. J. Eng. & Technol. 7(3.29), 311–315 (2018) 

57. Hosseinpour, M., Mansoori, S., Shayeghi, H.: Selective harmonics elimination technique in 
cascaded H-bridge multi-level inverters using the salp swarm optimization algorithm. J. Oper. 
Autom. Power Eng. 8(1), 32–42 (2020) 

58. Wang, S., Jia, H., Peng, X.: Modified salp swarm algorithm based multilevel thresholding for 
color image segmentation. Math. Biosci. Eng. 17, 700–724 (2020) 

59. Wang, D., et al.: A simplex method-based salp swarm algorithm for numerical and engineering 
optimization. In: International Conference on Intelligent Information Processing. Springer 
(2018) 

60. Sambaiah, K.S., Jayabarathi, T.: Optimal allocation of renewable distributed generation and 
capacitor banks in distribution systems using salp swarm algorithm. Int. J. Renew. Energy 
Res. 9, 96–107 (2019) 

61. Karnavas, Y.L., et al.: Application of salp swarm algorithm for DC motor parameter estimation 
in an industry 4.0 control systems IoT framework. In: 2019 12th International Conference on 
Developments in eSystems Engineering (DeSE). IEEE (2019) 

62. Jiang, Y., et al.: Optimal nonlinear adaptive control for voltage source converters via memetic 
salp swarm algorithm: design and hardware implementation. Processes 7(8), 490 (2019) 

63. Ahmed, S., et al.: Feature selection using salp swarm algorithm with chaos. In: Proceedings of 
the 2nd International Conference on Intelligent Systems, Metaheuristics & Swarm Intelligence 
(2018)



28 M. Vali et al.

64. Majhi, S.K., Mishra, A., Pradhan, R.: A chaotic salp swarm algorithm based on quadratic 
integrate and fire neural model for function optimization. Prog. Artif. Intell. 8(3), 343–358 
(2019) 

65. Hegazy, A.E., Makhlouf, M., El-Tawel, G.S.: Feature selection using chaotic salp swarm 
algorithm for data classification. Arab. J. Sci. Eng. 44(4), 3801–3816 (2019) 

66. Sayed, G.I., Khoriba, G., Haggag, M.H.: A novel chaotic salp swarm algorithm for global 
optimization and feature selection. Appl. Intell. 48(10), 3462–3481 (2018) 

67. Bairathi, D., Gopalani, D.: Opposition based salp swarm algorithm for numerical optimization. 
In: International Conference on Intelligent Systems Design and Applications. Springer (2018) 

68. Tubishat, M., et al.: Improved salp swarm algorithm based on opposition based learning and 
novel local search algorithm for feature selection. Expert Syst. Appl. 145, 113122 (2020) 

69. Meraihi, Y., et al.: A chaotic binary salp swarm algorithm for solving the graph coloring 
problem. In: International Symposium on Modelling and Implementation of Complex 
Systems. Springer (2018) 

70. Khamees, M., Albakry, A., Shaker, K.: Multi-objective feature selection: hybrid of salp swarm 
and simulated annealing approach. In: International Conference on New Trends in Information 
and Communications Technology Applications. Springer (2018) 

71. Yodphet, D., et al.: Network reconfiguration and capacitor placement for power loss reduction 
using a combination of salp swarm algorithm and genetic algorithm 

72. Abd Elaziz, M., et al.: Multiobjective big data optimization based on a hybrid salp swarm 
algorithm and differential evolution. Appl. Math. Model. 80, 929–943 (2020) 

73. Wang, J., Gao, Y., Chen, X.: A novel hybrid interval prediction approach based on modified 
lower upper bound estimation in combination with multi-objective salp swarm algorithm for 
short-term load forecasting. Energies 11(6), 1561 (2018) 

74. Gholami, K., Parvaneh, M.H.: A mutated salp swarm algorithm for optimum allocation of 
active and reactive power sources in radial distribution systems. Appl. Soft Comput. 85, 
105833 (2019) 

75. Aljarah, I., et al.: Asynchronous accelerating multi-leader salp chains for feature selection. 
Appl. Soft Comput. 71, 964–979 (2018) 

76. Alwerfali, H.S.N., et al.: A multilevel image thresholding based on hybrid salp swarm 
algorithm and fuzzy entropy. IEEE Access 7, 181405–181422 (2019) 

77. Singh, N., Chiclana, F., Magnot, J.-P.: A new fusion of salp swarm with sine cosine for 
optimization of non-linear functions. Eng. Comput. 36(1), 185–212 (2020) 

78. Sayed, G.I., Khoriba, G., Haggag, M.H.: Hybrid quantum salp swarm algorithm for contrast 
enhancement of natural images. Int. J. Intell. Eng. Syst. 12(6), 225–235 (2019) 

79. Chen, R., et al.: QSSA: quantum evolutionary salp swarm algorithm for mechanical design. 
IEEE Access 7, 145582–145595 (2019) 

80. Yaseen, Z.M., Faris, H., Al-Ansari, N.: Hybridized extreme learning machine model with salp 
swarm algorithm: a novel predictive model for hydrological application. Complexity 2020 
(2020) 

81. Kang, F., Li, J., Dai, J.: Prediction of long-term temperature effect in structural health moni-
toring of concrete dams using support vector machines with Jaya optimizer and salp swarm 
algorithms. Adv. Eng. Softw. 131, 60–76 (2019) 

82. Anderson, P., Bone, Q.: Communication between individuals in salp chains. II. Physiology. 
In: Proceedings of the Royal Society of London. Series B. Biological Sciences 210(1181), 
559–574 (1980) 

83. Sutherland, K.R., Weihs, D.: Hydrodynamic advantages of swimming by salp chains. J. R. 
Soc. Interface 14(133), 20170298 (2017) 

84. Mirjalili, S.: SCA: a sine cosine algorithm for solving optimization problems. Knowl.-Based 
Syst. 96, 120–133 (2016) 

85. Hongwu, L.: An adaptive chaotic particle swarm optimization. In: 2009 ISECS International 
Colloquium on Computing, Communication, Control, and Management. IEEE (2009) 

86. dos Santos Coelho, L.: A quantum particle swarm optimizer with chaotic mutation operator. 
Chaos Solitons Fractals 37(5), 1409–1418 (2008)



Chaotic-SCA Salp Swarm Algorithm … 29

87. Tatsumi, K., Yamamoto, H., Tanino, T.: A perturbation based chaotic particle swarm 
optimization using multi-type swarms. In: 2008 SICE Annual Conference. IEEE (2008) 

88. He, Y., et al.: A precise chaotic particle swarm optimization algorithm based on improved 
tent map. In: 2008 Fourth International Conference on Natural Computation. IEEE (2008) 

89. Yao, X., Liu, Y., Lin, G.: Evolutionary programming made faster. IEEE Trans. Evol. Comput. 
3(2), 82–102 (1999) 

90. Caponetto, R., et al.: Chaotic sequences to improve the performance of evolutionary 
algorithms. IEEE Trans. Evol. Comput. 7(3), 289–304 (2003) 

91. De Jong, K.A.: Analysis of the behavior of a class of genetic adaptive systems (1975) 
92. Juneja, K., Gill, N.S.: Optimization of Dejong function using GA under different selection 

algorithms. Int. J. Comput. Appl. 64(7) (2013) 
93. Kapoor, M., Wadhwa, V.: Optimization of De Jong’s function using genetic algorithm 

approach. Int. J. Adv. Res. Comput. Sci. Electron. Eng. 1(5), 35–38 (2012) 
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Design and Performance Evaluation 
of Objective Functions Based on Various 
Measures of Fuzzy Entropies for Image 
Segmentation Using Grey Wolf 
Optimization 

Baljit Singh Khehra, Arjan Singh, and Lovepreet Kaur 

Abstract Image segmentation is the most significant pre-processing phase of 
computer vision. Thresholding is one of most suitable approach used for the segmen-
tation of image. Searching an optimal value of threshold for image segmentation has 
got more attention in recent years due to its accuracy and robustness. Over the years, 
number of researchers has successfully used Shannon and non-Shannon measures of 
fuzzy entropy based objective function in various evolutionary algorithms to find the 
optimal value of threshold for image segmentation. In this paper, grey wolf optimiza-
tion (GWO) algorithm is used along with Shannon and non-Shannon measures of 
fuzzy entropy for selecting optimal threshold value to segment image in reasonable 
amount of time. The objective of the proposed research work is to design objective 
functions based on Shannon and non-Shannon measures of fuzzy entropy for GWO 
and using them for optimal threshold value selection which will further be used to 
segment images. Non-Shannon measures of fuzzy entropy used for design of objec-
tive functions are Renyi, Havrda-Charvat, Kapur, and M. Masi. The performance of 
Shannon and non-Shannon fuzzy entropies using GWO is compared with Shannon 
fuzzy entropy using GA, BBO and recursive approach to find the optimal threshold 
value. Comparison is done based on the computation time and four image segmen-
tation quality evaluation parameters i.e. PSNR; uniformity; SSIM and MSSIM. The 
experiments are conducted on a set of ten different kinds of benchmark images 
that has variant characteristics. Experimental results indicate that the performance 
of fuzzy Shannon entropy using GWO is better than Shannon fuzzy entropies using 
GA, BBO, and recursive approach. From overall performances point of view, Havrda-
Charvat fuzzy entropy using GWO is performing better than all other approaches in 
terms of quality of the segmented image and computational time point of view as 
well. 
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1 Introduction 

Image segmentation is the process to divide an image into different subparts or sub-
regions and is considered as the important pre-processing phase of computer vision. 
The main objective of image segmentation is to represent the image in a meaningful 
way so that it can be easily analyzed and interpreted for computer vision appli-
cations like autonomous object recognition, disease diagnosis in medical imaging, 
geographical imaging, etc. [1]. Image segmentation techniques can be classified 
into thresholding based, edge detection based, graph based, histogram based, region 
growing based, stochastic based models, fuzzy rule based, artificial neural network 
based and clustering based techniques [2]. Among all these segmentation techniques, 
thresholding technique is used widely due to its simplicity, accuracy and robustness 
[3]. Bi-level thresholding is one of the most frequently used thresholding-based tech-
niques in which target is extracted from the input image using one threshold value. 
It segments the image into two segments: Target and Background. But, the main 
challenging task in bi-level thresholding technique is to select an optimal threshold 
value in a reasonable amount of time. 

Different researchers have proposed different methods and techniques for appro-
priate selection of threshold value for image segmentation. Otsu [4] introduced a 
method to select the threshold value based on the variation of gray level values of 
the image. Pun [5] proposed a new approach to classify the image into classes based 
on Shannon entropy. Kapur et al. [6] proposed an approach to segment the image 
by selecting threshold value using the entropy of the histogram. Sahoo et al. [7] 
introduced a method to divide the image into regions by selecting threshold value 
using Renyi’s measure of entropy. Cheng et al. [8] proposed a technique to select 
threshold value by using the concept of fuzzy c-partition entropy. Albuquerque et al. 
[9] proposed an approach for selection of threshold value to segment images based 
on Tsallis entropy. Shitong and Chung [10] disclose the equivalence relationship 
between Sahoo et al. and Albuquerque et al. methods. All such techniques suffer 
from serious drawback of selection of accurate threshold value in reasonable amount 
of time. Benabdelkader and Boulemden [11] proposed a new method based on fuzzy 
2-partition entropy for selection of threshold value to segment image and a recur-
sive algorithm has been applied to select appropriate parameters of fuzzy 2-partition 
entropy. Tang et al. [12] developed another recursive approach to select appropriate 
parameters of fuzzy 2-partition entropy to segment images. This approach tried to 
eliminate repeated computations for reducing the time complexity of approach. But, 
this method again suffers from computational burden. So over the years, fuzzy 
entropy has been widely used for discovering thresholding approaches for image 
segmentation. The main goal of fuzzy entropy based approaches is to select optimal
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values of parameters of fuzzy entropy in reasonable amount of time under some 
constraints. So, selection of optimal values of parameters of fuzzy 2-partition entropy 
for image segmentation is an optimization problem. 

Bio-inspired evolutionary algorithms are widely used for providing near to optimal 
solutions for vast range of optimization problems. Genetic algorithm [13], cuckoo-
search [14, 15], bacterial foraging optimization [16], whale optimization [17], ant 
colony optimization [18], honey bee optimization [19] are some of the examples of 
such bio-inspired evolutionary algorithms. Moreover, these evolutionary algorithms 
have been used by researchers to find parameters of fuzzy 2-partition entropy for 
image segmentation. In 2013, Huang et al. [20] applied genetic algorithm (GA) 
to select parameters of fuzzy 2-partition entropy for segmentation of Ripe Fuji 
Apple image. Khehra et al. [21] applied big bang–big crunch optimization algorithm 
to select parameters of fuzzy 2-partition entropy for extracting object from back 
ground. Tosta et al. [22] converted input image into wavelet domain and then applied 
genetic algorithm to select parameters of fuzzy 2-partition entropy for segmentation 
of chronic lymphocytic leukemia images. Naidu et al. [2] used swarm intelligence 
algorithm to obtain threshold value for segmenting the foreground from background 
using Shannon fuzzy entropy. Pare et al. [23] applied Lévy flight firefly algorithm 
on modified fuzzy entropy for image segmentation. Wenbing Tao et al. [24] applied 
ant colony optimization (ACO) to obtain the optimal parameters of fuzzy 2-partition 
entropy for image segmentation. Chatterjee et al. [25] applied biogeography based 
optimization (BBO) approach on fuzzy entropy to segment CT-scan images. Khehra 
et al. [26, 27] used Teaching–Learning-based Optimization Algorithm and Fuzzy 
Entropy for image segmentation. 

From literature, following four different observations have been made: 

(a) Fuzzy entropy plays important role for image segmentation and the concept 
has been widely and successfully applied by various researchers for selecting 
threshold values. 

(b) Researchers have applied hybrid approaches by using fuzzy entropy as objec-
tive function in evolutionary algorithms to search optimal threshold value for 
image segmentation. 

(c) Most of the researchers have used Shannon fuzzy entropy as objective function 
in evolutionary algorithms for selection of optimal threshold value. 

(d) Development of robust and automatic method for selection of optimal threshold 
value for image segmentation in reasonable amount of time is still an open 
problem. 

Moreover, according to No Free Lunch (NFL) Theorem [28], there is no single 
metaheuristic technique that can be used to provide solutions for all kind of opti-
mization problems. Each metaheuristic technique has its own advantages and disad-
vantages. All the metaheuristics techniques provide near to optimal solution instead 
of exact solution to a given optimization problems. All above mentioned factors have 
motivated us to explore new approaches for selection of optimal threshold value for 
the segmentation of a given image.
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More recently, Mirjalili et al. [29] have developed a new metaheuristic optimiza-
tion technique named as Grey Wolf Optimizer (GWO) algorithm. GWO is having 
the capability to produce quality solution to optimization problems than that of other 
metaheuristic technique as reported in the recent literature. GWO works very well 
in keeping the balance between exploration and exploitation which lead to global 
optimal solution rather than going to local optima [30]. GWO simulates social lead-
ership hierarchy and intelligent hunting mechanism of grey wolves. From simulation 
point of view, four different types of grey wolves named as alpha, beta, delta, and 
omega has been introduced by Mirjalili et al. [29] to represent their social leader-
ship hierarchy and intelligent hunting mechanism. Three main hunting strategies: 
searching for prey, encircling prey and attacking prey are implemented. During last 
five years, GWO algorithm has been widely applied to solve many optimization 
problems [31–35]. GWO has also been used by researchers for image segmentation 
[36, 37]. This inspires us to design objective functions based on Shannon and non-
Shannon measures of fuzzy entropy for GWO which can be used for selection of 
optimal threshold value to segment images. Non-Shannon measures of entropy used 
here are Renyi et al. [38, 39]. The major contributions of this paper are summarized 
as: 

1. Grey Wolf Optimization is proposed to find optimal threshold values for bi-level 
image segmentation. 

2. Five different objective functions are designed to check the performance of 
the proposed method. One is based on Shannon fuzzy entropy and other four 
objective functions are based on non-Shannon measures of fuzzy entropy: Renyi, 
Havrda-Charvat, Kapur and M. Masi. 

3. The performance of the proposed framework is compared with other well-known 
techniques for image segmentation i.e. GA-based, BBO-based and Recursive-
based. 

4. The performance is evaluated using a set of different kind of images that has 
variant characteristics. 

The rest of the paper is organized as follows: Sect. 2 defines the problem based 
on Shannon and Non-Shannon fuzzy entropies. Section 3 introduces the Grey Wolf 
Optimization (GWO). Section 4 describes the proposed research work in detail. 
Experiment results are illustrated in Sect. 5. Final Sect. 6 concludes the research 
paper with some future research directions. 

2 Problem Formulation Based on Shannon 
and Non-Shannon Fuzzy Entropies 

Image segmentation partitioned a given image into different segments. Thresholding 
is one of the most commonly used techniques for image segmentation. However, 
the selection of optimal threshold value is most important to partition the image into 
appropriate segments. It requires a suitable optimization method to search an optimal
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threshold value from 0 to Lmax for optimum segmentation of the image; where Lmax 

= 255 for gray scale image having pixel size of 1 byte. Suppose g(x,y) be input image 
of size M × N; where g is the gray level value of the image at spatial coordinate 
position (x, y). The range of gray levels of input image is {0, 1, 2, …, j, …,  Lmax}. 
Let T be one of the value from {0, 1, 2, …, j, …,  Lmax} that segments the input image 
into two segments: S1 and S2, where S1 = {0, 1, 2, …, T}  and S2 = {T + 1, T + 2, 
…, Lmax}. Thus, segmented image Seg (x, y) is defined as: 

Seg(x, y) =
{

0 g(x, y) ≤ T 
Lmax Other  wise  

(1)

In this paper, grey wolf optimization (GWO) algorithm is used to search optimal 
threshold value from {0, 1, 2, …, j, …,  Lmax}. Fuzzy 2-partion entropy approach [8] 
has been applied for the design and development of objective functions which have 
to be maximized using GWO to find optimal threshold value for image segmentation. 
For the identification of two segments, two functions S and Z are used to quantify 
the degrees of association of each gray level j. Such functions are defined as follows: 

S( j; a, b, c) = 

⎧⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

0 j ≤ a 
( j−a)2 

(c−a)(b−a)
a < j ≤ b 

1 − ( j−c)2 

(c−a)(c−b) b < j ≤ c 
1 j > c 

(2)

Z ( j; a, b, c) = 

⎧⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

1 j ≤ a 
1 − ( j−a)2 

(c−a)(b−a) a < j ≤ b 
( j−c)2 

(c−a)(c−b) b < j ≤ c 
0 j > c 

(3)

The variables a, b and c are used to find the membership degree ψ. The  
membership degree is evaluated as: 

ψS1 ( j ) = S( j; a, b, c) (4)

ψS2 ( j ) = Z ( j; a, b, c) (5)

The parameters a, b and c determine the distribution of the association degrees 
i.e. the shape of S and Z functions. Both fuzzy membership functions ψS1 and ψS2 
intersect at a point as shown in Fig. 1. The parameters a, b and c must be satisfied 
the constraint: 0 ≤ a ≤ b ≤ c ≤ Lmax. The gray level value corresponding to this 
intersection point is the threshold. Gray levels between 0 and intersection point have 
a large association to S1. While gray levels between intersection point and Lmax have 
a large association to S2. 

The probability distributions of segments S1 and S2 are defined as:
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Fig. 1 Representation of Z and S fuzzy membership functions graphically 

PDS1 = 
Lmax∑
j=0 

ψS1 ( j )p j (6)

PDS2 = 
Lmax∑
j=0 

ψS2 ( j )p j (7)

where pj is the probability of occurrence of gray level j in the input image. It is called 
normalized histogram of the image and is defined as: 

p j = h j 
M × N 

(8)

where hj is the frequency of occurrence of gray level j in the input image and is 
known as the histogram of the image. 

The fuzzy entropy of each segment can be calculated using various measures of 
entropies [38].
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2.1 Shannon Measure of Entropy 

Shannon measure of entropy for both segments S1and S2 is defined as: 

HS(a, b, c) = −  
2∑

i=1 

PDSi log PDSi (9)

HS(a, b, c) = −[PDS1 log PDS1 + PDS2 log PDS2 ] (10)

HS(a, b, c) = −  
Lmax∑
j=0 

ψS1 ( j )p j log 

⎛ 

⎝Lmax∑
j=0 

ψS1 ( j)p j 

⎞ 

⎠ 

− 
Lmax∑
j=0 

ψS2 ( j ) p j log 

⎛ 

⎝Lmax∑
j=0 

ψS2 ( j)p j 

⎞ 

⎠ (11)

Equation (11) represents the objective function based on Shannon measure of 
entropy. 

2.2 Havrda-Charvat Measure of Entropy 

Havrda-Charvat measure of entropy for segments S1and S2 is defined as: 

HHC (a, b, c) = 1 

1 − α

[
2∑

i=1 

PDα 
Si − 1

]
(12)

where α > 0, α /= 1 

HHC  (a, b, c) = 1 

1 − α

[
PDα 

S1 + PDα 
S2 

− 1
]

(13)

HHC (a, b, c) = 1 

1 − α 

⎡ 

⎣ 

⎛ 

⎝Lmax∑
j=0 

ψS1 ( j )p j 

⎞ 

⎠ 
α 

+ 

⎛ 

⎝Lmax∑
j=0 

ψS2 ( j ) p j 

⎞ 

⎠ 
α 

− 1 

⎤ 

⎦ (14)

Equation (14) represents the objective function based on Havrda-Charvat measure 
of entropy.
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2.3 Renyi Measure of Entropy 

Renyi measure of entropy for segments S1and S2 is defined as: 

HR(a, b, c) = 1 

1 − α 
log

[
2∑

i=1 

PDα 
Si

]
(15)

where α > 0, α /= 1 

HR(a, b, c) = 
1 

1 − α 
log
[
PDα 

S1 + PDα 
S2

]
(16)

HR(a, b, c) = 1 

1 − α 
log 

⎡ 

⎣ 

⎛ 

⎝Lmax∑
j=0 

ψS1 ( j )p j 

⎞ 

⎠ 
α 

+ 

⎛ 

⎝Lmax∑
j=0 

ψS2 ( j ) p j 

⎞ 

⎠ 
α⎤ 

⎦ (17)

Equation (17) represents the objective function based on Renyi measure of 
entropy. 

2.4 Kapur Measure of Entropy 

Kapur measure of entropy for segments S1and S2 is defined as: 

HK (a, b, c) = 
1 

β − α 
log

[∑2 
i=1 PDα 

Si∑2 
i=1 PDβ 

Si

]
(18)

where α and β are two parameters that are constants and α > 0,  β > 0,  α /= β. 

HK (a, b, c) = 1 

β − α 
log

[
PDα 

S1 
+ PDα 

S2 

PDβ 
S1 

+ PDβ 
2

]
(19)

HK (a, b, c) = 1 

β − α 
log 

⎡ 

⎢⎣
(∑Lmax 

j=0 ψS1 ( j )p j
)α +

(∑Lmax 
j=0 ψS2 ( j )p j

)α

(∑Lmax 
j=0 ψS1 ( j)p j

)β +
(∑Lmax 

j=0 ψS2 ( j )p j
)β 

⎤ 

⎥⎦ (20)

Equation (20) represents the objective function based on Kapur measure of 
entropy.
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2.5 M. Masi Measure of Entropy 

M. Masi measure of entropy for segments S1and S2 is defined as: 

HMM  (a, b, c) = 1 

1 − α 
log

[
1 − (1 − α)

{
2∑

i=1 

PDSi log PDSi

}]
(21)

HMM  (a, b, c) = 1 

1 − α 
log
[
1 − (1 − α)

{
PDS1 log PDS1 + PDS2 log PDS2

}]
(22)

HMM  (a, b, c) = 1 

1 − α 
log 

⎡ 

⎢⎢⎢⎢⎢⎢⎣ 
1 − (1 − α) 

⎧⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎩ 

Lmax∑
j=0 

ψS1 ( j ) p j log 

⎛ 

⎝Lmax∑
j=0 

ψS1 ( j )p j 

⎞ 

⎠ 

+ 
Lmax∑
j=0 

ψS2 ( j )p j log 

⎛ 

⎝Lmax∑
j=0 

ψS2 ( j )p j 

⎞ 

⎠ 

⎫⎪⎪⎪⎪⎪⎪⎬ 

⎪⎪⎪⎪⎪⎪⎭ 

⎤ 

⎥⎥⎥⎥⎥⎥⎦ 

(23)

Equation (23) represents the objective function based on M. Masi measure of 
entropy. 

Equations (11), (14), (17), (20) and (23) represent five different objective func-
tions which are to be optimized using GWO separately. The idea is to measure the 
performance of each objective function for obtaining optimal threshold value. GWO 
is used to optimize or maximize H(a, b, c) by varying a, b and c. 

(a∗, b∗, c∗) = 
Lmax 

Arg max 
a,b,c=0 

[H (a, b, c)] (24)

where H ∈ {HS, HHC, HR, HK, HMM} and a*, b* and c* are the optimal combination 
of value for which H is maximized. 

The optimal threshold value can be calculated by putting the optimal combination 
of values a*, b* and c* in the following given formula [21, 26]: 

T =
{
a∗ +√(c∗ − a∗)(b∗ − a∗)/2 (a∗ + c∗)/2 ≤ b∗ ≤ c∗ 

c∗ −√(c∗ − a∗)(c∗ − b∗)/2 a∗ ≤ b∗ ≤ (a∗ + c∗)/2
(25)
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3 Grey Wolf Optimization (GWO) 

GWO algorithm is a population based optimization method inspired by the behavior 
of grey wolves. It simulates the social leadership hierarchy of grey wolves and their 
hunting strategies. On the bases of hieratical social leadership setup, grey wolves 
can be categorized into four different levels: alpha (α), beta (β), delta (δ) and omega 
(Ω) as shown in Fig. 2. At the first level hierarchy, alpha wolves are leading wolves 
that are responsible for making all kind of decisions. These decisions are hunting, 
quiet place, time to wake, and other activities [29]. Beta is the next level in a grey 
wolf pack that acts as subordinates of alpha in all set of activities. Beta wolf is most 
suitable wolf that replaces the alpha. Alpha wolves are usually replaced when they 
die or become old. The next level from beta in the hierarchy of grey wolves is delta. 
Delta wolves have to submit to alpha wolves and beta wolves. Omega grey wolf is 
at the bottom of ranking. Omega wolves follow the order of all other categories of 
wolves. Simulation of social leadership hierarchy and main phases of group hunting 
mechanism of grey wolves are discussed below [33]. 

3.1 Simulation of Social Leadership Hierarchy of Grey 
Wolves 

The fittest feasible solution (best feasible solution) to the problem is assumed as 
alpha (α) wolf whereas beta (β) wolf and delta (δ) wolf represent the second and 
third best solutions respectively. Omega (Ω) wolves represent the rest of all other 
feasible solutions. The optimization process is done under the supervision of alpha 
(α), beta (β) and delta (δ) while omega (Ω) wolves tail alpha (α), beta (β) and delta 
(δ) wolves.  

Fig. 2 Grey wolf hierarchy 
[29] 

Decrease in Leadership from 
Top to Bottom 

α 

β 

Ω
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3.2 Simulation of Strategy of Grey Wolves for Encircling 
of Prey 

During hunting, Grey wolves encircle around the prey. The following mathematical 
equations are used to model the hunting of grey wolves [37]: 

−→
D =

∣∣∣−→C .−→X Prey(k) − −→X GW (k)
∣∣∣ (26)

−→
X GW (k + 1) = −→X Prey − −→A .−→D (27)

where k is the current iteration; 
−→
A and 

−→
C are coefficient vectors; 

−→
X Prey is the 

position vector of prey; 
−→
X GW is the position vector of a grey wolf. 

Coefficient vectors 
−→
A and 

−→
C are defined as: 

−→
A = 2 · −→B · −→r1 − −→B (28)

−→
C = 2 · r2 (29)

where r1 and r2 are two numbers chosen randomly and lies between [0,1]; parameter−→
B is linearly decreasing from 2 to 0 over the course of iterations and is defined as: 

−→
B = 2 − k · (2/Imax) (30)

where Imax is number of iterations. 

3.3 Simulation of Strategy of Grey Wolves for Hunting 
of Prey 

Grey wolves have the ability to identify the location of prey. This is done under the 
guidance of the alpha wolves. Occasionally beta and delta wolves also participate in 
the hunting process. It is assumed that all these three categories of wolves have better 
understanding of hunting as compare to omega wolves. Therefore for simulation point 
of view, initial optimization process starts with storing the three best solutions and 
they are called the searching agents. All other solutions update their position as per 
the position of the best solution (search agent) to improve the quality of solutions. 
To further improve the quality of the best solutions, the first three solutions (search 
agents) are modified as follows by updating their score and positions [30]:
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−→
D α =

∣∣∣−→C 1 · −→X α − −→X
∣∣∣ (31)

−→
D β =

∣∣∣−→C 2 · −→X β − −→X
∣∣∣ (32)

−→
D δ =

∣∣∣−→C 3 · −→X δ − −→X
∣∣∣ (33)

The prey’s position vector w. r. t α, β, and δ wolves is modifies as follows: 

−→
X 1 = −→X α − −→A 1 · −→D α (34)

−→
X 2 = −→X β − −→A 2 · −→D β (35)

−→
X 3 = −→X δ − −→A 3 · −→D δ (36)

The best position can be updated by taking mean of α, β, and δ wolves as follows: 

−→
X (k + 1) = 

−→
X 1 + −→X 2 + −→X 3 

3 
(37)

3.4 General GWO Algorithm 

The general GWO algorithm is described as follows: 

Step 1: Initialization 

• Grey Wolves Population: Nsa 
• Iterations: Imax 
• Population of search agents: X[1,2,…,Nsa] 

Step 2: Set Iteration Counter, k = 0 
Step 3: Evaluate of fitness of each search agent in Grey Wolf population based 
on objective functions. 
Step 4: Identify the best, 2nd best and 3rd best search agents from the population 
based on their fitness values. Such search agents are called alpha, beta and delta 
search agents. 

Xα = 1st Best search agent 
Xβ = 2nd Best search agent 
Xδ = 3rd Best search agent 

Step 5: Calculate the value of parameter B that is linearly decreasing from 2 to 0 
during iterations process
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B = 2 − k ∗ (2/Imax) 

Step 6: Repeat from 1 to Nsa 

Step 6.1: Update the Score and position of alpha, beta and delta search agents 

Dα = |C1 ∗ Xα − X | 

Dβ =
∣∣C2 ∗ Xβ − X

∣∣
Dδ = |C3 ∗ Xδ − X | 

C = 2 ∗ r2 

where r2 is a random number lies between [0,1] 
Step 6.2: Update the position of prey w.r.t alpha, beta and delta wolves 

X1 = Xα − A1 ∗ Dα 

X2 = Xβ − A2 ∗ Dβ 

X3 = Xδ − A3 ∗ Dδ 

A = 2 ∗ B ∗ r1 − B 

where r1 is a random number lies between [0,1] 
Step 6.3: Update the position of search agent 

X = (X1 + X2 + X3)/3 

Step 7: End of Step 6 
Step 8: Increment in iteration i.e. k = k + 1 
Step 9: Go to Step 3 until k < Imax 

Step 10: Get Optimal Solution = Xα 

General GWO algorithm is also described in flowchart form shown in Fig. 3.
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Update the Positions of Search Agents

Star

Initialize Grey Wolf Parameters and Population
Imax: Maximum Number of Iterations  

Set Iteration Counter, 

Evaluate Fitness of Each Search Agent in Grey 
Wolf Population based on Objective Function 

Select Best, 2nd Best and 3rd Best Search Agents

Decrease the Value of Parameter B from 2 to 0 Linearly 

Calculate Parameters A and C

k = k+1

Is
k <Imax? 

Optimal Solution: Best Search Agent

Fig. 3 Flowchart of general GWO algorithm
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4 Proposed Approach 

Grey wolf optimization (GWO) approach has been proposed to search optimal values 
of parameters of fuzzy entropy. Searched optimal parameters of fuzzy entropy are 
used for searching optimal values of threshold to segment images. Normally, Shannon 
measure of entropy is used by researchers for finding entropy of image in fuzzy 
domain. In this research work, non-Shannon measures of entropy are also explored. 
The concept of searching optimal values of parameters of fuzzy Shannon as well 
as non-Shannon (Havrda-Charvat, Renyi, Kapur and M. Masi) measures of entropy 
using GWO approach has not been explored for bi-level image segmentation. So, 
the contribution of this research work is novel. The proposed research work used the 
concept of fuzzy Shannon and non-Shannon measures of entropy and GWO approach 
to segment input digital into two segments; one is object and second is background 
of the object. Following are the five different approaches proposed in the present 
work: 

(a) Shannon Fuzzy Entropy-Based-GWO (SFE-Based-GWO) approach 
(b) Havrda-Charvat Fuzzy Entropy-Based-GWO (HCFE-Based-GWO) approach 
(c) Renyi Fuzzy Entropy-Based-GWO (RFE-Based-GWO) approach 
(d) Kapur Fuzzy Entropy-Based-GWO (KFE-Based-GWO) approach 
(e) M. Masi Fuzzy Entropy-Based-GWO (MMFE-Based-GWO) approach. 

4.1 GWO Based Image Segmentation Algorithm 

Various steps of the proposed framework are given below: 

Step 1: Initialization 

Step 1.1: Grey wolf Parameters 

• Population size (Number of search agents): Nsa 
• Iterations: Imax 
• Dimension of Search Space: 0 to Lmax 
• Fuzzy design variables are a, b, and c, where the values of these variables 

lies between [0, Lmax] 

Step 1.2: Grey wolf Population 

Grey wolf Population is generated randomly and depends upon Nsa as well as 
fuzzy design variables. 

Pop  = X [Nsa, 3]
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⎡ 

⎢⎢⎢⎢⎣ 

X11 X12 X13 

X21 X22 X23 

. 

. 
. 
. 

. 

. 
X Nsa1 X Nsa2 X Nsa3 

⎤ 

⎥⎥⎥⎥⎦ 

{Xi1} ∈  a, {Xi2} ∈  b, {Xi3} ∈  c, i = 1, 2, 3, . . .  ,  Nsa 

Population is generated randomly in which design variables may or may not 
fall under their limits such that 0 ≤ Xi1 ≤ Xi2 ≤ Xi3 ≤ Lmax. To resolve such 
issue, some mathematical processing is required: 

X ′
i2 = Xi2 

X ′
i3 = X ′

i2 + (255 − X ′
i2) ∗ (Xi3/255) 

X ′
i1 = X ′

i2 ∗ (Xi1/255) 

{X ′
i1} ∈  a, {X ′

i2} ∈  b, {X ′
i3} ∈  c 

Now, each solution is represented as: 

X ′
i ← [  X ′

i1 X
′
i2 X

′
i3 ] 

X ′
i = [ai bi ci ] 

After performing above said operations, the population can be re-written as 
follows: 

Pop  = X ′ = 

⎡ 

⎢⎢⎢⎢⎣ 

X ′
11 X ′

12 X ′
13 

X ′
21 X ′

22 X ′
23 

. 

. 
. 
. 

. 

. 
X ′

Nsa2 X
′
Nsa2 X

′
Nsa3 

⎤ 

⎥⎥⎥⎥⎦ 

So population can be represented as follows:
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Xk = X ′ = 

⎡ 

⎢⎢⎢⎢⎣ 

Xk 
11 Xk 

12 Xk 
13 

Xk 
21 Xk 

22 Xk 
23 

. 

. 
. 
. 

. 

. 
Xk 

Nsa2 X
k 
Nsa2 X

k 
Nsa3 

⎤ 

⎥⎥⎥⎥⎦ 

where k = 0, 1, 2, . . .  ,  Imax. 

Initialize k = 0 

Step 2: Evaluation of Fitness of Search Agent in Grey Wolf Population 

The following functions are used for the evaluation of fitness of search agent: 

(a) Function based on fuzzy Shannon entropy 

Fk 
i = H (Xk 

i ) = −  
Lmax∑
j=0 

ψS1 ( j )p j log 

⎛ 

⎝Lmax∑
j=0 

ψS1 ( j )p j 

⎞ 

⎠ 

− 
Lmax∑
j=0 

ψS2 ( j )p j log 

⎛ 

⎝Lmax∑
j=0 

ψS2 ( j)p j 

⎞ 

⎠ 

(b) Functions based on fuzzy non-Shannon measures of entropy 
(i) Function based on fuzzy Havrda-Charvat entropy 

Fk 
i = H (Xk 

i ) =
1 

1 − α 

⎡ 

⎣ 

⎛ 

⎝Lmax∑
j=0 

ψS1 ( j )p j 

⎞ 

⎠ 
α 

+ 

⎛ 

⎝Lmax∑
j=0 

ψS2 ( j )p j 

⎞ 

⎠ 
α 

− 1 

⎤ 

⎦ 

where α is a parameter that is constant and α >  0, α  /= 1 
(ii) Function based on fuzzy Renyi entropy 

Fk 
i = H (Xk 

i ) =
1 

1 − α 
log 

⎡ 

⎣ 

⎛ 

⎝Lmax∑
j=0 

ψS1 ( j ) p j 

⎞ 

⎠ 
α 

+ 

⎛ 

⎝Lmax∑
j=0 

ψS2 ( j )p j 

⎞ 

⎠ 
α⎤ 

⎦ 

where α is a parameter that is constant and α >  0, α  /= 1 
(iii) Function based on fuzzy Kapur entropy 

Fk 
i = H (Xk 

i ) =
1 

β − α 
log 

⎡ 

⎢⎣
(∑Lmax 

j=0 ψS1 ( j )p j
)α +

(∑Lmax 
j=0 ψS2 ( j )p j

)α

(∑Lmax 
j=0 ψS1 ( j )p j

)β +
(∑Lmax 

j=0 ψS2 ( j )p j
)β 

⎤ 

⎥⎦ 

where α, β are two parameters that are constant and α, β > 0, α  /= β.
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(iv) Function based on fuzzy M. Masi entropy 

Fk 
i = H (Xk 

i ) =
1 

1 − α 
log 

⎡ 

⎢⎢⎢⎢⎢⎢⎣ 
1 − (1 − α) 

⎧⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎩ 

Lmax∑
j=0 

ψS1 ( j )p j log 

⎛ 

⎝Lmax∑
j=0 

ψS1 ( j )p j 

⎞ 

⎠ 

+ 
Lmax∑
j=0 

ψS2 ( j )p j log 

⎛ 

⎝Lmax∑
j=0 

ψS2 ( j )p j 

⎞ 

⎠ 

⎫⎪⎪⎪⎪⎪⎪⎬ 

⎪⎪⎪⎪⎪⎪⎭ 

⎤ 

⎥⎥⎥⎥⎥⎥⎦ 

where α is a parameter that is constant and α >  0, α  /= 1 
On the basis of fitness value, all the search agents are arranged in 

descending order. 
Xk 
i and its respective fitness value F

k 
i are 

Xk = 

⎡ 

⎢⎢⎢⎢⎣ 

Xk 
11 Xk 

12 Xk 
13 

Xk 
21 Xk 

22 Xk 
23 

. 

. 
. 
. 

. 

. 
Xk 

Nsa1 X
k 
Nsa2 X

k 
Nsa3 

⎤ 

⎥⎥⎥⎥⎦ 
= 

⎡ 

⎢⎢⎢⎢⎣ 

Xk 
1 

Xk 
2 
. 
. 

Xk 
Nsa 

⎤ 

⎥⎥⎥⎥⎦ 

Fk = 

⎡ 

⎢⎢⎢⎢⎣ 

Fk 
1 

Fk 
2 
. 
. 

Fk 
Nsa 

⎤ 

⎥⎥⎥⎥⎦ 

{Xk 
i1} ∈  a, {Xk 

i2} ∈  b, {Xk 
i3} ∈  c 

Step 3: Selection of best, second best and third best candidate solutions 

Xk 
α = Xk 

1 = Xk 
H(Xk 

i ) =max 

Xk 
β = Xk 

2 = Xk 

H(Xk 
i ) = second max 

Xk 
δ = Xk 

3 = Xk 

H(Xk 
i ) = third  max 

Step 4: Calculate B 

The value of B decreases from 2 to 0 linearly during the iteration process 

B = 2 − k ∗ (2/Imax)
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Step 5: For each candidate solution (search or hunt agent) 

i.e. f or  i  = 1 : Nsa do 
Step 6: Update the position of each grey wolf according to the position of the 
prey 

For each design variable in candidate solution i.e. f or  j  = 1 : 3 do 

A1 = 2 ∗ B ∗ r1 − B 

C1 = 2 ∗ r2 

Dα =
∣∣C1 ∗ Xk 

α( j ) − Xk (i, j)
∣∣

Y1 = Xk 
α( j ) − A1 ∗ Dα 

A2 = 2 ∗ B ∗ r1 − B 

C2 = 2 ∗ r2 

Dβ =
∣∣C2 ∗ Xk 

β ( j ) − Xk (i, j)
∣∣

Y2 = Xk 
β ( j ) − A2 ∗ Dβ 

A3 = 2 ∗ B ∗ r1 − B 

C3 = 2 ∗ r2 

Dδ =
∣∣C3 ∗ Xk 

δ ( j ) − Xk (i, j )
∣∣

Y3 = Xk 
δ ( j ) − A3 ∗ Dδ 

Y (i, j) = (Y1 + Y2 + Y3)/3 

where r1 and r2 are random numbers and their values lies in [0,1].
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Step 7: end for of Step 6. 
Step 8: Check the feasibility of generated candidate solution 

Yi =[ Yi,1 Yi,2 Yi,3 ] 
i f  0 ≤ Yi,1 ≤ Yi,2 ≤ Yi,3 ≤ Lmax 

Xk 
i = Yi 

else 

Xk 
i = Xk 

i 

end i f 

Step 9: end for of Step 5. 
Step 10: Increment in iteration 

k = k + 1 
Step 11: Stopping criteria 

Go to Step 2 until k < Imax 

Step 12: Values of a, b and c 

a = X Imax 
11 , b = X Imax 

12 , c = X Imax 
13 

Step 13: Optimal threshold value 

I f ((a + c)/2) ≤ b & &  b ≤ c 

T = a +√(c − a)(b − a)/2 

Endi  f  

I f a  ≤ b & &  b ≤ ((a + c)/2) 

T = a +√(c − a)(b − a)/2 

Endi  f  

Step 14: Stop 

4.2 Procedure for Computing Fitness of Search Agents 
of Population Using Fuzzy Shannon and Non-Shannon 
Entropies 

Five different measures of fuzzy entropies (Shannon, Havrda-Charvat, Renyi, Kapur 
and M. Masi) are used as objective function in this research work. The complete 
procedure for evaluating the fitness value of each candidate solution of the population 
using all five measures of fuzzy entropy is given below:
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Step1: Read the image 

g(x, y); g is the gray level intensity at a particular coordinator point (x, y) 
Step 2: Find the normalized histogram of the input image 

p j = h j 
M × N 

where, hj is the histogram of the input image; M × N is the size of input image; 
j = 0, 1, 2, …, Lmax 

Step 3: Calculate fuzzy entropy of S1 and S2 

f or  i  = 1 to  Nsa 

a = X [i, 1] 

b = X [i, 2] 

c = X [i, 3] 

Step 3.1: Converting input image into fuzzy domain using S-fuzzy 
membership function 

f or  j  = 0 to  Lmax 

i f j  ≤ a 
ψS1 ( j ) = 0 

endi f 

i f a  < j ≤ b 
ψS1 ( j ) = ( j − a)2 /((c − a)(b − a)) 
endi f 

i f b  < j ≤ c 
ψS1 ( j ) = 1 − ( j − c)2 /((c − a)(c − b)) 

endi f 

i f j  > c 
ψS1 ( j ) = 1 

endi f 

end f or
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Step 3.2: Converting input image into fuzzy domain using Z-fuzzy 
membership function i.e. background of object in fuzzy domain 

f or  j  = 0 to  Lmax 

i f j  ≤ a 
ψS2 ( j) = 1 
endi f 

i f a  < j ≤ b 
ψS2 ( j ) = 1 − ( j − a)2 /((c − a)(b − a)) 

endi f 

i f b  < j ≤ c 
ψS2 ( j ) = ( j − c)2 /((c − a)(c − b)) 

endi f 

i f j  > c 
ψS2 ( j ) = 0 

endi f 

end f or 

Step 3.3: Probability Distribution of S1 

PDS1 = 
Lmax∑
j=0 

ψS1 ( j ) p j 

Step 3.4: Probability Distribution of S2 

PDS2 = 
Lmax∑
j=0 

ψS2 ( j )p j 

Step 3.5: Find fuzzy entropy of S1 region and S2 region using different 
measures of entropy 
(i) Shannon measure of entropy 

H = −PDS1 log PDS1 − PDS2 log PDS2 

(ii) Havrda-Charvat measure of entropy 

H = 1 

1 − α
[(
PDS1

)α + (PDS2

)α − 1
]
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where α is a parameter that is constant and α >  0, α  /= 1 
(iii) Renyi measure of entropy 

H = 1 

1 − α 
log
[(
PDS1

)α + (PDS2

)α]
where α is a parameter that is constant and α >  0, α  /= 1 

(iv) Kapur measure of entropy 

H = 1 

β − α

[(
PDS1

)α + (PDS2

)α(
PDS1

)β + (PDS2

)β
]

where α, β are two parameters that are constants and α, β > 0, α  /= β 
(v) M. Masi measure of entropy 

H = 1 

1 − α 
log
[
1 − (1 − α)

{
PDS1 log PDS1 + PDS2 log PDS2

}]
where α is a parameter that is constant and α >  0, α  /= 1 

Step 3.6: end f or 

Step 4: Stop 

5 Experimental Results and Performance Analysis 

The simulation has been done in MATLAB (R2019a) on a computer having Intel(R) 
Core(TM) i5-5300u CPU @ 2.30 GHz and 8 GB RAM to validate the proposed 
approach. The experiments are conducted on a set of ten different kinds of benchmark 
images that has variant characteristics. The name, type and resolution of all the images 
are tabulated in the Table 1. Images I3 and I7 are taken from [40] whereas rest of the 
images is taken from MATLAB standard test images dataset. These original input 
images and their respective histograms are shown in Figs. 4a, 5a, 6a, 7a, 8a, 9a, 10a, 
11a, 12a, 13a and Figs. 4b, 5b, 6b, 7b, 8b, 9b, 10b, 11b, 12b, 13b respectively. 

The performance evaluation of all the five approaches i.e. SFE-Based-GWO, 
HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO and MMFE-Based-
GWO is done against two well-known metaheuristics techniques and one non- meta-
heuristics approach available in the literature. Metaheuristics techniques selected for 
comparison are Shannon fuzzy entropy using GA and BBO whereas non-metaheuris-
tics approach selected for comparison is Shannon fuzzy entropy using Recursive 
approaches. 

Evaluation process is important as well as complex. Therefore, the evaluation 
of experimental results has been done from qualitative as well as quantitative point 
of view. From qualitative view point, Figs. 4(c–g), 5(c–g), 6(c–g), 7(c–g), 8(c–g), 
9(c–g), 10(c–g), 11(c–g), 12(c–g), 13(c–g) clearly show the visual acceptability of
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Table 1 Name, type and resolution of the images used for performance analysis 

Serial number of the 
image 

Name of the image Type of the image Resolution of the image 

I1 Circuit tif (280 × 272) 
I2 Coins png (246 × 300) 
I3 Dining Table (#7) gif (512 × 512) 
I4 Shadow tif (223 × 298) 
I5 Eight tif (242 × 308) 
I6 Glass png (181 × 282) 
I7 Bird Image (#9) gif (512 × 512) 
I8 Westconcordorthophoto png (394 × 369) 
I9 Peppers png (384 × 512) 
I10 Onion png (135 × 198) 

all the five proposed approaches to effectively segment all the ten input images. 
Peak signal to noise ratio (PSNR) [41, 42], uniformity [43, 44], structural similarity 
index (SSIM) [45] and mean structural similarity index (MSSIM) [45] are four most 
popular measures used to check the efficiency of an approach from quantitative view 
point. 

PSNR is used as a measure to show the dissimilarity between the input image 
and the segmented image. Decibels (dB) are the units of PSNR. Higher PSNR points 
toward better quality of the segmented image. Formula to calculate the PSNR is 
given as follows: 

PSN  R  = 20 log10
(

255 

RM  SE

)
(38)

where RMSE is the root mean-squared error and the formula to calculate RMSE is 
given as follows: 

RM  SE  =
√∑M 

i=1

∑N 
j=1 [g(i, j ) − h(i, j )]2 

M ∗ N 
(39)

where g(i, j) is the input image and h(I, j) is the segmented images. Both g and h are 
of size M × N. 

Uniformity is the parameter which helps in measuring the region homogeneity in 
an image. Higher the value of uniformity better is the quality of segmented image. 
The value of the uniformity lies between 0 and 1. Formula to calculate the uniformity 
is given as follows:



Design and Performance Evaluation of Objective … 55

(a) (b) (c) 

(d) (e)         (f) 

(g) (h)         (i) 

(j) 

Fig. 4 “circuit.tif (280 × 272)” Image a Original image; b Histogram; c–j Segmented 
image achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, 
MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches 
respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) (h)          (i) 

(j) 

Fig. 5 “coins.png (246 × 300)” image a Original image; b Histogram; c–j Segmented 
image achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, 
MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches 
respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) (h)          (i) 

(j) 

Fig. 6 “#7.gif (Dining Table) (512 × 512)” image a Original image; b Histogram; c–j Segmented 
image achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, 
MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches 
respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) (h)          (i) 

(j) 

Fig. 7 “Shadow.tif (223 × 298)” image a Original image; b Histogram; c–j Segmented 
image achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, 
MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches 
respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) (h)          (i) 

(j) 

Fig. 8 “eight.tif (242 ×308)” image a Original image; b Histogram; c–j Segmented image achieved 
by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-
GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) (h)          (i) 

(j) 

Fig. 9 “glass.png (181 × 282)” image a Original image; b Histogram; c–j Segmented 
image achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, 
MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches 
respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) (h)          (i) 

(j) 

Fig. 10 “#9.gif (Bird Image) (512 × 512)” image a Original image; b Histogram; c–j Segmented 
image achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, 
MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches 
respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) (h)          (i) 

(j) 

Fig. 11 “westconcordorthophoto.png (394 × 369)” image a Original image; b Histogram; c–j 
Segmented image achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-
Based-GWO, MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive 
approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) (h) (i) 

(j) 

Fig. 12 “peppers.png (384 × 512)” image a Original image; b Histogram; c–j Segmented 
image achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, 
MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches 
respectively
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(a) (b) (c) 

(d) (e)          (f) 

    (g) (h) (i)  

(j) 

Fig. 13 “onion.png (135 × 198)” image a Original image; b Histogram; c–j Segmented 
image achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, 
MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches 
respectively
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U = 1 −
[
2
∑1 

k=0

∑
(i, j )∈Rk

{g(i, j ) − μk}2
]

M ∗ N ∗ (gmax − gmin)2 
(40)

where g(i, j) represents the intensity value of the pixel (i, j); Rk represents the kth 
segmented region; gmax and gmin represents the maximum and minimum intensity 
values of the image; μk represents the mean intensity value of pixels in the kth region 
and μk is defined as: 

μk =
∑

(i, j )∈Rk 
g(i, j) 

nk 
(41)

where nk represents the total number of pixels in Rk . 
Structural Similarity (SSIM) Index is used to measure quality of segmented image 

based on the three terms: luminance, contrast and structural. It is defined as: 

SS  I  M(g, Seg) = (2μgμSeg + C1) ∗ (2σg,Seg + C2) 
(μ2 

g + μ2 
Seg + C1) ∗ (σ 2 g + σ 2 Seg + C2) 

(42)

where, μg, μSeg, σg, σSeg and σg,Seg are mean of input image, mean of segmented 
image, standard deviation of input image, standard of segmented image, cross-
covariance for input and segmented images and constant parameters. 

Mean of input image, mean of segmented image, standard deviation of input 
image, standard of segmented image, cross-covariance for input and segmented 
images are defined as: 

μg =
∑M 

i=1

∑N 
j=1 g(i, j ) 

M ∗ N 
(43)

μSeg =
∑M 

i=1

∑N 
j=1 Seg(i, j ) 

M ∗ N 
(44)

σ 2 g =
∑M 

i=1

∑N 
j=1

[
g(i, j ) − μg

]2 
M ∗ N − 1 

(45)

σ 2 Seg =
∑M 

i=1

∑N 
j=1

[
Seg(i, j ) − μSeg

]2 
M ∗ N − 1 

(46)

Cross_Cov(g, Seg) =
∑M 

i=1

∑N 
j=1

[
g(i, j ) − μg

] ∗ [Seg(i, j ) − μSeg
]

M ∗ N − 1 
(47)

Mean Structural Similarity (MSSIM) Index is another measure to measure the 
quality of segmented that is defined as
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MSS  I  M(g, Seg) =
∑M−(W1−1) 

i=1

∑N−(W2−1) 
j=1 SS  I  M  L g,Seg(i, j ) 

[M − (W1 − 1)] ∗ [N − (W2 − 1) 
(48)

where, SS  I  M  L g,Seg is local Structural Similarity (MSSIM) of input and segmented 
images and W1 × W2 is size of window that is used for local definition. In the present 
experimental setup, the size of local window is set as 15 × 15. 

Three different approaches i.e. Shannon fuzzy 2-partition entropy using GA, 
Shannon fuzzy 2-partition entropy using BBO and Shannon fuzzy 2-partition entropy 
using Recursive algorithm have been implemented for comparative investigation of 
the proposed approaches. GWO, GA and BBO approaches are metaheuristic tech-
niques and these techniques require setting of some parameters for their execution. 
All the parameters required for these approaches are specified as below: 

• The size of the population for all the approaches is set to as 10 
• Number of iterations for GWO and GA based approaches is set to as 100 and 

1000 to 2000 for BBO based approach 
• Elitism parameter is set to as 1 for GA as well as BBO based approaches 
• Mutation probability is set to as 0.15 for GA as well as BBO based approaches 
• For GA based approach, crossover probability is set to as 0.75 
• For BBO-based approach, maximum immigration and maximum emigration rate 

are set to as 1. 

Entropy parameters of all the different measures of entropy used in the present 
work has been defined as follows: 

• For Kapur fuzzy entropy values of α = 0.4 and β = 0.9 
• For Havrda-Charvat fuzzy entropy, Renyi fuzzy entropy and M. Masi fuzzy 

entropy value of α = 0.75. 

All the eight approaches are applied on ten standard test input images to find the 
optimal combination of values of the parameters a, b and c for each input image. 
Tables 2 and 3 demonstrate comparative analysis of the values of parameters (a, 
b, c) obtained through all the different algorithms for standard test images. These 
optimal combinations of value are further used to discover the optimal threshold 
value for each respective image. The optimal threshold values for all the standard 
test images obtained by different approaches are shown in the Table 4. Figures 4(c– 
j), 5(c–j), 6(c–j), 7(c–j), 8(c–j), 9(c–j), 10(c–j), 11(c–j), 12(c–j), 13(c–j) describe 
segmented images achieved by SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-
GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-BBO, SFE-Based-GA 
and SFE-Based-Recursive approaches. 

Table 5 shows the comparative results of PSNR values achieved through SFE-
Based-BBO, SFE-Based-GA, SFE-Based-Recursive approach and the five proposed 
approaches for all the ten segmented images. From Table 5, it is clearly evident that 
HCFE-Based-GWO has outperformed all other approaches in terms of achieving 
higher PSNR value. SFE-Based-GWO achieves the second place in term of overall 
performance based on PSNR values. RFE-Based-GWO performs better in eight
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images in each case as compared to SFE-Based-BBO, SFE-Based-GA and SFE-
Based-Recursive approaches. KFE-Based-GWO performs better in nine images in 
case of SFE-Based-BBO, seven images in case of SFE-Based-GA and eight images in 
case of SFE-Based-Recursive. MMFE-Based-GWO performs better in eight images 
as compared to SFE-Based-BBO and nine images in each case as compared to SFE-
Based-GA and SFE-Based-Recursive approaches. 

Table 6 shows the comparative results of uniformity values achieved through SFE-
Based-BBO, SFE-Based-GA, SFE-Based-Recursive approach and the five proposed 
approaches for all the ten segmented images. From Table 6, it is clearly evident that 
HCFE-Based-GWO has outperformed all other approaches in terms of achieving 
higher Uniformity value. SFE-Based-GWO achieves the second place in term of 
overall performance based on Uniformity values. RFE-Based-GWO performs better 
in eight images as compared to SFE-Based-BBO and six images in each case as 
compared to SFE-Based-GA and SFE-Based-Recursive approaches. KFE-Based-
GWO performs better in eight images in case of SFE-Based-BBO, six images in 
case of SFE-Based-GA and seven images in case of SFE-Based-Recursive. MMFE-
Based-GWO performs better in seven images as compared to SFE-Based-BBO and 
eight images in each case as compared to SFE-Based-GA and SFE-Based-Recursive 
approaches. 

Table 7 shows the comparative results of SSIM values achieved through SFE-
Based-BBO, SFE-Based-GA, SFE-Based-Recursive approach and the five proposed 
approaches for all the ten segmented images. From Table 6, it is clearly evident that 
HCFE-Based-GWO has outperformed all other approaches in terms of achieving 
higher SSIM value. SFE-Based-GWO achieves the second place in term of overall 
performance based on SSIM values. RFE-Based-GWO performs better in eight 
images in each case as compared to SFE-Based-BBO, SFE-Based-GA and SFE-
Based-Recursive approaches. KFE-Based-GWO performs better in nine, seven and 
eight images as compare to SFE-Based-BBO, SFE-Based-GA and SFE-Based-
Recursive approaches respectively. MMFE-Based-GWO performs better in eight 
images as compared to SFE-Based-BBO and nine images in each case as compared 
to SFE-Based-GA and SFE-Based-Recursive approaches. 

Table 8 shows the comparative results of MSSIM values achieved through SFE-
Based-BBO, SFE-Based-GA, SFE-Based-Recursive approach and the five proposed 
approaches for all the ten segmented images. From Table 7, it is clearly evident that 
HCFE-Based-GWO has outperformed all other approaches in terms of achieving 
higher MSSIM value. SFE-Based-GWO achieves the second place in term of overall 
performance based on MSSIM values. RFE-Based-GWO performs better in eight, 
seven and six images as compared to SFE-Based-BBO, SFE-Based-GA and SFE-
Based-Recursive approaches respectively. KFE-Based-GWO performs better in nine, 
six and seven images as compare to SFE-Based-BBO, SFE-Based-GA and SFE-
Based-Recursive approaches respectively. MMFE-Based-GWO performs better in 
eight images in each case as compared to SFE-Based-BBO and SFE-Based-GA; and 
seven images compared to SFE-Based-Recursive approaches. 

From above discussion, it is clearly evident that HCFE-Based-GWO has outper-
formed all other approaches in terms of achieving higher PSNR, uniformity, SSIM
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and MSSIM values for each segmented image. Thus, the proposed HCFE-Based-
GWO approach has the more ability to produce quality segmented image as compared 
to SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches as well 
as other four proposed approaches. SFE-Based-GWO has achieved second place in 
term of overall performance point of view after HCFE-Based-GWO. The perfor-
mance of other three proposed approaches i.e. RFE-Based-GWO, KFE-Based-
GWO and MMFE-Based-GWO is satisfactory as compare to SFE-Based-BBO, 
SFE-Based-GA and SFE-Based-Recursive approaches. 

Moreover from computational complexity and number iteration point of view, 
the proposed Havrda-Charvat Fuzzy Entropy-Based-GWO (HCFE-Based-GWO) 
approach is also providing segmented images in less time than that of provided 
by SFE-Based-BBO, SFE-Based-GA, SFE-Based-Recursive approaches and other 
four proposed approaches as concluded from Tables 9, 10 to Figs. 14, 15, 16, 17, 18, 
19, 20, 21, 22 and 23. 

6 Conclusions 

Grey Wolf Optimization has been proposed to find optimal threshold values for 
image segmentation. Five different objective functions have been designed to check 
the performance of the proposed method. These objective functions are based on 
Shannon as well as non-Shannon measures of fuzzy entropy. Non-Shannon measures 
of fuzzy entropy are Renyi fuzzy entropy, Havrda-Charvat fuzzy entropy, Kapur 
fuzzy entropy and M. Masi fuzzy entropy. The performance evaluation of all the five 
approaches i.e. SFE-Based-GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-
Based-GWO and MMFE-Based-GWO is done against two well-known metaheuris-
tics techniques and one non-metaheuristics approach available in the literature. Meta-
heuristics techniques selected for comparison are Shannon fuzzy entropy using GA 
and BBO whereas non-metaheuristics approach selected for comparison is Shannon 
fuzzy entropy using Recursive approaches. The performance is evaluated using a 
set of ten different kinds of images that has variant characteristics. PSNR, unifor-
mity, SSIM and MSSIM are four measures that have been used to check the effi-
ciency of the proposed approaches. HCFE-Based-GWO has outperformed all other 
approaches in terms of achieving higher PSNR, uniformity, SSIM and MSSIM 
values for each segmented image. From experimental results, it is concluded that 
the proposed Havrda-Charvat Fuzzy Entropy-Based-GWO (HCFE-Based-GWO) 
approach has the more ability to produce quality segmented image as compared to 
SFE-Based-BBO, SFE-Based-GA and SFE-Based-Recursive approaches as well as 
other four proposed approaches. Shannon Fuzzy Entropy-Based-GWO (SFE-Based-
GWO) has achieved second place in term of overall performance point of view after 
HCFE-Based-GWO. From computational complexity and number iteration point 
of view, the proposed Havrda-Charvat Fuzzy Entropy-Based-GWO (HCFE-Based-
GWO) approach is also providing segmented images in less time than all other 
approaches.
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 14 Convergence rate of “circuit.tif (280 × 272)” image a–g SFE-Based-GWO, HCFE-Based-
GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-BBO and SFE-
Based-GA approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 15 Convergence rate of “coins.png (246 × 300)” image a–g SFE-Based-GWO, HCFE-Based-
GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-BBO and SFE-
Based-GA approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 16 Convergence rate of “#7.gif (Dining Table) (512 × 512)” image a–g SFE-Based-GWO, 
HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-
BBO and SFE-Based-GA approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 17 Convergence rate of “Shadow.tif (223 × 298)” image a–g SFE-Based-GWO, HCFE-
Based-GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-BBO and 
SFE-Based-GA approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 18 Convergence rate of “eight.tif (242 × 308)” image a–g SFE-Based-GWO, HCFE-Based-
GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-BBO and SFE-
Based-GA approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 19 Convergence rate of “glass.png (181 × 282)” image a–g SFE-Based-GWO, HCFE-Based-
GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-BBO and SFE-
Based-GA approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 20 Convergence rate of “#9.gif (Bird Image) (512 × 512)” image a–g SFE-Based-GWO, 
HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-
BBO and SFE-Based-GA approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 21 Convergence rate of “westconcordorthophoto.png (394 × 369)” image a–g SFE-Based-
GWO, HCFE-Based-GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-
Based-BBO and SFE-Based-GA approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 22 Convergence rate of “peppers.png (384 × 512)” image a–g SFE-Based-GWO, HCFE-
Based-GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-BBO and 
SFE-Based-GA approaches respectively
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(a) (b) (c) 

(d) (e)          (f) 

(g) 

Fig. 23 Convergence rate of “onion.png (135× 198)” image a–g SFE-Based-GWO, HCFE-Based-
GWO, RFE-Based-GWO, KFE-Based-GWO, MMFE-Based-GWO, SFE-Based-BBO and SFE-
Based-GA approaches respectively 
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Improved Artificial Bee Colony 
Algorithm with Adaptive Pursuit Based 
Strategy Selection 

Osman Gokalp 

Abstract Adaptive parameter setting techniques are called parameter control and 
they are more advantageous than offline tuning approaches. Because parameter 
tuning itself is an optimization problem and may be time-consuming. Moreover, 
optimization is a dynamic process and the parameter set-up at the initial stage of the 
search may not perform well in the later stages. Artificial Bee Colony (ABC) is one 
of the important algorithms in metaheuristic optimization. In order to contribute to 
the literature on parameter control in ABC, this study presents an Adaptive Pursuit 
(AP) selection rule-based improved ABC algorithm (IABC-AP) that automatically 
controls among 9 search strategies while the optimization process is running. The AP 
updates the selection probabilities of alternative operators based on their performance 
and reflects the changes in search space. In order to evaluate the performance of the 
developed algorithm, an experimental study was performed using a common contin-
uous optimization benchmark called CEC 2017. The numerical results showed that 
the adaptive selection among 9 search strategies works successfully that the IABC-
AP outperforms each of the individual strategies employed. Also, it was seen that 
the proposed method provides competitive results with other ABC algorithms. 

Keywords Artificial bee colony · Adaptive pursuit · Continuous optimization 

1 Introduction 

Inspired by the foraging behavior of honey bees, Artificial Bee Colony (ABC) is 
one of the mostly used optimization algorithms for continuous optimization. It has 
numerous applications for solving real-world optimization problems such as the 
economic dispatch problem of power system operations [1], selection of cluster 
heads for energy optimization in wireless sensor networks [2], engineering design 
optimization [3], and optimum design of steel space [4]. 
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Since it was first proposed in [5], numerous variants of ABC using different 
search strategies have been proposed so far to improve the capability of the standard 
ABC search strategy. Some of the important ABC versions are listed as follows. 
Gbest-guided ABC [6] incorporated the global best solution into the standard ABC 
search equation as an additional term to strengthen the exploitation ability of the 
algorithm. Improved ABC (IABC) [7] employed two different search techniques 
that are ABC/rand/1 and ABC/best/1, and alternated them with a given probability 
parameter. Chaotic ABC [8] used chaotic maps to replace the random number gener-
ation process and improved the solution quality by escaping better from local optima. 
Incremental ABC [9] increased the size of the population over time and performed 
a local search on solutions selected. 

The selection of good parameter values at the design or initialization stage of algo-
rithms is called parameter tuning, and it is crucial for the optimization performance. 
However, adjusting parameters each time for a problem at hand is a hard task and 
requires expert knowledge. Therefore, another technique called parameter control 
can be used to change the values of parameters automatically while an optimization 
algorithm keeps running [10]. 

When adaptive parameter control techniques are applied for the selection of 
multiple algorithms or search strategies, this is called adaptive operator (strategy, or 
algorithm) selection (AOS) [11]. AOS can be applied to alternate between different 
algorithms at a high level [12], as well as to select among different search strategies 
in the same algorithm [13]. 

In this study, we present an adaptive IABC algorithm that selects among 9 different 
search strategies that are produced using 2 search equations. The algorithm employs 
Adaptive Pursuit (AP) [14], which is one of the AOS techniques, to adapt its selection 
probabilities using the feedback collected from the search process. In order to validate 
the proposed method, we conducted an experimental study on CEC 2017 benchmark 
[15]. Experimental results suggested that the efficacy of the IABC strategies depends 
on the function to be solved, and the proposed adaptive selection mechanism outper-
forms per individual strategy. It was also shown that this algorithm can outperform 
the original ABC, as well as one of the up-to-date ABC variants. 

The organization of this paper is as follows. Section 2 discusses the main concepts 
for the proposed algorithm such as numerical optimization, the original ABC algo-
rithm, the IABC algorithm, and the AP selection mechanism. Then, Sect. 3 explains 
clearly how the proposed IABC algorithm with AP-based strategy selection mecha-
nism, or IABC-AP, was developed. After that, Sect. 4 presents an experimental study 
that was conducted to present the performance of the developed algorithm. Finally, 
Sect. 5 concludes the paper.
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2 The Background 

This section is devoted to discussing the main concepts for the proposed algorithm. 
First, the single objective bound-constrained real-parameter numerical optimization 
problem is formalized. Then, the original ABC algorithm is described by giving its 
general algorithmic structure. Next, one of the successful variants of ABC, namely 
improved ABC, is explained. Lastly, the probability matching technique is defined. 

2.1 Single Objective Bound-Constrained Real-Parameter 
Numerical Optimization 

A single objective continuous or numerical optimization problem can be defined as 
follows: 

min f (X ), X = (x1, x2, . . . ,  xD) (1)

where, xi ∈ R, i = 1, 2, . . . ,  D, and D is the problem dimension or the number 
of parameters to be optimized. In other words, the goal is to minimize the single 
objective function f :RD → R by finding the best X = (x1, x2, . . . ,  xD) real number 
vector in the search space. When the upper and lower limits for each number in X is 
specified, i.e. Li ≤ xi ≤ Ui , the problem is called bound-constrained. 

2.2 Original ABC Algorithm 

Inspired by the food search behavior of honey bees, the ABC algorithm has four 
major components: (i) food sources, (ii) employed bees, (iv) onlooker bees, and 
(iv) scout bees. Food sources are associated to candidate solutions of the optimiza-
tion problem at hand. Employed bees are associated with food sources and used 
for searching the neighborhood to find better sources. The duty of onlooker bees is 
first to choose among food sources so that the better has a better chance, and then 
do a search over that solution. Note that this selection may leave some of the food 
sources unselected, especially low-quality ones. This can be associated the exploita-
tion behavior because the search is concentrated on promising regions. Lastly, scout 
bees are used to discover completely new food sources with a random search if new 
neighbor food sources cannot be detected for a long time (i.e. source is exhausted). 
This can be associated with the exploration behavior.



94 O. Gokalp

Algorithm 1 outlines the general structure of the ABC metaheuristic that has three 
main phases devoted to three types of bees [16]. Food sources are initialized with 
uniform random numbers within specified search bounds. The algorithm continues 
until the specified termination condition is satisfied, e.g. the maximum number of 
iterations, the maximum number of fitness function evaluations, or the maximum 
time elapsed. At each iteration, firstly, the employed bees phase is applied. As a 
second step, the onlooker bees phase starts, and high-quality solutions are searched 
again. Then, the scout bees phase replaces a new solution with an exhausted one if 
available, i.e. solution that has not been improved for a long time specified by a limit 
value. Lastly, the best solution found is saved. 

For the adaptation of ABC to solve the real-parameter optimization problems, 
solutions are represented by a real number vector X = (x1, x2, . . . ,  xD), where D is 
the dimension of the problem and each xi ∈ R. Then, the population of solutions is 
represented by P = (X1, X2, . . . ,  X N P  ), where N P  is the number of solutions. The 
search equation that is used in both employed and onlooker bee phases is defined 
in (2), where i = 1, 2, . . .  N P  is the current solution index, j is a randomly chosen 
dimension index, V is the neighbor solution that is being searched for, k �= i is a 
random solution index, and φ is the random real number in the range [−1, 1]. 

Vi, j = Xi, j + φi, j
(
Xi, j − Xk, j

)
(2)

The goal of the algorithm is to find X ∈ RD such that the value of fitness is 
maximized. Fitness calculation is done by using (3), where f (.) is the objective 
function of a minimization problem. Note that fitness and objective functions have 
different roles in ABC. The objective function is calculated for a given problem and it 
is tried to be minimized, whereas the fitness function is calculated using the objective 
value and it is tried to be maximized. 

f i t(Xi) =
{

1 
1+ f (Xi) , i f  f  (Xi) >  0 
1 + ∣

∣ f (X i)
∣
∣, otherwise

(3)
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The probabilistic selection that is performed at the onlooker bees phase is propor-
tional to the fitness values of solutions. As it is given in (4), the probability of the i th 
solution to be selected is calculated using the roulette wheel selection method. 

pi = f i t(Xi )
∑N P  

i=1 f i t(Xi ) 
(4)

Whenever a new neighbor solution Vi is produced in the neighborhood of Xi , it  
is accepted as a current i th solution if the fitness value of Xi is improved as in (5). 

Xi =
{
Vi , i f  f  i t  (Xi ) ≤ f i t  (Vi ) 
Xi , otherwise 

(5)

Another important part of the ABC algorithm is its scout bees phase at which 
trial count statistics are used for deciding to replace unpromising solutions with new 
ones. This mechanism works as follows. At each solution acceptance step, a trial 
count is updated as in (6). At the end of each iteration, the solution with a maximum 
trial count is found. After that, the solution found is replaced with a random one if 
the trial count has reached the limit  value specified. 

trialli =
{
0, i f  f  i t(Xi ) ≤ f i t(Vi ) 
triali + 1, otherwise 

(6)

It can be seen that the ABC algorithm has only 2 main parameters to be specified 
that are the population size N P  and the limit  value. 

2.3 Improved ABC Algorithm 

Different from the original ABC, Improved ABC (IABC) [7] makes use of two 
solution search equations that are called (i) ABC/rand/1 and (ii) ABC/best/1. These 
two equations are emulated from Differential Evolution (DE) algorithm [17] which 
includes solution mutation strategies DE/rand/1 and DE/best/1. IABC also introduces 
the parameter M which is used to determine how many dimensions will be taken 
into account at neighbor generation. 

The definitions of IABC solution search equations are given as follows. 

ABC/best/1 : Vi,m = Xbest,m + φi,m
(
Xi,m − Xr1,m

)
(7)

ABC/rand/1 : Vi,m = Xr1,m + φi,m
(
Xi,m − Xr2,m

)
(8)
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where, Xbest is the best solution found so far (global best), r1 and r2 are the random 
solution indices that satisfy the inequality r1 �= r2 �= i . The updated dimension is 
represented by m. As in the original ABC, X denotes the current solution, V denotes 
the neighbor solution, and φ is a random real number between [−1, 1]. 

The general algorithmic structure of IABC is similar to the original ABC that is 
defined in Sect. 2.2, except for the neighbor solution generation. As it was mentioned 
at the beginning of this sub-section, IABC uses two new equations in this step. In 
order to select between the equations, it introduces the parameter p ∈ [0, 1], which 
is the probability of selecting DE/rand/1 strategy. Also, IABC is capable of updating 
more than one dimension at a time, which is controlled by M . Together, the neighbor 
solution search mechanism of IABC is outlined in Algorithm 2, where rnd  is a 
random number between [0, 1]. Note that dimensions to be updated are also selected 
randomly at the beginning, i.e., the random permutation is produced of size D and 
saved into w. 

In IABC, the parameters p and M are of great importance to the performance of 
the algorithm. So, they should be tuned properly for the problem at hand. However, 
we know from the no free lunch theorem [18] that there is no single optimization 
algorithm that outperforms others, i.e., a single IABC parameter set-up may perform 
well on one problem instance and may not be successful on another instance. There-
fore, it becomes crucial to adjust these parameters adaptively for a given optimization 
problem. 

Lastly, we should also mention that IABC also employs the opposition-based 
learning method along with chaotic systems in its original paper for the initialization 
of the first population. However, in this study, we prefer using the standard random 
initialization as in the original ABC because we want to focus more on adaptive 
search strategy selection.
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2.4 Adaptive Pursuit 

Adaptive Pursuit (AP) [14] is an adaptive technique to allocate probabilities for a 
given set of operators, or strategies. In the context of optimization, the term operator 
corresponds to a discrete parameter such as a crossover operator in Genetic Algo-
rithms [19], vector mutation strategy in DE, neighbor solution generation strategy 
in ABC, or even the algorithm itself in case of high-level hybrid methods. Basically, 
AP provides a method to adapt operator selection probabilities by matching them 
to the reward distribution that is obtained after their application to a given problem. 
The term reward is used to state how much each operator contributed to the goal of 
a problem; in the context of optimization, it can be associated with the improvement 
of the fitness value. 

Quality evaluations, probability calculations, and adaptation rules in AP are 
outlined in Algorithm 3. This algorithm runs in parallel with an optimization algo-
rithm until the stopping condition is met. The probabilities of the operators are 
updated after each reward calculation as a result of fitness function evaluation. Nota-
tions used in AP are explained as follows. K denotes the number of operators. Pmin 

is the lower selection probability limit of an operator. Using this parameter, the 
maximum selection probability, Pmax , can also be determined by calculating what is 
left after distributing the Pmin for K − 1 operators. α and β are the other two critical 
parameters of AP that the former controls how quality values, or Q, are updated, and 
the latter controls how probabilities, or P , are adapted. It is also worth mentioning 
that AP differentiates between reward (R) and quality. A reward is a temporary vari-
able that has always the latest performance of an operator, whereas quality takes 
previous rewards into account and provides a historical success of the operators. 
Therefore, quality provides a more robust way in the adaptation of probabilities 
instead of directly using the latest rewards obtained.
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The general working of the AP algorithm is summarized as follows. At the initial-
ization phase, Pmax value is calculated, and probability values are assigned equally 
as 1/K for each operator. In addition, starting quality values per operator are set as 
1. Then the main loop begins and works until the termination criterion is satisfied. 
At each iteration of the loop, firstly, the selected operator is determined according to 
their probabilities. Secondly, the selected operator is used, and the reward is obtained. 
After that, the quality value of the selected operator is updated with regard to param-
eter alpha ∈ [0, 1]. As  α gets close to 1 the effect of the latest reward increases. 
On the other hand, as it gets close to 0, the past quality value is preserved more. In 
the next steps, the selection probability of the highest quality operator is increased 
towards Pmax , whereas probabilities of the rest are decreased towards Pmin . Note that 
Pmax and Pmin are the upper and lower limits for any of the selection probabilities, 
respectively. 

3 The Proposed Adaptive Pursuit Based IABC Algorithm 

This section explains clearly how the proposed IABC algorithm with AP-based 
strategy selection mechanism, or IABC-AP, was developed. At first, we discuss how 
the strategies in IABC were constructed. Then, we give the details of the IABC-AP 
algorithm and explain how AP selection can be integrated into IABC to select these 
strategies adaptively during the optimization process. 

The outline of the proposed algorithm is given in Algorithm 4. The first part of 
the initialization process is done for AP. In this step, Pmax is calculated and the initial 
values for probability (P) and quality Q arrays are set (see Algorithm 3). The second 
part of the initialization is about the IABC algorithm, and the initial population is 
created randomly within specified search bounds. Also, the limit parameter is set in 
this step. Then, the main loop of the IABC-AP starts and continues until the stopping 
criterion. 

As one of the critical decisions for this algorithm, we first need to determine what 
strategies are employed in the search process. To do this, we select the most critical 
parameters of IABC, namely p and M . Because M specifies how many dimen-
sions are going to be updated, we make it dimension-independent by introducing the 
parameter scaleM . In this way, the calculation M = �scaleM × D� can be done 
to determine how many dimensions will be updated for a given problem dimension. 
Therefore, we constructed 9 pairs of parameter combinations, or strategies, as listed 
in Table 1. These strategies are determined by discretizing the parameter values 
and combining them to cover as many different search behaviors as possible while
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Table 1 Strategies for the 
IABC-AP algorithm 

Strategy p scale M 

1 0.1 0.1 

2 0.5 0.1 

3 0.9 0.1 

4 0.1 0.5 

5 0.5 0.5 

6 0.9 0.5 

7 0.1 0.9 

8 0.5 0.9 

9 0.9 0.9 

keeping the number of strategies acceptable. We prefer to use 3 discretized values 
per parameter and hence obtain 3 × 3 pairs. Although it is possible to increase the 
number of parameter combinations by constructing 4 × 4 or 5 × 5 pairs, this will 
make AP adapt harder for a given run budget and should be decided carefully. In the 
preliminary study, we observed that 9 strategies are enough for this particular work. 

The general outline of the proposed algorithm’s main loop is similar to that of 
ABC, but it additionally involves reward calculation and strategy selection steps. 
Before applying the neighbor search rule of IABC (see Algorithm 2), which is needed 
in employed and onlooker bees phases, it first decides which parameter values are 
going to be assigned. To achieve this, it probabilistically chooses one of the strategies 
with roulette wheel selection using the probabilities provided by the AP algorithm. 
Then, the values of M and p are set and the IABC neighbor search rule is applied. 
When the reward is calculated by subtracting the objective value of a neighbor solu-
tion from the current solution, AP processes this information to adapt the probabil-
ities of the strategies. The neighbor solution is accepted if it satisfies the condition 
provided in (5). After the employed and onlooker bees phases are completed, the 
scout bees phase is applied and then the global best solution is updated before the 
next iteration of the main loop begins.



100 O. Gokalp

We should also mention that the AP operator selection in this study needs a 
warm-up phase before it actually begins to work. Because the first selection will be 
completely random and the reward may be large, the first chosen strategy may gain 
an advantage over others. Although this issue can be eliminated through iterations 
via the adaptive mechanism of the AP, some of the search budgets will be used to 
compensate for it. Therefore, after preliminary observations, we decided to make 
N P  × 2 selection at random no matter which operator probabilities have been built 
so far. After this warm-up process is over, AP selection returns to its normal process 
and begins to provide probabilistic selection again. 

Last but not least, because we are dealing with a bound-constrained optimiza-
tion problem in this study, the boundaries for each solution should be fixed when 
necessary in the search process. Specifically, whenever a solution having one or more 
dimensions above the upper limit or below the lower limit is produced, corresponding 
dimension values are replaced with the nearest limit values. 

4 Experimental Work 

This section presents an experimental work that was performed to present the 
performance of the IABC-AP algorithm. First, the experimental environment and 
the benchmark are introduced. Second, the detailed numerical results obtained are 
presented. Finally, the performance of the developed algorithm is assessed by making 
comparisons with alternative approaches.
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4.1 Experimental Setting 

In this study, CEC 2017 [15] benchmark, which is one of the common test set for 
continuous optimization, has been used. This benchmark includes 29 single objective 
bound-constrained real-parameter optimization problems1 in four categories and is 
publicly available2 for interested researchers. The first category includes 2 unimodal 
functions from F1 to F2, the second category includes 7 simple multi-modal functions 
from F3 to F9, the third category includes 10 hybrid functions from F10 to F19, and 
the last category includes 10 composition functions from F20 to F29. 

After preliminary experiments, we set $NP$ to 20, set the limit parameter of IABC 
to D × N P , set  α and β parameters of AP to 0.5, and set pmin parameter of AP to 
0.025. The rest of the experimental study follows the guideline in [15] and can be 
summarized as follows. The termination criterion was set as D × 10, 000 for each 
run of any algorithm in this study. Search range was taken as [−100, 100] for each 
test function. Uniform random initialization was used for the populations within the 
search range. As a performance measure, the error value was calculated as f (x)− f ∗, 
where f (x) is the objective value of solution x , and f ∗ is the optimum objective 
value provided for the corresponding test function. Error-values less than 10−8 were 
considered as 0, and if this threshold was reached, the algorithms were terminated 
immediately. Because of the stochastic behavior of the optimization algorithms used 
in this study, they were run 51 times with different random seeds in order to get more 
accurate results. 

4.2 Numerical Results 

This section provides detailed numerical results obtained after running the proposed 
IABC with AP-based strategy selection. Tables 2, 3, 4, and 5 list the error values for 
the problem dimensions 10, 30, 50, and 100 respectively. The columns best, worst, 
mean, and standard deviation present statistical information for 51 independent runs 
of the algorithm. For dimension 10, the algorithm produces zero error values for 4 of 
the functions (F2, F5, F8, F19) at every run. In addition, it achieves zero error for 4 
other functions (F4, F16, F21, F25) in terms of best values. As the problem dimension 
increases, it is expected that the functions become harder to solve. Indeed, in terms 
of best values among 51 runs, zero error values are only available for function F5 
(dimensions 30, 50, and 100), and for function F8 (dimensions 30 and 50).

1 Although the initial version of this benchmark contains 30 functions, F2 has been excluded later 
because of its unstable behavior. Then, function indices from F3 to F30 have been reduced by one 
and their optimum values have been reduced by 100 to accommodate this change. Therefore, CEC 
2017 has now 29 test functions. 
2 https://github.com/P-N-Suganthan/CEC2017-BoundContrained. 

https://github.com/P-N-Suganthan/CEC2017-BoundContrained
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Table 2 Numerical results of the IABC-AP algorithm for 10 dimensions 

Func. Best Worst Median Mean Std. Dev. 

F1 5.14E+00 1.24E+04 1.15E+03 2.04E+03 2.65E+03 

F2 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

F3 1.36E-03 5.64E+00 3.87E+00 3.61E+00 1.44E+00 

F4 0.00E+00 6.97E+00 3.00E+00 3.40E+00 1.21E+00 

F5 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

F6 1.07E+01 1.82E+01 1.34E+01 1.35E+01 1.48E+00 

F7 4.66E-01 5.02E+00 3.03E+00 3.28E+00 1.09E+00 

F8 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

F9 3.57E+00 2.80E+02 5.38E+01 8.97E+01 8.49E+01 

F10 2.47E-04 1.01E+01 1.12E+00 1.82E+00 1.78E+00 

F11 5.05E+01 4.30E+04 7.24E+03 1.09E+04 1.15E+04 

F12 3.21E+00 2.50E+04 1.59E+03 3.80E+03 5.79E+03 

F13 2.88E-05 6.97E+00 2.01E+00 2.34E+00 1.58E+00 

F14 4.68E-02 8.11E+01 1.70E+00 3.73E+00 1.13E+01 

F15 2.18E-02 1.20E+02 6.59E-01 2.11E+01 4.29E+01 

F16 0.00E+00 2.03E+01 3.32E-01 1.23E+00 3.62E+00 

F17 1.30E+01 9.03E+03 3.21E+02 8.31E+02 1.54E+03 

F18 1.05E-03 1.03E+02 1.02E+00 4.79E+00 1.59E+01 

F19 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 

F20 1.00E+02 2.10E+02 1.02E+02 1.39E+02 5.04E+01 

F21 0.00E+00 1.02E+02 1.00E+02 9.05E+01 3.01E+01 

F22 3.00E+02 3.10E+02 3.05E+02 3.05E+02 2.32E+00 

F23 1.00E+02 3.39E+02 3.34E+02 3.02E+02 8.15E+01 

F24 3.98E+02 4.49E+02 4.44E+02 4.25E+02 2.35E+01 

F25 0.00E+00 3.98E+02 3.00E+02 2.71E+02 8.77E+01 

F26 3.83E+02 3.97E+02 3.87E+02 3.87E+02 2.93E+00 

F27 3.00E+02 5.75E+02 5.19E+02 4.47E+02 1.17E+02 

F28 2.33E+02 2.54E+02 2.41E+02 2.41E+02 5.94E+00 

F29 5.90E+02 1.80E+04 9.09E+02 1.45E+03 2.45E+03 

4.3 Comparison and Discussion 

To evaluate the performance of the proposed method, we first compare the adaptive 
selection mechanism with the individual strategies from which it chooses. As it 
was given in Table 1 before, there are 9 different search strategies, or parameter 
combinations, for designing the IABC algorithm. In this section, we refer to each 
strategy with its number, i.e. strat1 corresponds to the strategy number 1. Tables 6, 7, 
8, and 9 list mean error values for each strategy and the proposed IABC-AP algorithm
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Table 3 Numerical results of the IABC-AP algorithm for 30 dimensions 

Func. Best Worst Median Mean Std. Dev. 

F1 1.65E+00 1.99E+04 4.12E+03 7.11E+03 7.11E+03 

F2 6.10E-01 1.54E+04 6.11E+03 6.71E+03 4.10E+03 

F3 4.02E+00 1.13E+02 7.56E+01 7.42E+01 1.83E+01 

F4 1.71E+01 5.77E+01 3.67E+01 3.61E+01 8.79E+00 

F5 0.00E+00 1.37E-07 0.00E+00 2.68E-09 1.92E-08 

F6 5.11E+01 1.03E+02 6.96E+01 7.09E+01 1.20E+01 

F7 2.00E+01 6.28E+01 3.65E+01 3.67E+01 9.27E+00 

F8 0.00E+00 1.18E+00 8.95E-02 2.02E-01 2.45E-01 

F9 1.65E+03 4.41E+03 3.44E+03 3.39E+03 6.98E+02 

F10 7.75E+00 9.39E+01 2.79E+01 3.96E+01 2.73E+01 

F11 1.32E+03 1.05E+05 3.20E+04 3.70E+04 2.01E+04 

F12 8.93E+01 2.55E+05 1.65E+04 2.90E+04 3.98E+04 

F13 9.75E+01 3.54E+04 8.30E+03 1.09E+04 8.58E+03 

F14 2.91E+01 4.13E+04 4.40E+03 9.08E+03 1.05E+04 

F15 3.28E+01 6.56E+02 2.82E+02 3.15E+02 1.73E+02 

F16 2.74E+01 1.84E+02 5.88E+01 8.06E+01 5.00E+01 

F17 2.28E+03 4.68E+05 9.28E+04 1.13E+05 7.75E+04 

F18 1.45E+01 5.16E+04 4.74E+03 1.06E+04 1.39E+04 

F19 2.14E+01 1.72E+02 3.54E+01 7.16E+01 5.92E+01 

F20 2.21E+02 2.83E+02 2.41E+02 2.42E+02 1.16E+01 

F21 1.00E+02 1.05E+02 1.00E+02 1.00E+02 1.04E+00 

F22 3.66E+02 4.26E+02 3.93E+02 3.94E+02 1.09E+01 

F23 4.72E+02 5.49E+02 5.03E+02 5.02E+02 1.67E+01 

F24 3.80E+02 4.06E+02 3.82E+02 3.84E+02 4.55E+00 

F25 2.00E+02 1.59E+03 1.30E+03 1.13E+03 4.56E+02 

F26 4.86E+02 5.33E+02 5.05E+02 5.05E+02 1.06E+01 

F27 3.00E+02 4.68E+02 4.09E+02 4.04E+02 2.91E+01 

F28 3.67E+02 7.09E+02 4.90E+02 5.06E+02 6.80E+01 

F29 1.97E+03 1.60E+04 5.02E+03 6.74E+03 4.38E+03 

for dimensions 30 and 50. To evaluate these results statistically, we applied the Mann– 
Whitney U test per function using the results of 51 independent runs. The signs 
+, =, − located right of each value indicate that the proposed algorithm is better 
than (win), worse than (lose), and equal to (tie) the compared algorithm for a given 
function with respect to p = 0.05 significance level. The last row of the tables report 
summary for 29 functions. We can conclude that the performance of the strategies 
depends on the function to be solved, and the proposed adaptive selection algorithm 
outperforms per individual strategy in terms of total win, tie and lose counts.
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Table 4 Numerical results of the IABC-AP algorithm for 50 dimensions 

Func. Best Worst Median Mean Std. Dev. 

F1 3.29E+00 3.17E+04 4.09E+03 7.49E+03 9.38E+03 

F2 3.36E+04 8.55E+04 5.86E+04 5.80E+04 1.09E+04 

F3 8.06E+00 1.96E+02 1.09E+02 9.55E+01 5.05E+01 

F4 5.09E+01 1.92E+02 9.21E+01 9.94E+01 3.09E+01 

F5 0.00E+00 4.17E-02 0.00E+00 8.17E-04 5.83E-03 

F6 1.10E+02 2.60E+02 1.52E+02 1.66E+02 4.50E+01 

F7 5.78E+01 2.04E+02 8.76E+01 9.03E+01 2.30E+01 

F8 0.00E+00 2.99E+00 6.33E-01 8.09E-01 6.73E-01 

F9 6.01E+03 9.97E+03 9.06E+03 8.85E+03 8.66E+02 

F10 4.15E+01 1.85E+02 9.06E+01 9.30E+01 3.26E+01 

F11 4.53E+04 2.56E+06 5.07E+05 6.35E+05 5.36E+05 

F12 3.05E+02 3.42E+04 8.05E+03 1.06E+04 1.01E+04 

F13 5.86E+03 2.15E+05 5.26E+04 6.12E+04 4.61E+04 

F14 1.40E+02 2.87E+04 3.59E+03 7.07E+03 6.94E+03 

F15 3.53E+02 1.33E+03 8.95E+02 8.79E+02 2.37E+02 

F16 1.25E+02 9.11E+02 4.92E+02 5.23E+02 1.60E+02 

F17 7.22E+04 3.18E+06 6.69E+05 8.33E+05 7.20E+05 

F18 1.31E+02 4.26E+04 1.52E+04 1.68E+04 1.27E+04 

F19 7.68E+01 6.26E+02 3.51E+02 3.40E+02 1.48E+02 

F20 2.70E+02 4.28E+02 3.10E+02 3.19E+02 3.66E+01 

F21 1.00E+02 1.06E+04 9.16E+03 8.24E+03 2.82E+03 

F22 4.96E+02 6.74E+0 2 5.42E+02 5.42E+02 3.08E+01 

F23 6.17E+02 8.66E+02 7.01E+02 7.15E+02 6.13E+01 

F24 4.59E+02 5.78E+02 5.29E+02 5.24E+02 3.34E+01 

F25 1.66E+03 2.70E+03 2.02E+03 2.05E+03 1.81E+02 

F26 5.07E+02 7.24E+02 5.52E+02 5.60E+02 3.60E+01 

F27 4.57E+02 5.14E+02 4.97E+02 4.95E+02 1.69E+01 

F28 3.64E+02 8.87E+02 5.38E+02 5.43E+02 1.09E+02 

F29 4.20E+05 2.20E+06 7.45E+05 8.44E+05 3.67E+05 

After showing that the proposed adaptive selection mechanism works success-
fully, we then make a second comparison with the original ABC and one of the 
up-to-date ABC versions, namely culture-based ABC (CB-ABC) [20]. The reasons 
why we chose that study for comparison are that both algorithms have been evaluated 
on the CEC 2017 benchmark and the detailed results are provided. In [20] the authors 
set the limit parameter of the original ABC was to N P  × D, and set SN  (popula-
tion size) to 25. In addition, they determined the termination condition as 10,000 
maximum iterations. Considering that the number of fitness function evaluations at
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Table 5 Numerical results of the IABC-AP algorithm for 100 dimensions 

Func. Best Worst Median Mean Std. Dev. 

F1 1.14E+02 6.11E+04 1.15E+04 1.92E+04 1.99E+04 

F2 2.36E+05 3.82E+05 3.05E+05 3.06E+05 3.22E+04 

F3 1.36E+02 2.86E+02 2.06E+02 2.06E+02 3.07E+01 

F4 1.61E+02 7.08E+02 3.03E+02 3.68E+02 1.55E+02 

F5 0.00E+00 2.83E-02 1.06E-07 1.24E-03 4.81E-03 

F6 2.78E+02 8.70E+02 4.95E+02 5.30E+02 1.73E+02 

F7 1.75E+02 7.18E+02 2.85E+02 3.46E+02 1.51E+02 

F8 2.53E+00 1.70E+02 2.36E+01 4.02E+01 4.55E+01 

F9 2.30E+04 2.64E+04 2.53E+04 2.50E+04 9.35E+02 

F10 3.04E+02 8.53E+02 4.94E+02 5.13E+02 1.11E+02 

F11 7.38E+05 1.61E+07 4.52E+06 5.77E+06 4.13E+06 

F12 4.54E+02 4.31E+04 5.19E+03 9.85E+03 1.00E+04 

F13 3.89E+05 6.94E+06 2.21E+06 2.40E+06 1.33E+06 

F14 4.01E+02 1.82E+04 2.80E+03 3.75E+03 3.93E+03 

F15 2.07E+03 3.97E+03 3.05E+03 3.06E+03 4.51E+02 

F16 1.46E+03 3.00E+03 2.03E+03 2.06E+03 3.41E+02 

F17 1.31E+06 8.38E+06 3.36E+06 3.79E+06 1.86E+06 

F18 1.89E+02 2.73E+04 2.11E+03 4.28E+03 5.71E+03 

F19 1.12E+03 2.39E+03 1.98E+03 1.96E+03 2.68E+02 

F20 4.25E+02 8.93E+02 5.69E+02 5.98E+02 1.15E+02 

F21 2.24E+04 2.75E+04 2.58E+04 2.56E+04 1.02E+03 

F22 6.64E+02 1.05E+03 7.75E+02 7.92E+02 7.25E+01 

F23 1.09E+03 1.42E+03 1.22E+03 1.22E+03 6.79E+01 

F24 5.94E+02 8.94E+02 7.34E+02 7.42E+02 6.28E+01 

F25 5.02E+03 8.01E+03 6.10E+03 6.20E+03 6.51E+02 

F26 6.05E+02 7.41E+02 6.70E+02 6.71E+02 3.22E+01 

F27 4.94E+02 6.34E+02 5.52E+02 5.56E+02 2.79E+01 

F28 1.30E+03 2.95E+03 2.28E+03 2.27E+03 2.97E+02 

F29 2.63E+03 9.58E+04 1.32E+04 1.55E+04 1.70E+04 

each iteration is 2 × SN , i.e. two separate loops for employed and onlooker bees 
phases, ABC and CB-ABC algorithms will perform 2 × SN  × 10,000 fitness func-
tion evaluations in total. Therefore, it seems fair enough to compare our results with 
D × 10,000 maximum number of functions evaluations with the results provided for 
the original ABC and the CB-ABC. 

Table 10 reports and compares the performance of IABC-AP with the original 
ABC and the CB-ABC in terms of mean error. The results are provided for 30 
dimensions. We can conclude that proposed algorithm outperforms the original ABC
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Table 7 Comparison of the proposed adaptive selection mechanism with each individual strategies 
for dimension 30 (Part-II) 

Func. strat6 T. strat7 T. strat8 T. strat9 T. IABC-AP 

F1 7.94E+03 = 1.05E+10 + 2.70E+07 = 1.05E+04 + 7.11E+03 

F2 5.95E+04 + 5.81E+02 − 0.00E+00 − 3.93E+04 + 6.71E+03 

F3 5.58E+01 − 1.32E+03 + 8.66E+01 + 4.20E+01 − 7.42E+01 

F4 1.72E+02 + 1.87E+02 + 8.14E+01 + 5.69E+01 + 3.61E+01 

F5 3.73E-07 = 3.13E+01 + 4.09E+00 + 6.91E-02 + 2.68E-09 

F6 2.07E+02 + 4.23E+02 + 1.28E+02 + 1.35E+02 + 7.09E+01 

F7 1.73E+02 + 1.66E+02 + 8.55E+01 + 5.13E+01 + 3.67E+01 

F8 1.59E-02 − 2.67E+03 + 2.29E+02 + 6.50E+00 + 2.02E-01 

F9 6.61E+03 + 3.88E+03 + 3.37E+03 = 6.33E+03 + 3.39E+03 

F10 7.92E+01 + 9.68E+02 + 1.84E+02 + 7.27E+01 + 3.96E+01 

F11 5.90E+04 + 3.11E+08 + 9.57E+06 + 3.88E+04 = 3.70E+04 

F12 1.20E+04 − 6.57E+07 + 2.15E+04 = 1.92E+04 = 2.90E+04 

F13 1.20E+04 = 6.30E+05 + 4.93E+04 + 4.83E+03 − 1.09E+04 

F14 7.46E+03 = 4.45E+04 + 1.31E+04 = 1.25E+04 = 9.08E+03 

F15 5.65E+02 + 1.27E+03 + 6.74E+02 + 3.85E+02 = 3.15E+02 

F16 8.96E+01 + 6.04E+02 + 3.61E+02 + 1.56E+02 + 8.06E+01 

F17 1.07E+06 + 1.46E+06 + 2.44E+05 + 1.61E+05 = 1.13E+05 

F18 5.22E+03 − 2.48E+05 + 1.02E+04 = 9.12E+03 = 1.06E+04 

F19 4.93E+01 = 5.79E+02 + 3.70E+02 + 1.75E+02 + 7.16E+01 

F20 3.68E+02 + 3.67E+02 + 2.90E+02 + 2.57E+02 = 2.42E+02 

F21 7.41E+02 − 3.29E+03 + 1.56E+03 + 1.46E+03 = 1.00E+02 

F22 5.10E+02 + 6.58E+02 + 5.00E+02 + 4.12E+02 + 3.94E+02 

F23 5.99E+02 + 7.23E+02 + 5.36E+02 + 4.83E+02 − 5.02E+02 

F24 3.87E+02 + 9.06E+02 + 4.06E+02 + 3.87E+02 + 3.84E+02 

F25 1.94E+03 + 4.18E+03 + 2.27E+03 + 1.41E+03 + 1.13E+03 

F26 5.07E+02 = 6.56E+02 + 5.57E+02 + 5.24E+02 + 5.05E+02 

F27 3.50E+02 − 1.53E+03 + 4.64E+02 + 3.61E+02 − 4.04E+02 

F28 5.92E+02 + 1.38E+03 + 1.04E+03 + 6.42E+02 + 5.06E+02 

F29 5.65E+03 = 1.16E+07 + 3.07E+04 + 6.68E+03 = 6.74E+03 

+/ = /− 16/7/6 28/0/1 23/5/1 16/9/4 

for all the functions. In addition, IABC-AP produces generally lower mean error 
values than the CB-ABC algorithm. Together, we can conclude that the IABC-AP is 
among the successful ABC variants for solving numerical optimization problems.
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Table 10 Comparison of the 
IABC-AP with other ABC 
algorithms for dimension 30 

Func. Orig. ABC CB-ABC IABC-AP 

F1 7.33E+03 2.95E+03 7.11E+03 

F2 1.39E+06 1.22E+05 6.71E+03 

F3 4.22E+02 4.39E+02 7.42E+01 

F4 7.21E+02 5.90E+02 3.61E+01 

F5 6.00E+02 6.00E+02 2.68E-09 

F6 9.54E+02 8.04E+02 7.09E+01 

F7 1.03E+03 9.00E+02 3.67E+01 

F8 1.50E+05 5.79E+03 2.02E-01 

F9 1.08E+04 3.36E+03 3.39E+03 

F10 1.25E+07 3.67E+04 3.96E+01 

F11 7.89E+10 7.64E+07 3.70E+04 

F12 4.84E+05 1.82E+04 2.90E+04 

F13 7.23E+07 1.10E+07 1.09E+04 

F14 3.58E+05 1.22E+06 9.08E+03 

F15 3.65E+03 3.10E+03 3.15E+02 

F16 2.64E+03 2.41E+03 8.06E+01 

F17 4.38E+09 3.05E+07 1.13E+05 

F18 1.23E+06 7.32E+03 1.06E+04 

F19 3.08E+03 2.67E+03 7.16E+01 

F20 2.53E+03 2.43E+03 2.42E+02 

F21 1.22E+04 5.97E+03 1.00E+02 

F22 2.87E+03 2.77E+03 3.94E+02 

F23 3.06E+03 3.12E+03 5.02E+02 

F24 6.64E+05 2.91E+03 3.84E+02 

F25 5.57E+03 4.72E+03 1.13E+03 

F26 3.20E+03 3.19E+03 5.05E+02 

F27 3.30E+03 3.18E+03 4.04E+02 

F28 3.30E+12 1.12E+04 5.06E+02 

F29 2.37E+12 1.39E+06 6.74E+03 

5 Conclusion 

This study presents an adaptive ABC algorithm called IABC-AP that automatically 
selects among 9 search strategies while the optimization process is running. The 
adaptive selection mechanism is based on a probabilistic operator selection technique 
that is called AP. The AP provides a way to update the selection probabilities of 
alternative operators based on their latest optimization performance.
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To evaluate the performance of the presented algorithm, firstly, we compared the 
IABC-AP with the individual strategies from which it chooses. Adaptive selection 
mechanism has been shown to work successfully and outperform each strategy. We 
then make a second comparison with the original ABC and one of the up-to-date 
ABC versions that provide benchmark results on CEC 2017, namely culture-based 
ABC (CB-ABC). It was shown that the proposed algorithm clearly outperforms the 
original ABC. In addition, IABC-AP can generally produce lower mean error values 
than the CB-ABC algorithm produces. 

Considering the experimental results, it can be concluded that the adaptive strategy 
selection method can contribute to the performance of ABC algorithms. Moreover, 
it increases the usability of algorithms by reducing the need for manual parameter 
settings. 

Further research might concentrate on the adaptive selection of other ABC search 
strategies and the decision of their combinations to increase the optimization perfor-
mance. Also, other low-level parameters such as the limit in ABC can be included 
in the adaptive process to fully automate the algorithm. 
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Beetle Antennae Search Algorithm 
for the Motion Planning of Industrial 
Manipulator 

Junwen Cui and Zhan Li 

Abstract Beetle antennae search (BAS) algorithm as a computational intelligence 
algorithm has excellent nonlinear optimization ability applied in scientific and engi-
neering applications. In this chapter, BAS is applied to the redundancy resolution 
of an industrial manipulator with dynamic joint velocity constraints by searching 
in high-dimensional space. The addressed application does not need to construct 
inverse kinematics equations in joint velocity level but directly uses forward kine-
matics to construct antennae fitness function. The experiment is practiced in the 
CoppeliaSim simulator for the industrial IIWA Kuka industrial manipulator to verify 
the performance. 

Keywords Beetle Antennae Search · Motion planning · Redundancy resolution 

1 Introduction 

The Beetle Antennae Search (BAS) algorithm is inspired by longhorn beetles search-
ing for food by tentacles [1] via two long antennae. In the beginning, the beetle does 
not know where the object is but can sense the intensity of the actual smell. Then, 
the long tentacles on both sides evaluate which side of the food smell is more vital. 
If the feeling of the antennae left is stronger than the right, the beetle will choose to 
fly to the left at a distance and then make another decision and movement. Based on 
this simple repetitive search behavior, the longhorn beetle can survive tenaciously in 
the natural environment. 

The BAS has been developed in many fields due to its excellent performance and 
minimal configuration requirements, such as unmanned aerial vehicle path planning 
[2], pattern classification [3], route planning [4], geomechanics analysis [5], servo
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controller parameter tuning [6], scheduling of power system [7], ship predictive 
collision avoidance [8], neural network training [3], bridge sensor optimal placement 
[9], and investment portfolio issue [10]. And, the BAS algorithm also has applications 
in the field of robotic manipulators. The termed trajectory-planning beetle swarm 
optimization (TPBSO) is proposed to resolve the redundant manipulator’s point-to-
point planning problem [11]. The beetle antennae olfactory recurrent neural network 
(BAORNN) with the concept of combining BAS and neural network realizes motion 
planning of redundant manipulator in task space [12].

The concept of this nature-inspired method is simplistic enough. In theory, it 
does not take up a lot of computing resources or occupy a great quantity of memory 
space. Moreover, it may not be required for specific application scenarios to con-
struct a complex mathematical model. Associated with other methods such as the 
neural network [13], BAS does not require any training data sets, and the terminal 
numerical accuracy can be guaranteed due to its iterative search rules. As for the 
genetic algorithm (GA) [14], BAS reflects a more direct convergence direction with-
out being transformed into another form to express. Moreover, for the particle swarm 
optimization (PSO) based method [15], the BAS does not require lots of particles to 
obtain a precise trajectory. 

Several variants of BAS methods have been proposed to improve search efficiency, 
such as BAS without parameter tuning (BAS-WPT) [16] and beetle swarm antennae 
search (BSAS) [17]. The BAS-WPT is an improved modification of BAS that makes 
less dependency on parameter tuning, and it provides an approach to adding new 
or fused constraints-cost functions. The BSAS is chiefly through various beetles to 
make up for the shortcomings of a single iterative exploration. It requires all the 
beetles at the same time initially in a different direction, and then only one beetle 
is selected to move the actual step. Besides, there are other improvements, such as 
BAS with PSO [18] and BAS with going backward [19]. 

The redundant robots have the issue of redundancy resolution that leads to the 
highly-coupled nonlinearity of inverse kinematics. And the BAS seems to be an 
effective algorithm for managing such nonlinearity difficulties that have arisen in 
[20, 21]. In this chapter, a concise BAS algorithm is presented to accomplish accu-
rate motion planning of redundant manipulators [22]. All the resolution is in the 
joint space considering the position of the end-effector to track a schemed curve, 
and the orientation is ignored. When the manipulator is going on a task, to ensure 
safety requirements in industrial environments, the joints’ statuses are required to 
have dynamic limits that are angle and time-varying velocity boundaries. With these 
dynamic constraints, the verification experiments are taken applying a model of IIWA 
Kuka industrial manipulator in the CoppeliaSim/V-REP simulator [23].
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2 Problem Formulation 

To illustrate the non-linear optimization ability of the BAS algorithm, it will discuss 
in conjunction with the redundancy resolution of the Kuka industrial manipulator. 
The joint resolution is set constraints with variable joint velocity and angle that 
can be tricky and challenging. Specifically, the redundancy resolution problem is 
formulated, and the optimization framework with the BAS algorithm is addressed. 

2.1 Kinematics Model 

The forward kinematics of redundant manipulators is the mapping from joints to 
end-effector position in task space. And the corresponding simplistic expression 
[24] as  

x(t) = g(θ (t))) (1) 

where θ (t) ∈ Rn denotes the joint angle vector and x(t) ∈ R3 denotes the end-effector 
position vector in the task space. g(·) means the forward kinematics that maps joint 
space to Cartesian space [24]. The manipulators may track the pre-designed trajectory 
that requires inverse kinematics to map the task space to the joint space. The inverse 
solution can be formulated as 

θ (t) = g−1 (xd (t)) (2) 

where xd (t) denotes the expected point of the pre-designed trajectory in the moment 
of t . g−1(·) is the inverse kinematics function which is highly-coupled nonlinearity 
that can be hard to get the generalized analytic solution. And, the conventional way 
can be the Damped Least Square (DLS) method expressed as 

min
θ̇ 

|| 
|| J θ̇ − ẋ 

|| 
||
2 

2 + λ2 
|| 
|| ̇θ 

|| 
||
2 

2 (3) 

where the J = ∂g/∂θ ∈ R3×n is the Jacobian matrix and λ2 denotes the damped 
term. However, it can be hard to solve with extra constraints such as the time-varying 
velocity limit. Hence, the new minimize formula with the concept of reducing the 
error between the actual endpoint and the desired is presented as 

min d(xd (t), θ (t)) = ||xd (t) − g(θ (t))||2 2 . (4) 

The formulation (4) is a minimization problem of nonlinear since the nonlinear 
g(·) formulation got by the chained homogeneous matrices make. The formula-
tion can further be regarded abstractly as the antennae fitness function in the BAS 
algorithm.
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2.2 Joint Constraints 

The end-effector of the manipulators would be limited to a specific range of positions 
since the actual working area may be limited for some obstacles. Here it is simple to 
express the end-effector in the form of linear constraints in the task space as 

xmin < x(t) <  xmax (5) 

where xmin and xmax denote the constraint boundaries of lower and upper. Also, the 
joint angle should be limited in some specific boundaries θ min and θ max as 

θ min < θ (t) <  θ max. (6) 

The movement of the manipulator may not be precise due to many factors such as 
the unknown working environment and uncertainty of itself. The joint velocity factor 
can not be ignored if to pursue the tracking accuracy. Hence, the joint velocity limits 
necessitate being considered as time-varying or time-dependent during the actual 
execution. The boundaries of the joint velocity are time-varying as 

θ̇ min := θ̇ min(t), θ̇ max := θ̇ max(t). (7) 

To increase the complexity of time-varying constraints, the boundaries are set like 
to the possible oscillation form presented as 

ϕ(t) = A + B sin(wt) (8) 

where ϕ(t) = θ̇ min = −θ̇ max denotes the joint velocity boundaries. A and B are the 
offset and amplitude of the oscillation form. w denotes the oscillation frequency. 
In an advance declaration, the joint velocity boundaries are only utilized as a test 
method, and it is not a necessary form. 

3 Beetle Antennae Search Application 

The exploration space of the BAS algorithm is in the joint space of the Kuka industrial 
manipulator with configuration. The two antennas represent the searching directions 
which is a random configuration of normal joint angle vector. The intensity of the 
smell felt by antennas is set according to the tracking error of the end-effector. The 
search process is carried out iteratively based on the previous searching results. And, 
the specific design of the presented BAS method in the application of redundancy 
resolution of redundant manipulators will be expanded in the following subsections.
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3.1 Searching Design 

The searching strategy of the BAS algorithm is the main part that confirms the 
direction and step length. The searching will be executed in each instant time Tinr  , 
and the beetle exploring space is in the joints angle space in which the dimension is 
n. The BAS algorithm requires the two antennas to decide which direction is to go, 
which can be formulated as 

θ le  f  t  (t) = F(θ (t) + λ(t)b) 
θ right  (t) = F(θ (t) − λ(t)b) 

(9) 

where θ le  f  t  (t) ∈ Rn and θ right  (t) ∈ Rn denote the left antennas and the right for 
seeking the best joint angle. F(·) : Rn → Rn denotes the searching mandatory limit 
function. λ(t)R denotes the antenna length, and b ∈ Rn denotes the random normal 
vector. The function F(·) is f (·) : R → R with limit function as follows 

f (θi (t)) = 

⎧ 
⎨ 

⎩ 

θi (t), θi,min(t) < θi (t) < θi,max(t) 
θi,max(t), θi (t) > θi,max(t) 
θi,min(t), θi (t) < θi,min(t) 

(10) 

where θi (t) ∈ R represents the ith element of θ (t). The movement restriction here is 
preliminary, to avoid the possibility of a smaller fitness value through (4) when the 
joint angle θ (t) exceeds the actual restrictions. 

3.2 State Update 

The BAS algorithm needs to update the state of the searching beetle in each iteration, 
which means the beetle will be in a new position after the movement. The updated 
state can be represented as 

θ '(t + ∆t) = F(θ (t) − σ ') (11) 

where 
σ ' = γ (t)sgn[d(xd (t), θ le  f  t  (t)) − d(xd (t), θ right  (t))]b'. (12) 

θ '(t + ∆t) ∈ Rn is the temporary joints state corresponding to the random direc-
tion vector b'. γ (t) ∈ R denotes the relative movement distance of the beetle. sgn 
represents the saturation sign function as follows 

sgn(s) = 

⎧ 
⎨ 

⎩ 

1, s > 0 
0, s = 0 

−1, s < 0
(13)



122 J. Cui and Z. Li

Next, the location of the beetle can be refreshed, and its fitness can be calculated 
according to the cost function (4). To ensure the convergence of tracking errors, it 
requires assessing that the chosen θ '(t + ∆t) can verify the current cost function 
value can be better than the previous step or the cost can be controlled in a scope. 
In the n steps, each updated θ '(t + ∆t) is recorded in a set with relevant the fitness, 
and the best option can be θ (t + ∆t) which is the actual resolved joint angle to 
implement. 

3.3 Exploration Range and Step Size 

When the exploration is at the start, the end-effector position error may be larger than 
the following stages. Hence, the step length and antenna exploration range parameter 
might be not optimal that requires these parameters to update with the going of 
exploration. The step length γ (t) and the detection distance λ(t) can be determined 
according to the cost described in (4). Take BAS-WPT [16] and BAORNN [12] as a  
reference, the updating of λ(t) and γ (t) can be 

λ(t) = kλ 
√ 
d(xd (t − 1), θ '(t)) (14) 

γ (t) = kγ λ(t) (15) 

where kλ and kγ are the tuning parameters for the convergence of the BAS algorithm. 
Moreover, the tuning of kλ and kγ should be carefully considered according to the 
sampling time Tinr  . 

Fig. 1 Algorithm structure 
diagram of BAS with the 
application of motion 
planning
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Algorithm 1 The BAS Algorithm for Motion Planning With Variable Joint Status 
Limit 
Input: 

The target point of the end-effector, xd (t); 
the forward kinematics of the redundant manipulator, g(θ (t)); 
the fitness function, d(xd (t), θ (t)); 
the convergence rate parameters, kλ and kγ ; 
the iteration times, n 

Output: 
Optimal joint angle θ (t) 

1: T ← Total execution time 
2: Tinr  ← Time interval of planning 
3: θ (0) ← Joint angle at the start 
4: t ← 0; 
5: while t < T do 
6: Get λ(t) and γ (t) according to (14) and (15) 
7: for i ≤ n do 
8: Initialize one beetle and randomly take the normalized direction vector, b ∈ Rn 

9: Compute θ le  f  t  and θright  with input of b according to (9), and constrain them within the 
boundary described in (10) 

10: Get the position of i th beetle in joint space by (11) and limit the value within the bounds 
with (10) 

11: Calculate moving speed of i th beetle and constrain it through (8) 
12: Record the fitness calculated by (4) and position of i th beetle 
13: Renew the position of i th beetle 
14: i ← i + 1 
15: end for 
16: Choose the best beetle of n according to the recorded fitness 
17: if the best beetle is within the allowable error range and better than the last one then 
18: Running the actual joint angle θ (t) represented by the best beetle 
19: t ← t + Tinr  
20: end if 
21: end while 

The process diagram of the presented BAS algorithm for motion planning of 
redundant manipulator with the time-varying joint status limit is shown in Fig. 1. 
Theorem 1 in [25] has proved the convergence of the primary BAS. In Theorem 1, 
the proper step length can make sure of the asymptotic convergence of the BAS. On 
the other hand, the redundant resolution of the industrial manipulator in this work 
can also extend the evidence of its convergence in [25]. 

4 Experiment Results 

With the given trajectory, the redundant manipulator tracks the next desired point in 
0.2 s time interval Tinr  in the experiment, and the entire track exercise time is 40 s.



124 J. Cui and Z. Li

The presented algorithm is built and run in MATLAB (R2017a) on a laptop with the 
CPU is Intel i5-8400. And, the experiment platform is chosen in CoppeliaSim/V-REP 
with the robot model of the IIWA Kuka manipulator. The simulation is performed 
synchronously between MATLAB and CoppeliaSim by communication. 

4.1 Implementation on Kuka Industrial Manipulator 

The IIWA Kuka manipulator is tested by tracking some regular trajectories, which 
can be a circle and a figure-eight curve to verify and appraise the performance of 
the presented BAS algorithm in the application of motion planning of redundant 
manipulator. The trajectories and time equation of the circle path and figure-eight 
curve are 

xd,c(t) = x0 + cos( 
2π t 
T 

)Ax + sin( 
2π t 

T 
)Ay (16) 

xd, f (t) = x0 + cos( 
2π t 

T 
)Ax + sin( 

4π t 

T 
)Ay (17) 

where x0 ∈ R3 denotes the center of the circle and the figure-eight curve. Ax ∈ R3 and 
Ay ∈ R3 denote the parameter matrices projecting the shape in different directions 
with different length. 

The center of the circle and the figure-eight curve is set as x0 = [0.3 0.3 0.9]T 
in the base frame. The parameter matrices are set as Ax = [0.2 0 0]T and 
Ay = [0 0.2 0]T . The actual joint angle limit is −π 

2 < θi (t) <  π 
2 . The joint time-

varying velocity boundaries are set as θ̇ min = −1 − 0.1 sin(t) rad/s and θ̇ max = 
1 + 0.1 sin(t) rad/s. And, the beetle exploration parameters are set as n = 25, 
kλ = 2 and kγ = 20. The Kuka manipulator is set with the initial joint position 
as θ (0) = [π 

8 
π 
6 0 − π 

3 0 − π 
8 − π 

6 ]T , then to employ motion planning with the 
BAS iteration. 

4.1.1 Circle Tracking 

In the case of tracking a schemed circle, the comprehensive simulation performance 
is presented in Fig. 2. It can be seen that the end-effector trajectory is approximately 
coincident compared with the schemed circle, and the transition between limb tra-
jectories is even. The joints’ angles are all within boundaries and appear to be mostly 
smooth. The position error of the end-effector shrinks quickly, although the initial 
position is not on the start point. Due to the large gap between the initial point and the 
desired point, the joint velocity shows oscillating between the limit bounds. And, the 
strategy drives the manipulator with joint velocity approaching the limit only in the



Beetle Antennae Search Algorithm for the Motion Planning … 125

Fig. 2 The synthesized 
results of tracking a circle of 
the Kuka manipulator Under 
the constraints of angle and 
velocity by the BAS 
algorithm. a The trajectory 
of limbs and end-effector. b 
Tracking error of the  
end-effector. c Resolved 
joint angle. d Resolved joint 
velocity
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Fig. 3 The simulating snapshots of the IIWA Kuka manipulator for drawing a circle through the 
presented method 

beginning, then it turns to mitigate since the tracking is ensured. The performance 
presented by the presented method shows the good motion planning ability of the 
redundant manipulator. 

Moreover, the test is also be taken in the CoppeliaSim/V-REP platform for verifi-
cation in a simulated physical environment. The snapshots of the operating process 
of the Kuka manipulator for tracking a circle are shown in Fig. 3. The irregular tra-
jectory in the scene frame is because the circular trajectory is directly tracked at the 
beginning, and there is a gap between the actual start point and the circle. From the 
nearly complete arc trajectory, it confirmed that the presented BAS algorithm works 
expectantly. 

4.1.2 Figure-Eight Curve Tracking 

The experiment is also taken to track a figure-eight curve with the same beetle 
exploration parameters to illustrate that the circle curve tracking is not a special 
redundancy resolution case. The corresponding results are shown in Fig. 4. 

The performance is approximate with the same features, such as the position 
error is fast convergent, joint angle and joint velocity are all in bonds, and joint 
velocity is stable after the initial short duration. The snapshots of this experiment
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Fig. 4 The synthesized 
results of tracking a 
figure-eight curve of the 
Kuka manipulator Under the 
constraints of angle and 
velocity by the BAS 
algorithm. a Trajectory of 
limbs and end-effector. b 
Tracking error of the  
end-effector. c Resolved 
joint angle. d Resolved joint 
velocity



128 J. Cui and Z. Li

Fig. 5 The simulating snapshots of the IIWA Kuka manipulator for drawing a figure-eight curve 
through the BAS algorithm 

in the CoppeliaSim platform are presented in Fig. 5. It also can be seen that the 
presented method reforms the trajectory of the end-effector to be similar sufficient 
to expectations. 

4.2 Evaluation of Different Exploration Parameters 

The BAS algorithm has several regulator parameters that may affect the exploration 
of the beetle. In this application, the main factors are the iteration index n and 
convergence step length kλ and kγ . The influence characteristics of each parameter 
will be considered and discussed separately. 

4.2.1 Exploration Times n 

The exploration times describe how long the journey is that the beetle will search in 
the joint space. The longer journey means more computation costs that will cause 
the execution time of the resolution loop longer. Of course, for the presented BAS 
application, the one search journey can be finished when the conditions are met, 
which is that the renewed fitness function value is less than the last search and within 
the error scope. The remaining parameters are set to be feasible and constant for
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Fig. 6 The convergence results of tracking a circle with different explorations parameter n com-
pared in position error of end-effector and joint velocity. a The performance with n = 1. b The 
performance with n = 50. c The performance with n = 200 

the comparison of different exploration times. Considering the ability to converge 
and time-varying velocity constraints, the outcomes are shown in Fig. 6 with n = 1, 
n = 50, and n = 200. The whole duration of motion planning of different parameters 
are recorded as presented in Table 1 to evaluate the time costs of probable journeys. 

It can be seen that the convergence of position error becomes faster comparing the 
case of n = 1 and n = 50, and is not obvious for n = 50 and n = 200. It is easy to 
imagine that the resolution will be more precise with the increase of search journey, 
but probably not be suitable for a particularly long journey. The beetle may hover 
around an excellent point, and the motion range is dependent on kλ and kγ . On the  
other hand, the duration of large oscillations of the joint velocity is reduced with the
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Table 1 The BAS algorithm running time of different exploration parameters n with conditions of 
kλ = 2 and kγ = 20 
n Bout 1 (s) Bout 2 (s) Bout 3 (s) Bout 4 (s) Bout 5 (s) Average (s) 

1 0.63 0.77 0.92 1.11 0.73 0.83 

50 1.16 1.16 1.05 1.21 1.05 1.13 

200 3.18 3.20 3.24 3.07 3.12 3.16 

increased n. According to Table 1, the entire time spent will increase as the journey 
increases, which will take up more computing resources. Finally, the configuration 
of n should be considered the accuracy condition and cost of time and calculation. 

4.2.2 Tuning Parameters kλ 

The coefficient parameter kλ of the exploration distance expounds the strength of 
exploration. The effects of position error and joint velocity of different kλ are simu-
lated as shown in Fig. 7. And, the corresponding time cost of the whole duration of 
different kλ is evaluated multiple times, and results are given in Table 2. 

In the case of the selected other parameters unchanged, the total duration time is 
reduced obviously with a proper increase of kλ. When the kλ is too large, the whole 
time cost seems to be higher. Since the search step size is too long, fast convergence 
may not be guaranteed. However, the joint velocity shows more periodic oscillation 
that may make the manipulator tremble. And, the convergence of position error seems 
to be longer. Integrate the experimental results, the deployment of kλ requires the 
thoughtful consideration of the actual situation to make sure the fast convergence. 

4.2.3 Tuning Parameters kγ 

The coefficient parameter kγ directly affects the distance of beetle moving in one 
exploration step. Similar to kλ, the evaluation is likewise taken with there cases of 
kγ are shown in Fig. 8 and Table 3. 

It is straightforward to obtain that the larger kγ will result in faster operation 
of the entire duration. And the joint velocity shows more extreme values of shock 
in the beginning and holds a long time compared to the smaller kγ . Of course, the 
configuration of kγ also needs to be in the appropriate range, and it depends on the 
specific problem and the configuration of other parameters.
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Fig. 7 The convergence results of tracking a circle with different explorations parameter kλ com-
pared in position error of end-effector and joint velocity. a The performance with kλ = 0.5. b The 
performance with kλ = 8. c The performance with kλ = 16 

Table 2 The BAS algorithm running time of different exploration parameters kλ with conditions 
of n = 50 and kγ = 5 
kλ Bout 1 (s) Bout 2 (s) Bout 3 (s) Bout 4 (s) Bout 5 (s) Average (s) 

0.5 5.39 4.42 4.57 6.60 4.24 5.04 

8 1.12 0.97 1.03 0.93 1.04 1.02 

16 2.32 2.70 2.18 2.40 2.29 2.38
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Fig. 8 The convergence results of tracking a circle with different explorations parameter kγ com-
pared in position error of end-effector and joint velocity. a The performance with kγ = 0.5. b The 
performance with kγ = 8. c The performance with kγ = 16 

5 Conclusion 

The BAS algorithm is inspired by the biological strategy of beetle that can be 
employed in the optimized problem, which can be very tricky for some general 
methods. In the case of motion planning of redundant manipulator, the BAS algo-
rithm shows the excellent performance of redundant resolution with time-varying 
joint velocity constraints. And, the presented method barely requires the forward 
kinematics to build a fitness function that decides the moving direction. The simula-
tions on Kuka industrial manipulator for tracking two regular geometric trajectories
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Table 3 The BAS algorithm running time of different exploration parameters kγ with conditions 
of n = 50 and kλ = 2 
kγ Bout 1 (s) Bout 2 (s) Bout 3 (s) Bout 4 (s) Bout 5 (s) Average (s) 

0.5 8.21 8.75 7.55 7.16 8.47 8.03 

8 1.66 1.49 1.69 1.73 1.64 1.64 

16 1.39 1.32 1.14 1.24 1.17 1.25 

have demonstrated the efficiency of the presented method for motion planning of 
redundant manipulator, and reveal the reliable performance of the presented method. 
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Solving Optimal Power Flow 
with Considering Placement of TCSC 
and FACTS Cost Using Cuckoo Search 
Algorithm 
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and Abdelkader Si Tayeb 

Abstract The main objective of an optimal power flow techniques is to obtain a 
steady-state operating point that minimizes the total cost of production, losses, and 
maintains the power system in an acceptable performance in terms of physical limits 
of electrical network equipment, such as generators, transmission lines, transformers 
and compensator shunt. The contribution of this paper is to present an efficient and 
reliable nature-inspired Cuckoo Search (CS) algorithm for nonlinear constrained 
optimization to solve the optimal power flow (OPF) problems with the installation 
of the FACTS devices, considering TCSC cost. Installation of FACTS devices in 
power systems, increases the power transfer capability, guarantees transient stability, 
reduces transmission losses, and minimizes the fuel cost of generation. Our method 
employs a cuckoo search algorithm to find the optimal set of control variables. To 
prove the effectiveness and the robustness of the proposed approach, CSA is applied 
on the standard IEEE 9-bus test system for minimizing fuel cot including TCSC cost, 
with consideration of optimal location and sizing of TCSC devices. 
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1 Introduction 

The FACTS technology represents a new potential to control power and improve 
the usable capacity in the present, as well as new and upgraded lines. The FACTS 
devices can increase power flow in lines closer to their thermal rating [1]. Within the 
basic system security guidelines, the FACTS devices enable the transmission lines 
to obtain one or more benefits [2]. 

Optimal power flow (OPF), with the integration of the FACTS devices, is a non-
linear complex optimization problem, where the steady-state parameters of an elec-
trical network need to be determined for its economical and efficient operation. The 
complexity of the problem increases with the pervasive presence of the constraints. 
Solving OPF remains a popular but difficult task among electrical systems researchers 
[3]. 

Different sorts of constraints or multiobjective are regrouped in OPF problems 
[4]. OPF solutions include both traditional methodologies and artificial intelligence-
based methods [5]. Traditional methods are known as deterministic or classical opti-
mization methods, which are based on mathematical programming approaches and 
are used to solve different sizes of OPF problems. To meet the requirements of 
different objective functions and types of constraints, various popular deterministic 
techniques are used in the literature, such as Linear Programming, Gradient methods, 
Quadratic Programming [6], Newton Raphson, Nonlinear Programming, and Interior 
Point [7]. 

Several attempts to address the constraints of the mathematical programming 
methodologies, such as intelligent or meta-heuristic optimization methods [4], have 
recently been examined. The intelligent methods mainly include Genetic algorithm 
[8], Particle Swarm Optimization [9], Search Group Algorithm [10], Ray Optimiza-
tion [11], Big Bang-Big Crunch Algorithm[12], Mine Blast [13], Imperialist Compet-
itive Algorithm [12], Firefly algorithm [14], Dolphin Echolocation [15], Bat-Inspired 
[16], Teaching–Learning-Based Optimization [17]. 

In this work, a new meta-heuristic search algorithm inspired by nature, named 
Cuckoo Search (CS), is proposed to solve specifically the optimal power flow and the 
security constraints optimal power flow problem with the incorporation of FACTS 
devices. 

2 Problem Formulation 

2.1 Economic Load Dispatch 

The cost of a thermal generator unit is generally a quadratic function in a traditional 
economic dispatch, and the dispatch center aimed to minimize the total costs of all 
generation units [18].
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Min C
(
Pgi

) = 
Ng∑

i=1

(
ai P

2 
gi + bi Pgi + ci

)
(1)

where, C(Pgi) is the total costs ($/h) of ith generator with output Pgi, Ng is the number 
of generating units. ai, bi and ci are the coefficients cost of ith generator. 

Equation (1) subject to: 
Inequality constraints: Generation power should be within the minimum and the 

maximum output. 

Pmin 
gi ≤ Pgi ≤ Pmax 

gi (2)

Equality constraints: The total generation should be sufficient to fulfill the total 
demand PD and power losses PL. The transmission losses are assumed zero or 
constant (independent of the unit outputs) [19]: 

Ng∑

i=1 

Pgi = PD + PL (3)

2.2 Optimal Power Flow Dispatch 

The OPF problem can be expressed mathematically as follow: 

Min f (x, u) (4)

S . t :
{

g(x, u) = 0 
h(x, u) ≤ 0 

(5)

where: 

f (x, u) is the objective function. 

g(x, u) consists of the equality constraint of the system and is always active during 
the optimization process of the power flow equations, as shown below [20, 21]: 

Pgi − Pdl − 
N∑

j=1 

Vi Vj Yi j  cos (δi − δ j − δi − θi j  ) = 0 (6)

Qgi − Qdl − 
N∑

j=1 

Vi Vj Yi j  sin (δi − δ j − δi − θi j  ) = 0 (7)
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h(x, u) consists of the inequality constraints, such as the thermal limit of the lines, 
active and reactive power generation [22, 23]. 

x is the vector of state variables presented by the dependent quantities of the 
control variables. 

x = [δ VL ]
T (8)

u is the vector of control variables presented by the independent quantities of the 
control variables [24]. The set of control variables, also called decision variables, 
which can control the power flow in the power system, is represented by the following 
vector: 

u = [
Pgi Vgi Pl QF ACT S  . . .

]T 
(9)

For optimal active power dispatch, the objective function is total generation cost 
as expressed as follows: 

Minimize 
Ng∑

i=1

(
ai + bi Pgi + ci P2 

gi

)
(10)

2.3 Optimal Power Flow with FACTS Devices Cost (TCSC) 

Optimal Power Flow (OPF) is a very important tool in planning and controlling 
modern power systems operations. In an OPF, the values of some or all of the 
control variables must be determined in order to optimize (minimize or maximize) a 
preset objective [25]. Flexible Alternative Current Transmission System controllers 
(FACTS), may modify network parameters quickly and efficiently to improve system 
performance [26]. These devices are utilized to enhance the dynamic performance 
of power systems stability, while also increasing power transfer capability and 
steady-state voltage profile [27]. 

The mathematical models of the FACTS devices are developed mainly to perform 
steady-state research. Therefore, the Thyristor Controlled Series Compensator 
(TCSC) is modeled to modify the transmission’s reactance directly [28]. 

The TCSC device consists of three main components: Capacitor bank, bypass 
inductor, and bidirectional Thyristor SCR1 and SCR2 as shown in Fig. 1 [29]. 

The function of the TCSC is to alter the value of the transmission line reactance 
by adding either a capacitive or inductive component to the main transmission line 
reactance as shown in Fig. 2 [30]. 

The reactance of the line where TCSC is placed is given by:
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Fig. 1 Circuit diagram of TCSC 

Fig. 2 Effect of TCSC on transmission line reactance 

Xmk = X L + XT C SC  (11)

where: XL is the reactance of the transmission line and XTCSC is the reactance 
of TCSC. To evade overcompensation, the operating limits of TCSC (XTCSC) are  
selected between –0.7. XL and 0.2. XL [31]. 

After installing TCSC on the line between bus m and bus k of a general power 

system, the new system admittance matrix 
−→
Y

'
bus can be computed as [32]:

→Y '
bus = →ymk + 

⎡ 

⎢⎢⎢⎢⎢ 
⎢⎢⎢⎢ 
⎣ 

0 0 0  . . .  0 0 0  
0 △→ymk 0 . . .  0 −△→ymk 0 
0 0 0  . . .  0 0 0  
. . . . . . . . .  .  . .  . . . .  . . . . .  
0 0 0  . . .  0 0 0  
0 −△→ymk 0 . . .  0 △→ymk 0 
0 0 0  . . .  0 0 0  

⎤ 

⎥⎥⎥⎥⎥ 
⎥⎥⎥⎥ 
⎦ 

(12)

−→y mk : Admittance matrix without presence of TCSC. 
For the reason that Ybus has to be update for each of the different locations and 

the amount of compensation of TCSC, Eq. (12) is applied at each iteration (Fig. 3).
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Operating Rang of TCSC in MVAr (Siemens Database). 

Fig. 3 Variation of the investment costs for TCSC in terms of operating rang 

The cost function CT C SC  in ($/KVar) displays the installation cost of the TCSC 
device in the network, which is calculated by the following equation: 

CT C SC  = 153.75 − 0.7130 ST C SC  + 0.0015 S2 
T C SC  (13)

where: ST C SC  is the operating range of the TCSC device in Mvar. 
The total cost of generation including the cost of FACTS controllers, can be 

formulated as follows [33]: 

Min CT otal  = C1
(
Pgi

) + C2( f ) (14)

S. t

{
E1( f, g) = 0 
B1( f ) > 0 , B2(g) > 0 (15)

where: 
C1: Total generation costs given in Eq. (8). 
C2: Average investment costs of FACTS devices given in Eq. (13). 
CTotal: Overall cost of objective function. 
E1: Equality constraints with respect to active and reactive power flow. 
B1, B2: Inequality constrains for FACTS devices and power flow. 
f, Pgi: are the variables of FACTS devices and real power generated. 
The generation cost and the investment costs of FACTS devices are given in 

(US$/h) and (US$), respectively. They must be unified into US$/h [4, 34]. In this 
paper, three years are applied to evaluate the cost function. Therefore, the average 
value of the investment costs is calculated using the following equation:
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C1( f ) = 
C( f ) 

8760 × 3
(
$/h

)
(16)

C(f): is the total investment costs of FACTS devices. 

3 Cuckoo-Inspired Metaheuristics 

The Cuckoo Search Algorithm (CSA) is one of the most popular metaheuristic algo-
rithms inspired by nature, developed in 2009 by Yang and Deb [35, 36]. The research 
of Cuckoo is based on the parasitism of the nests of certain species of Cuckoo. Further-
more, the proposed algorithm is reinforced by so-called Levy flights, rather than by 
simple isotropic random steps. 

In 2011, Rajabioun proposed a Cuckoo metaheuristic optimization method based 
on a population of solutions (CSA). The pioneer of the Cuckoo optimization tech-
nique drew on the behavior of Cuckoos in their life, reproduction, and development 
to propose a new evolutionary metaheuristic [37]. 

The original version of the CSA is based on the Lévy flight mechanism. Indeed, 
it operates in continuous research spaces and allows real-type solutions to be found. 
However, binary optimization problems require binary-type solutions. To extend the 
CSA to binary spaces, in 2012, Gherboudj, proposed a binary version, which she 
named BCS “Binary Cuckoo Search” [37]. 

In 2014, Ouaarab, proposed a new version of CS, named “Improved Cuckoo 
Search” or improved CS, the Cuckoo as the first level of intensification and diver-
sification control, and since this Cuckoo is an individual of a population, then, this 
population is qualified to be the second level of control. The idea of the enhancement 
is to reorganize the population by incorporating a new type of Cuckoo that is smarter 
and more efficient in its search, compared to other Cuckoos. [38]. 

The process of adapting metaheuristics initially developed to solve continuous 
optimization problems to combinatorial optimization problems is generally difficult. 
A. Ouaarab, tried to adapt CSA to a combinatorial optimization problem. The result 
is a discrete version of CS called “Discrete Cuckoo Search (DCS)” [38]. 

Figure 4 represents a summary of the different methods inspired by Cuckoo that 
are: 

3.1 Cuckoo Search Algorithm (CSA) 

The CSA is a famous and recent, nature-inspired approach for solving nonlinear 
optimization problems. Previous research published in the literature, shows that the 
cuckoo algorithm, is very promising and may overtake existing algorithms such as 
genetic algorithms, PSO and neural networks.
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Fig. 4 Cuckoo-inspired metaheuristics methods 

The proposed algorithm is based on the aggressive reproduction strategy of certain 
species of Cuckoo birds in combination with the random Lévy flight process, which 
is inspired, by the flight system of fruit flies [35]. 

Lévy flight 

The French mathematician Paul Pierre Lévy, one of the founders of modern prob-
ability theory, proposed the Lévy flight. Since its creation, the flight of Lévy has 
given theoretical interpretations to several physical, chemical, biological and natural 
phenomena. Lévy’s flight makes it possible to model random walks made up of a 
large number of steps where the transitions are based on probabilities. 

In mathematical terminology, Lévy’s flight (Fig. 5) is a random walk in which 
the distance between the steps has a probability distribution with a heavy tail: whose 
tails are not bounded exponentially [36]. 

Where: 
Random walk: a mathematical formalization of a trajectory composed of a set of 

random steps. 
Probability distribution: a function that represents the probability of a random 

number to take a given value. 

Fig. 5 Levy flight (a), simple random walk (b) and Brownian motion (c)
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The jumps of the random steps of Levy Flight are distributed according to the 
Levy distribution, which consists of a power law with infinite variance and means of 
the type: 

Levy (β) y = x−β (17)

In the case of CSA, the use of Levy flight improve and optimize the search: new 
solutions are generated by a random Levy walk, around the best solution obtained 
so far, which speeds up the overall search [37]. 

When generating new solutions x (t  + 1) for a Cuckoo (solution) i, a Lévy flight 
(Eq. 17) or a random walk (Eq. 18) is performed [38, 39]: 

Xi (t + 1) = xi (t) + α ⊕ Levy (β) (18)

The product ⊕ represents the matrix product. 

α: is the maximum length of the step, which should be related to the scale of the 
search space of the problem. 

3.2 Cuckoo Search (CS) Strategy 

The Cuckoo search algorithm is summarized around the following ideal rules [37]: 

• Each Cuckoo egg in a nest represents a solution. 
• Each Cuckoo bird will lay only one egg at a time and will choose its nest randomly. 

Therefore, each individual of the Cuckoo population has the right to randomly 
generate a single new solution. 

• The best quality egg nests will lead us to the new generations. Here, we have 
implicitly introduced the notion of intensification or research around the best 
solutions. 

• Some new solutions must be generated by the Levy flights around the best solution 
obtained so far. This will speed up local searches. 

• The number of host nests is fixed, and the egg laid by the bird is discovered by the 
host with a probability Pa ∈ [0, 1]. In this case, the host bird chooses to get rid of 
the egg, or abandon the nest and rebuild another nest somewhere. For simplicity, 
this last assumption will be approximated by the fraction pa of the nests n, which 
are replaced by new ones (new random solutions). 

• A significant fraction of the new solutions must be generated by randomization 
to distant regions and whose locations must be far enough from the best current 
solution, which will ensure that the system will not be trapped in a local optimum. 

• Each nest can contain several eggs meaning a set of solutions. 

The steps of the CSA are as follows [40, 41]:
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1. Select values for CSA parameters, which are the number of nests (eggs) (n), the 
step size parameter (β), discovering probability (pa), and the maximum number 
of iterations for termination of the cycles. 

2. Generate initial population of n host nests {xi}, (i = 1, 2… n) randomly each of 
which represents a candidate solution to the optimization problem with objective 
function of f(x) and decision variables {xi} = {x1, x2… xm}T . 

3. Get a cuckoo randomly by Levy flights using xv+1 
i = x 

v 
i + β × λ and evaluate 

its fitness Fi . Here  λ is a random walk based on Levy flights, which is calculated 
from Eqs. (18) to (19). 

4. Choose randomly a nest among n (say j) and evaluate its fitness Fj. 
If Fj < Fi , replace j by the new solution. 

5. Abandon a fraction of the worst nests and build new ones. This is carried out, 
depending on pa probability parameter. First, find out whether each nest keeps 
its current position (Eq. 20). R matrix stores 0 and 1 values such that any one of 
them is assigned to each component of the ith nest, in which 0 means that the 
current position is kept and 1 implies that the current position is to be updated: 

Ri ←
{
1 i f  rand  < Pa 

0 i f  rand  ≥ Pa 
(19)

New nests are conducted by means of Eq. (20): 

xt+1 
i = xt 

i + r × Ri × ( perm 1i − perm 2i ) (20)

where: r is a random number between 0 and 1. Perm1 and Perm2 are two row 
permutations of the corresponding nest. R defines the probability matrix. 

6. Rank solutions and find the current best one. 
7. Repeat steps 3–6 until termination criterion is satisfied which is usually taken 

as the maximum number of iterations. 

Based on the rules cited above, the basic steps of the Cuckoo search algorithm 
can be summarized in the flowchart [42, 43]. 

4 Simulation Results and Discussion 

The economic power dispatch problem with and without TCSC device is applied to 
the standard IEEE 9-bus 3-generators (Fig. 7) [44] using CSA. This approach has 
been executed in MATLAB 2017 under windows 8.1 on Intel Core(TM) i5-3110 
CPU 2.40 GHz, with 4 GB RAM. To demonstrate the effectiveness of the CSA in 
solving OPF problem, two cases, are discussed (Fig. 6): 

Case I: Optimal Power Flow without TCSC. 
Case II: Optimal Power Flow with TCSC.
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Return the best solution 

Yes 

Initialize a population of n nests 

Create a chick for each cuckoo 

Evaluate the qualities of cuckoos and chicks 

Replace the cuckoo with its chick if it is of better quality 

Find the best cuckoo in the population 

Modify the new cuckoos 

Evaluate their qualities 

Select the cuckoos of the new generation 

Find the best nest 

Stop condition?No 

Fig. 6 Cuckoo search optimization algorithm flowchart 

4.1 Case I: OPF Without the Installation of TCSC 

In this case, the parameters of CS-OPF are: nest set to 30, the maximum number of 
iteration is 100, and discovery rate of alien eggs or fraction probability, Pa equals 
0.25. 

The optimal power flow program (with variable losses) is based on the Newton– 
Raphson method, to determine the voltages at the different buses, the powers gener-
ated, and the transmission losses. The load demand of the standard IEEE 9-bus test 
system is 315 MW. The obtained results using CSA are given in Tables 1 and 2. 
These results are compared with those obtained by GA in [45] and MATPOWER 
software in [46].
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Fig. 7 IEEE 9-bus test 
power system 

Table 1 Optimal power flow with variable transmission losses 

Bus V Angle Injection Generation load 

No p.u Deg MW MVAr MW MVAr MW MVAr 

1 1.04 0.00 86.57 39.64 86.60 39.64 0.00 0.00 

2 1 6.85 138.64 −0.25 138.64 −0.25 0.00 0.00 

3 1 4.41 93.72 −14.78 93.72 −3.88 0.00 10.9 

4 1.0192 −2.70 0.00 0.00 0.00 0.00 0.00 0.00 

5 0.9841 −5.05 −125 −50 0.00 0.00 125 50 

6 1.0001 −4.33 −90 −30 0.00 0.00 90 30 

7 1.0039 1.89 0.00 0.00 0.00 0.00 0 0.00 

8 0.9933 −0.71 −100 −35 0.00 0.00 100 35 

9 1.0102 1.29 0.00 0.00 0.00 0.00 0.00 0.00 

Total − − 4.18 −90.40 318.96 35.50 315 125.9 

Table 2 The optimal values Control 
variable 

CS-OPF MATPOWER 
[45] 

GA-OPF [46] 

Pg1 (MW) 86.60 89.91 74.87 

Pg2 (MW) 138.64 134.36 161.50 

Pg3 (MW) 93.72 94.25 83.79 

Total PG 
(MW) 

318.96 318.51 320.16 

Power losses 
(MW) 

4.18 3.515 5.19 

Cost ($/h) 5101.59 5301.77 5430.58
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The optimal values of the powers generated, the power losses, and the fuel cost are 
depicted in Table 2. The comparison of our results with those obtained using other 
methods, proves that the proposed algorithm give a better fuel cost, is reduced by 
3.77% and 6.06% than others given in Matpower [45] and GA-OPF [46], respectively. 
While the minimum power losses were obtained by using Matpower (3.515 MW). 

Figures 8 and 9 illustrate the variations of the cost of production and the power 
output of all generators, respectively. 

Figure 8 shows the variation of the total cost obtained by the CS- OPF. From this 
figure, it is clear that CSA converges to the global solution of 5194.92 ($/hr) in 65 
iterations. It is obvious from Table 2 and Fig. 9; the optimum generation powers are 
within the security limits of each generator. 

The values of the power flows of IEEE 9-bus system without installing TCSC 
device are depicted in Table 3. 
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Fig. 8 Fuel cost convergence behavior of case I 
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Fig. 9 Best generation schedule of IEEE 9-bus system using CSA (case I)
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Table 3 Power flow through transmission lines without TCSC (case I) 

From bus To bus P (MW) Q (MVAr) Line capacity 

Sline Smax Overload % 

4 5 90.815 69.741 114.5040 250 45.8016 

4 6 17.054 14.782 22.5687 300 7.5229 

5 7 −110.5 −0.436 110.4999 150 73.6666 

6 9 −73.032 9.222 73.6119 250 29.4448 

7 8 58.361 5.059 58.5799 250 23.4319 

8 9 −41.936 −15.178 44.5982 250 17.8393 

According to Table 3, to define the most critical line power flow capability, we 
can substantiate that the optimal placement for installing the TCSC is the line with 
important overload. The line 5–7 is therefore the best placement to install the TCSC. 

4.2 Case II: OPF with the Presence of TCSC 

In this application, we are interested in the resolve the optimal power flow with the 
integration of a TCSC device in the network. In order, to improve the feasibility of 
the Cuckoo search method, it is applied to solve OPF-CS with TCSC of the same test 
system used in case I. We are increasing the power demand from 315 to 390 MW. The 
input parameters of CSA are: nest set to 30, fraction probability Pa equals 0.25, and 
the maximum number of iteration is 500. The parameters of the TCSC are grouped 
in Table 4. 

An optimal power flow program based on the Newton Raphson method allowed 
us to determine the voltages at the different buses, the powers generation, and the 
transmission losses. 

The OPF is solved by considering the TCSC cost to determine the size of the TCSC 
devices and its effect on the fuel cost, the voltage profile, the transmission loss and 
the transfer power of the lines. In this case, the TCSC investment cost is added to the 
multi-objective function of the problem. The optimal location of the TCSC devices 
is performed by running the CS-OPF determining the priority list for locating TCSC 
devices. Therefore, four locations for TCSC are studied; the installation of the TCSC 
on lines 5–7, 6–9, 4–6, 4–5 and 7–8 and without TCSC. The control variables of the 
OPF problem are illustrated in Table 5. 

Table 4 TCSC parameters (limits values & coefficients cost) 

XLmin XLmax c ($) b ($/kVar) a ($/kVar2) 

+0.2 × XL −0.7 × XL 127.38 −0.7130 0.0015
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Table 5 Solutions of optimal control variables obtained for different placement of TCSC 

Variables 
control 

TCSC 
Lines 6–9 

TCSC 
Lines 7–8 

TCSC 
Lines 5–7 

TCSC 
Lines 8–9 

TCSC 
Lines 4–6 

TCSC 
Lines 4–5 

Without 
TCSC 

Pg1 (MW) 98.74 97.41 109.26 115.85 100.29 98.35 107.68 

Pg2 (MW) 185.89 177.74 169.06 162.18 152.59 181.55 173.34 

Pg3 (MW) 114.29 122.69 120.08 120.24 145.42 118.06 117.40 

Total PG 
(MW) 

398.92 397.85 398.41 398.27 398.29 397.95 398.43 

Losses 
(MW) 

8.86 8.49 8.41 8.55 8.65 8.69 8.62 

V1 1.0400 1.0400 1.0400 1.0400 1.0400 1.0400 1.0400 

V2 1.0100 1.0100 1.0000 1.0000 1.0000 1.0000 1.0000 

V3 1.0100 1.0100 1.0000 1.0000 1.0000 1.0000 1.0000 

V4 1.0055 1.0057 1.006 1.0105 1.0078 1.0081 0.9990 

V5 0.9500 0.9500 0.957 0.9634 0.9616 0.9605 0.9330 

V6 0.9898 0.9903 0.986 0.9915 0.9988 0.9987 0.9830 

V7 1.0026 1.0025 0.995 0.9998 0.9979 0.9972 0.9900 

V8 0.9952 0.9962 0.986 0.9937 0.9891 0.9887 0.9830 

V9 1.0166 1.01494 1.006 1.0061 1.0089 1.0088 1.0040 

Fuel cost 
($/h) 

7320.44 7285.75 7284.59 7294.48 7421.49 7285.84 7382.33 

TCSC cost 
($/KVAr) 

406.56 391.04 363.13 370.89 393.16 394.00 − 

For the TCSC installed between the lines 5–7: the fuel cost, the transmission 
loss, the optimum values of powers generation and the locations of the TCSC are 
illustrated by Figs. 10, 11, 12 and 13, respectively. 
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Fig. 10 Fuel cost convergence behavior using CSA (case II)
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Fig. 11 Best generation schedule of IEEE 9-bus system using CSA (case II) 
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Fig. 12 Convergence property of power losses for IEEE 9-bus system using CSA 
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Table 6 Power flow through transmission lines with TCSC (case II) 

From bus To bus P (MW) Q (MVAr) Line capacity 

Sline Smax Overload % 

4 5 107.675 50.654 118.9947 250 47.5979 

4 6 1.589 21.677 21.7352 300 7.2451 

5 7 −93.723 10.833 94.3470 150 62.8980 

6 9 −88.491 16.346 89.9880 250 35.9952 

7 8 72.231 5.749 72.4594 250 28.9838 

8 9 −28.22 −15.667 32.2773 250 12.9109 

From the results given in Table 5, we determine that the optimal location of TCSC 
is between the line 5–7 reduce the fuel cost, the installation cost of TCSC devices, the 
transmission active losses and improve the bus voltage compared with the location 
of the TCSC in the lines 6–9, 7–8, 8–9, 4–6, 4–5 and without the TCSC. 

The total cost found by our algorithm when the TCSC is installed in the line 5–7 
is equal to 7284.60 $/h. It is smaller compared to the TCSC are installed in the lines 
6–9, 7–8, 8–9, 4–6 and 4–5. They are estimated at 7320.44 $/h, 7285.75 $/h, 7294.48 
$/hr, 7421.49 $/hr and 7285.84 $/hr respectively. The cost of TCSC installed in line 
5–7 which equals 363.13 $/ KVAr is less than in the lines 6–9, 7–8, 8–9, 4–6 and 
4–5. 

The investissement costs are estimated at 406.56 $/KVar and 391.04$/KVar, 
370.89 $/KVar, 393.16 $/KVar and 394.00 $/KVar respectively. 

The active power loss reduces to the 8.41 MW compared to the installation of 
TCSC in the lines 6–9, 7–8, 8–9, 4–6, and line 4–5 (8.86 MW, 8.49 MW, 8.55 MW, 
8.65 MW and 8.69 MW), respectively. They are minimized by 0.45 MW, 0.08 MW, 
0.14 MW, 0.24 MW and 0.28 MW respectively. 

The power flow through transmission lines with installation of TCSC in line 5–7, 
are summarized in Table 6. 

The results confirm that the series compensator TCSC is an efficient transfer 
power controller. We note that the overload of powers in line 5–7 are reduced and in 
the majority of the lines of the network has been made by comparing it to the transfer 
power capacity without TCSC. 

Figure 13 shows the effect of optimal location of the TCSC device on the total 
optimal cost. 

5 Conclusion 

In this work, a Cuckoo search algorithm (CSA) was presented to solve the problems 
of optimal power flow in power systems with the investment costs of TCSC devices 
(Thyristor Controlled Series Capacitor). One of the main challenges of optimal power 
flow is congestion or overloading in the power system; TCSC devices can control the
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active power transit in the networks. In general, the cost function of production units 
is non-convex. The cost function of the TCSC device presents the cost of installing 
the TCSCs modeled and imposed in the form of multi-objective problems. CSA is an 
effective tool for solving complex optimization problems. The effectiveness of the 
CS algorithm has been verified by computer experiments. Two typical OPF problems 
with TCSC effects were considered and the performances of different locations were 
compared. The numerical results from the superiority and the feasibility of the CSA 
compared to the other methods. The cuckoo search algorithm has been applied to 
determine the optimal location of TCSC devices, which can reduce power loss, 
improve voltage of power systems, improve power transfer and solve the overload 
of the line. We also conclude that with the complexity of the problems related to 
electrical networks by modifying their topologies by the insertion of TCSC devices, 
the Cuckoo search algorithm presents a better solution for optimal power flow. 

Appendix 1: List of Abbreviations and Acronyms 

CSA Cuckoo search algorithm 

FACTS Flexible alternative current transmission system 

GA Genetic algorithm 

OPF Optimal power flow 

TCSC Thyristor controlled series compensator 

Total PG Total power generation 

Appendix 2: List of Mathematical Symbols 

Parameters: 

ai, bi, ci Cost coefficients of ith generator 

C1 Total generation costs 

C2 Average investment costs of FACTS devices 

Ng Number of generators in the network 

N Total number of buses in power system 

Pmin 
gi , Pmax 

gi Minimum/maximum limits of ith generator power, respectively 

Pgi Generator power output 

PD Power demand of the system 

PL Transmission power losses

(continued)



Solving Optimal Power Flow with Considering … 153

(continued)

Perm1 and Perm2 Two row permutations of the corresponding nest 

r Random number varies between 0 and 1 

R The probability matrix 

STCSC Operating range of the TCSC device in MVar 

XL Reactance of the line 

XTCSC Reactance of the TCSC 
−→y mk Admittance matrix without presence of TCSC 

−→
Y

'
bus New system admittance matrix after installing TCSC 

δ Angle voltage 

Variables 

B1, B2 Inequality constrains for FACTS devices and power flow 

C(Pgi) Total fuel cost ($/h) 

C(f) Total investment costs of FACTS devices 

E1 Equality constraints with respect to active and reactive power flow 

f(x, u) Objective function 

g(x, u), h(x, u) Equality and Inequality constraints, respectively 

u Control or decision variables of power system 

x State variables of power system 
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Parameter Estimation of Per-Unit 
Photovoltaic Models Using Optimization 
Algorithms: Comparative Study 

H. G. G. Nunes , J. P. A. Portugal, J. A. N. Pombo , S. J. P. S. Mariano  , 
and M. R. A. Calado 

Abstract Environmentally friendly energy production is one of this century’s main 
challenges to achieve energy sustainability. Increasing energy production from 
renewable sources is essential to meet climate goals without slowing down economic 
growth and reducing well-being. Particularly, cost reduction in photovoltaic produc-
tion technologies allows increases in installed capacity, contributing to a less expen-
sive energy transition. Therefore, using tools to continuously monitor and control 
photovoltaic systems is a crucial task of increasing importance. This chapter evalu-
ates the performance of classical and per-unit mathematical models to estimate the 
current–voltage characteristic curve describing the behaviour of photovoltaic cells or 
modules. Concretely, we compare photovoltaic parameter estimation using the classic 
models commonly used in the literature (single-, double- and three-diode models) 
with their per-unit variants. To properly assess the accuracy and reliability of the 
different classical and per-unit models, we developed optimization algorithms that 
use metaheuristic methods combined with the Newton–Raphson method. We used 
data from two case studies, referring to a photovoltaic cell and a photovoltaic module, 
both widely used in the literature. The results revealed that the accuracy, reliability 
and computational cost with both modelling approaches were very similar. Thus,
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the use of per-unit models to solve the photovoltaic parameter estimation problem 
through metaheuristic methods can be a valid alternative to classical models.

Keywords Photovoltaic parameter estimation · Classical models · Per-unit 
models · Metaheuristic methods · Newton–Raphson method 

Nomenclature 

a Agent number 
c1 Cognitive acceleration coefficient 
c2 Social acceleration coefficient 
Cd Random number with a uniform distribution ∈ [0,2] 
CR Constant crossover factor ∈ [0,1] 
d Optimization problem dimension 
djuniorphase Dimension of the junior gaining and sharing phase 
dseniorphase Dimension of the senior gaining and sharing phase 
F Constant mutation factor ∈ [0,2] 
i Output current 
i0, i01, i02 and i03 Diode reverse saturation currents 
iph Photoelectric current 
Î Estimated current [A] 
I Output current [A] 
I0, I01, I02 and I03 Diode reverse saturation currents [μA] 
IH Highest current value [A] 
Iph Photoelectric current [A] 
itermax Maximum number of iterations 
k Boltzmann constant [J/K] 
kf Knowledge factor 
kr Knowledge ratio 
krt Knowledge rate 
L Random number with a Lévy distribution 
ma Mutated agent 
n, n1, n2 and n3 Diode ideality factors 
N Number of experimental I–V data pairs 
Ns Number of cells connected in series 
p Control parameter ∈ [0,1] 
ps Switch probability ∈ [0,1] 
PT Total number of agents in the population 
q Electron charge [C] 
r Resistance 
r1, r2, rw and ε Random numbers with a uniform distribution ∈ [0,1] 
rD Random index ∈ [1,d] 
rp Parallel resistance



Parameter Estimation of Per-Unit Photovoltaic Models … 159

rs Series resistance 
R Resistance [Ω] 
Rp Parallel resistance [Ω] 
Rs Series resistance [Ω] 
S Step amplitude 
t Current iteration 
T Temperature [K] 
ua Cross agent 
v Output voltage 
V Output voltage [V] 
VH Highest voltage value [V] 
Vt Thermal voltage [V] 
x Agent position 
xa1, xa2 and xa3 Mutually exclusive agents randomly selected 
xbest Random best agent 
xgbest Global best solution/position 
xm Random middle agent 
xpbest a Best position found by the agent a so far 
xr Randomly selected agent 
xworst Random worst agent 
xα Alpha agent 
xβ Beta agent 
xδ Delta agent 
τ Photovoltaic model’s unknown parameters 
Γ(λ) Gamma function with a valid distribution for S > 0 
λ Scaling factor 
ϕ Velocity of agent a 
χ Inertia weight coefficient 
RMSE Root mean square error 
STD Standard deviation 

1 Introduction 

A sustainable and efficient energy transition will undoubtedly rely on a resilient, 
decarbonised, decentralized, digitalized electrical power system and, above all, 
greater participation of society. To achieve this transition, it is necessary to change 
from a vertical electrical power system structure, supported by fossil fuels, to 
a circular, carbon-neutral electrical power system based on renewable energies. 
Furthermore, a profound transformation of today’s society is needed, bringing 
challenges and new opportunities for companies and citizens. 

A strategic factor to accelerate this sustainable transition is the promotion and 
dissemination of decentralized energy production from renewable and endogenous
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sources. Among all renewable energy sources, photovoltaic (PV) energy has the 
greatest growth margin [1] and is expected to become the main renewable energy 
source by 2050. However, due to the intrinsic characteristics of PV energy, i.e., 
unpredictability and variability, suitable mathematical models are necessary to accu-
rately characterize/simulate a PV cell or module. These mathematical models are 
essential to estimate/predict PV energy production and provide reliable and accurate 
dimensioning and technical or economic feasibility studies. 

There are several mathematical models in the specialized literature to characterize 
the behaviour of a PV cell or module, which differ in complexity, computational cost, 
accuracy and popularity. The mathematical models most used in the literature are: 
the single-diode model (SDM) [2], double-diode model (DDM) [3] and three-diode 
model (TDM) [4]. These models are characterized by five, seven and nine unknown 
parameters, respectively. Recently, other mathematical models have emerged to more 
accurately characterise the physical effects that occur at the PN junction, as well as 
the behaviour of new PV technologies. Particularly, the multidiode model (MM) [5], 
formed by several diodes connected in parallel, and the multidimension diode model 
(MDM) [6], formed by a configurable diode network, including diodes connected in 
parallel and in series. 

However, PV parameter estimation is a complex problem, due to the implicit and 
nonlinear nature of the mathematical equations that characterize these mathematical 
models (multimodal nonconvex problem) [7]. The available information determines 
the approach adopted to estimate the PV parameters associated with each mathemat-
ical model. The respective parameters can be estimated using the information avail-
able in the datasheets provided by the manufacturers or using the current–voltage (I– 
V) characteristic curve measured experimentally [8]. In the conventional approach, 
i.e., using the datasheet information, the PV parameters are estimated with analyt-
ical methods, usually with elementary equations applied at certain key points of the 
I–V characteristic curve or through simplifications and approximations making the 
equations explicit, such as the Lambert W function [9]. Generally, these methods are 
simple to implement and have a low computational cost. However, their accuracy 
depends significantly on the selected key points, as well as on the need to perform 
some simplifications or approximations. Moreover, the key points of the I–V char-
acteristic curve, available in the datasheets, refer only to standard test conditions 
(STC), requiring extrapolation of values for other operating conditions, which limits 
the accuracy of the PV parameters. 

In the second approach, PV parameter estimation is considered an optimization 
problem aiming to minimize the error between the experimentally measured and 
simulated I–V characteristic curve [10]. For this approach, there is a wide variety 
of methods in the specialized literature that can be categorized roughly as deter-
ministic and metaheuristic. Deterministic methods are very efficient in convex opti-
mization problems (local search), and, generally have a low computational cost. 
These include, for example, the Newton–Raphson method (NRM) [11], Leven-
berg–Marquardt (LM) method [12] and trust-region-reflective (TRR) method [13]. 
However, these methods can converge prematurely to local minimums; require condi-
tions of continuity, convexity and differentiability; and their efficiency is extremely
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dependent on initial positioning [14]. To overcome these limitations, several authors 
use techniques to reduce the search space dimensions. These reduction techniques, 
typically applied to SDM, divide the unknown PV parameters into dependent and 
independent. The independent PV parameters are determined by solving a nonlinear 
system of equations (obtained based on key points of the I–V characteristic curve) 
and the dependent PV parameters are determined through approximate equations 
or manipulated algebraically as a function of the independent PV parameters [15]. 
Generally, the application of techniques to reduce search space dimensions requires 
datasheet information and a refinement procedure to achieve high quality solutions 
[14]. As an alternative to dimension reduction, a new SDM modelling approach was 
recently introduced in the literature that uses a deterministic method based on the 
Lambert W function and follows the per-unit (PU) computation concept, achieving 
high quality solutions without reducing the search space dimensions [16]. 

On the other hand, metaheuristic methods have been successful in solving the PV 
parameter estimation problem as they simply overcome the implicit and nonlinear 
nature of the mathematical equations of PV models, and because they are effec-
tive in dealing with multimodal nonconvex optimization problems. These methods 
can be classified according to the number of evaluations performed in each iter-
ation and whether they are based on a trajectory (a single individual or agent) 
or on a population of agents that cooperate with each other when exploring the 
search space to find high quality solutions. In fact, in recent years, there has been 
a clear trend towards the use of population-based metaheuristic methods, and there 
are numerous methods in the literature, such as: flower pollination algorithm (FPA) 
[17]; particle swarm optimization (PSO) with guaranteed convergence (GCPSO) [7]; 
double exponential function-based dynamic inertia weight PSO (DEDIWPSO) [18]; 
either-or teaching learning based algorithm (EOTLBO) [19]; tree growth algorithm 
(TGA) [20]; farmland fertility optimization (FFO) [21]; comprehensive learning Jaya 
algorithm (CLJAYA) [22]; multi-strategy success-history based adaptive differen-
tial evolution (DE) with linear population size reduction (MLSHADE) [23]; coyote 
optimization algorithm (COA) [24]; enhanced Lévy flight bat algorithm (ELBA) 
[25]; backtracking search algorithm with reusing differential vectors (BSARDVs) 
[26]; improved gaining-sharing knowledge (GSK) with automatic knowledge rate 
adjustment (IGSK) [27]; orthogonal moth flame optimization (MFO) with a local 
search (NMSOLMFO) [28]; artificial ecosystem-based optimization (AEO) [29]; 
grey wolf optimizer (GWO) [29]; and generalized normal distribution optimization 
(GNDO) [30]. Many of these metaheuristic methods were applied to the PV param-
eter estimation problem to improve exploration of the search space (diversification 
and intensification mechanisms) and, consequently, reduce computational cost. The 
intensification mechanism (local search) builds new solutions in regions close to the 
best solution found so far. In contrast, the diversification mechanism favours a global 
search, forcing the construction of new solutions in unexplored regions, i.e., far from 
the best global solution found so far. The balance and harmony between the diversi-
fication and intensification mechanisms establish the effectiveness of metaheuristic 
methods.
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Although there is a wide variety of approaches and methods to estimate PV 
parameters, the development of new approaches to more efficiently find accurate 
and reliable solutions remains fundamental to generate techniques and tools that 
allow the continuous monitoring and control of PV systems. This chapter evaluates 
the performance of PU formulation (per-unit computation concept) in estimating 
the PV parameters of the single-, double-, and three-diode models through meta-
heuristic methods. The PU formulation was applied to SDM according to a new 
optimization perspective and extended to mathematical models that include two or 
three diodes in the equivalent circuit (DDM and TDM), models also used widely in 
the specialized literature. Concretely, five optimization algorithms were implemented 
that used five metaheuristic methods (GSK, DE, FPA, PSO and GWO) with distinct 
search mechanisms, i.e., different diversification and intensification mechanisms. 
The several optimization algorithms combined the NRM with the respective meta-
heuristic method to overcome the intrinsic limitations of the mathematical equations 
(implicit and nonlinear nature) that characterize the PV models. To properly evaluate 
the performance of the PU formulation in the PV parameter estimation, a comparative 
study was carried out that considered two standard case studies in the literature: the 
RTC France PV cell and the Photowatt-PWP201 PV module. The results with both 
modelling approaches (classical and PU models) were very competitive in terms of 
accuracy, reliability and computational cost, implying that PU models to estimate 
PV parameters through metaheuristic methods can be a valid alternative to classic 
models. 

The chapter is organized as follows: Sect. 2 presents the per-unit mathematical 
models; Sect. 3 formulates the PV parameter estimation problem and introduces the 
metaheuristic methods; Sect. 4 presents and discusses the results of the compar-
ative study between classical and PU models; Sect. 5 comparatively analyses the 
performance of the classical and PU models; Sect. 6 concludes the chapter. 

2 Per-Unit Mathematical Models 

Several mathematical models model the behaviour of a PV cell or module under 
different operating conditions, for example: the SDM, DDM, TDM, MM, and MDM. 
In the specialized literature, the most used mathematical models are the SDM, 
DDM and TDM. However, due to the implicit and nonlinear nature of the math-
ematical equations that characterize these models, determination of PV parameters 
is a complex problem (multimodal nonconvex problem). Recently, a deterministic 
method based on the Lambert W function and inspired by the PU computation concept 
was applied to the SDM and achieved high quality solutions without reducing the 
search space dimensions [16]. The “per-unit” formulation, or simply PU, expresses 
the physical quantities (amperes [A] for currents; volts [V] for voltages; and ohms 
[Ω] for resistances) in a normalized form as a function of predefined base values. To 
extend the application of the PU formulation to the DDM and TDM, metaheuristic 
optimization methods combined with NRM were used to overcome the implicit and
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nonlinear nature inherent to the mathematical equations that characterize the respec-
tive PV model. This section presents and describes the models: per-unit single-diode 
model (PUSDM); per-unit double-diode model (PUDDM); and per-unit three-diode 
model (PUTDM). 

2.1 Per-Unit Single-Diode Model 

The SDM, shown in Fig. 1, is formed by a current source representing the photo-
electric current (Iph) generated by the photovoltaic effect and that depends on the 
operating conditions, mainly, irradiance and temperature. In parallel with the current 
source, there is a diode to describe the physical effects that occur at the PN junc-
tion and a resistance (Rp) that represents the leakage current resulting from para-
site currents caused by imperfections in the PV cell material. Moreover, this model 
includes a series resistance (Rs) to account for the ohmic losses in the semiconductors 
as well as in the metallic contacts, i.e., losses due to the Joule effect. 

Applying Kirchhoff’s current law to the circuit in Fig. 1, the output current (I) is  
given by Eq. (1). 

I = Iph − I0
(
e 

V +IRs 
nVt − 1

)
− 

V + IRs 

Rp 
(1)

where I0 represents the reverse saturation current of the diode, V represents the 
voltage, n represents the diode ideality factor, and Vt represents the thermal voltage 
obtained by Eq. (2). 

Vt = 
Ns × k × T 

q 
(2)

Irradiance Iph D 

Ip 

I 

V 

+

-

Rp 

RsI , f  I , nd  ( )0 

Fig. 1 Equivalent circuit of the single-diode model (SDM)
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where Ns is the number of cells connected in series, k is the Boltzmann constant 
(1.3806503E −23 J/K), T is the temperature in Kelvin, and q is the electron charge 
(1.60217646E − 19 C). 

Considering an I–V characteristic curve with N I–V data pairs, the following key 
points were selected as base values for the physical quantities of voltage, current 
and resistance: the highest voltage value (VH ), the highest current value (IH ) and, 
through Ohm’s law, the resistance (R = VH /IH ) [16]. Thus, applying the base values 
corresponding to the SDM equation, we obtain: 

I 

IH 
= 
Iph 
IH 

− 
I0 
IH 

⎛ 

⎜⎜⎝e 

V 
VH 

+ I IH 

Rs IH 
VH 

n Vt 
VH − 1 

⎞ 

⎟⎟⎠ − 
V 
VH 

+ I 
IH 

RsIH 
VH 

RpIH 
VH 

(3)

Simplifying and presenting all the terms from the previous equation in the PU 
formulation (lowercase characters), i.e., I/IH = i, Iph/IH = iph, I0/IH = i0, V /VH = 
v, Vt /VH = 1/b, Rs/R = rs, Rp/R = rp with (r = 1 + rs/rp) it is possible to represent 
the equation that characterizes the PUSDM as follows: 

i = iph 
r 

− 
i0 
r

(
e 

b 
n (v+irs) − 1

)
− 

v 

rrp 
(4)

2.2 Per-Unit Double-Diode Model 

The DDM, shown in Fig. 2, differs from the model described above because it has 
two diodes in parallel with the current source. The addition of the second diode 
allows a more accurate representation of the physical effects that occur at the PN 
junction. Due to the constructive (physical) characteristics of PV cells, mathematical 
models with only one diode cannot reproduce the recombination process of the charge

Irradiance Iph 

Ip 

I 

V 

+

-

Rp 

Rs 

D2D1 

Id1 Id2 

Fig. 2 Equivalent circuit of the double-diode model (DDM)
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carriers at the PN junction. Thus, the DDM is commonly considered more accurate 
when compared to the SDM, particularly for certain PV technologies and under low 
irradiance levels.

Applying Kirchhoff’s current law to the circuit in Fig. 2, the output current (I) is  
given by Eq. (5). 

I = Iph − I01
(
e 

V+IRs 
n1 Vt − 1

)
− I02

(
e 

V+IRs 
n2 Vt − 1

)
− 

V + IRs 

Rp 
(5)

where I01 and n1 represent the reverse saturation current and the ideality factor of 
the first diode, and I02 and n2 represent the reverse saturation current and the ideality 
factor of the second diode. 

By generalizing the conversion procedure applied to the SDM, it is possible to 
rewrite the DDM equation in the PU formulation as follows: 
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VH 

+ I 
IH 

RsIH 
VH 

RpIH 
VH 

(6)

Taking into account all the terms of 
the previous equation in the PU formulation, i.e., I/IH = i, Iph/IH = iph, I01/IH = 
i01, I02/IH = i02, V /VH = v, Vt /VH = 1/b, Rs/R = rs, Rp/R = rp and considering (r 
= 1 + rs/rp), we obtain Eq. (7) that characterizes the PUDDM. 

i = 
iph 
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(
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n1 

(v+irs) − 1
)

− 
i02 
r

(
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b 
n2 

(v+irs) − 1
)

− 
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rrp 
(7)

2.3 Per-Unit Three-Diode Model 

The TDM is formed by three diodes in parallel with the current source, as shown 
in Fig. 3. In certain PV technologies, the physical effect of recombination of the 
carriers at the PN junction has a greater preponderance. To contemplate the physical 
recombination process in the defect regions and grain boundaries, the addition of a 
third diode in the equivalent circuit model is suggested. Although TDM, theoretically, 
can account for a greater number of physical effects at the PN junction, it requires 
more complex mathematical procedures (due to the greater number of PV parameters) 
and a higher computational cost. 

Applying Kirchhoff’s current law to the circuit in Fig. 3, the output current (I) is  
given by Eq. (8).
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Fig. 3 Equivalent circuit of the three-diode model (TDM) 

I = Iph − I01
(
e 

V+IRs 
n1 Vt − 1

)
− I02

(
e 

V+IRs 
n2 Vt − 1

)
− I03

(
e 

V+IRs 
n3 Vt − 1

)
− 

V + IRs 

Rp 
(8)

where I01 and n1 represent the reverse saturation current and the ideality factor of the 
first diode, I02 and n2 represent the reverse saturation current and the ideality factor 
of the second diode, and I03 and n3 represent the reverse saturation current and the 
ideality factor of the third diode. 

Applying the base values corresponding to the TDM equation, obtained through 
an I–V characteristic curve with N I–V data pairs, the TDM equation in the PU 
formulation can be rewritten as Eq. (9). 
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Applying the same procedures and considering, respectively, the terms of the 
reverse saturation current of the first, second and third diodes as I01/IH = i01, I02/IH 
= i02 and I03/IH = i03, we obtain Eq. (10) that characterizes PUTDM. 
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3 Problem Formulation and Metaheuristic Methods 

PV parameter estimation is an optimization problem that consists in minimizing 
the error between experimental and estimated data. In this chapter, the parameters of 
several PV models are estimated, namely: SDM, PUSDM, DDM, PUDDM, TDM and 
PUTDM. Thus, the complexity and number of unknown parameters in the respective 
optimization problem depends directly on the number of diodes associated with 
each PV model. In particular, SDM and PUSDM are characterized by five unknown 
parameters τ = [Iph, I0, n, Rs, Rp]; DDM and PUDDM are characterized by seven 
unknown parameters τ = [Iph, I01, I02, n1, n2, Rs, Rp]; and TDM and PUTDM are 
characterized by nine unknown parameters τ = [Iph, I01, I02, I03, n1, n2, n3, Rs, Rp]. 

Once the PV parameter estimation is formulated as an optimization problem, 
the use of optimization algorithms in its resolution becomes indispensable. For 
this, metaheuristic methods are frequently used due to their high search capability 
without any problem-specific knowledge and their excellent performance on multi-
modal problems (multiple local minima). Their search mechanisms are usually 
very distinct as they are inspired by different ideas/behaviours from the real world 
(nature-inspired) and, therefore, can be more or less effective in finding high quality 
solutions. To differently solve the respective optimization problem, ensuring the 
adequate performance evaluation of the PU formulation, five competitive meta-
heuristic methods were selected, inspired by completely different ideas, namely: 
gaining-sharing knowledge, differential evolution, flower pollination algorithm, 
particle swarm optimization and grey wolf optimizer. 

3.1 Objective Function 

To minimize error and assess the degree of correspondence between the measured 
and estimated data, several performance indexes can be used, such as: the absolute 
error (AE); mean absolute error (MAE); sum squared error (SSE); and root mean 
square error (RMSE). In this chapter, the performance index considered is the RMSE, 
with the objective function (OF) given by Eq. (11). 

Min OF(τ ) = Min RMSE(τ ) = Min

√√√√ 1 

N 

N∑
z=1 

(Iz − (Vz, τ  ))2 (11)

where N represents the set of points (Iz, Vz) experimentally measured with z ϵ N, and 
Î (Vz, τ) the estimated value of the current as a function of the unknown parameters 
τ that characterize the PV models. 

Since the respective optimization problem uses implicit equations, the NRM was 
used to estimate the current values and, thus, overcome this limitation. For a fair 
comparison between the several metaheuristic methods, the unknown parameters
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Table 1 Parameter ranges for the classical and per-unit models (SDM, DDM, TDM, PUSDM, 
PUDDM and PUTDM) 

PV 
parameters 

Case study 1 Case study 2 

Classical 
models 

Per-unit models [−] Classical 
models 

Per-unit models [−] 

Lower 
bound 

Upper 
bound 

Lower 
bound 

Upper 
bound 

Lower 
bound 

Upper 
bound 

Lower 
bound 

Upper 
bound 

Iph [A] 0 1 0 1/IH 0 1.2 0 1.2/IH 

I0, I01, I02, 
I03 [A] 

1E-12 1E-5 1E-12/IH 1E-5/IH 1E-12 1E-5 1E-12/IH 1E-5/IH 

n, n1, n2, n3 0.5 2.5 0.5 2.5 0.5 2.5 0.5 2.5 

Rs [Ω] 0.001 0.5 0.001 0.5/R 0.001 2 0.001 2/R 

Rp [Ω] 0.001 100 0.001 100/R 0.001 5000 0.001 5000/R 

were limited according to the literature as well as according to the PV model, for 
each case study. Table 1 presents the bounds for the considered PV models (classical 
and PU models). 

3.2 Gaining-Sharing Knowledge 

The gaining-sharing knowledge (GSK) is a population-based metaheuristic method 
inspired on the acquisition and sharing of knowledge during a human being’s lifetime. 
In a modern society, all individuals (agents), during their life course, share experi-
ences, cooperate, acquire knowledge, and interact with each other [31]. To mimic 
this process, GSK has two main phases: the junior gaining and sharing phase; and the 
senior gaining and sharing phase. Initially, all agents in the population are considered 
juniors because they do not have knowledge or experience. Due to the process of 
acquiring and sharing knowledge, agents gradually become seniors. The knowledge 
branches (optimization problem dimensions) are updated at each iteration/generation 
through Eqs. (12) and (13). 

djuniorphase (t) = d (1 − t 

itermax 
)krt (12)

dseniorphase(t) = d − djuniorphase(t) (13)

where d represents the optimization problem dimension, djuniorphase represents 
the dimension of the junior gaining and sharing phase, t is the current itera-
tion/generation, itermax is the maximum number of iterations/generations, krt is the 
knowledge rate (which is a real number > 0), and dseniorphase represents the dimension 
of the senior gaining and sharing phase.
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In the junior gaining-sharing phase, agents gain experience and knowledge and 
try to share the knowledge acquired with other agents who may or may not belong to 
their group. This knowledge acquisition and sharing process follows the following 
procedure: (1) agents are sorted in ascending order based on the value of the objective 
function: xbest , …,  xa−1, xa, xa+1, …,  xworst ; (2) For each agent (xa), the two closest 
agents are selected as sources of acquired knowledge: the best (xa−1) and the worst 
(xa+1). Furthermore, a third agent is randomly selected (xr) to be the source of shared 
knowledge. The procedure for updating agents in the junior gaining-sharing phase 
is obtained by 

xa,d (t + 1) = 

⎧ ⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎩ 

xa,d (t) + kf
( (

xa−1,d (t) − xa+1,d (t)
)

+ (
xr,d (t) − xa,d (t)

)
)

, if f (xa) >  f (xr) 
and r1 ≤ kr 

xa,d (t) + kf
( (

xa−1,d (t) − xa+1,d (t)
)

+ (
xa,d (t) − xr,d (t)

)
)

, if f (xa) ≤ f (xr) 
and r1 ≤ kr 

xa,d (t), if r1 > kr 

(14)

where kf is the knowledge factor (which is a real number > 0), kr is the knowledge 
ratio ∈ [0, 1], and r1 is a random number ∈ [0,1]. 

In the senior gaining-sharing phase, agents are influenced by social factors in the 
learning and knowledge acquisition process. This phase establishes the impact of the 
agent’s interaction with other agents that have a different social condition (“social 
status”). This socialization process follows the following procedure: (1) agents, based 
on the value of the objective function, are classified into three groups, i.e., best, 
middle and worst; (2) For agent xa to acquire knowledge, an agent from the best 
group (corresponding to 100p% of the population) and another agent from the worst 
group (also related to 100p% of the population) is randomly selected. Furthermore, 
for knowledge sharing, a third agent from the middle group is randomly selected (in 
this case PT − (2 × 100p%) of the population). For the senior gaining-sharing phase, 
the agent update procedure is obtained by 

xa,d (t + 1) = 

⎧⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎩ 

xa,d (t) + kf
( (

xbest,d (t) − xworst,d (t)
)

+ (
xm,d (t) − xa,d (t)

)
)

, if f (xa) >  f (xm) 
and r1 ≤ kr 

xa,d (t) + kf
( (

xbest,d (t) − xworst,d (t)
)

+ (
xa,d (t) − xm,a(t)

)
)

, if f (xa) ≤ f (xm) 
and r1 ≤ kr 

xa,d (t), if r1 > kr 

(15)

where PT is the total number of agents in the population, p is a control parameter ∈ 
[0,1], and xbest , xm and xworst are agents randomly selected from the best, middle and 
worst group, respectively.
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3.3 Differential Evolution 

Differential evolution (DE) is a metaheuristic method inspired by the selection and 
natural evolution of species [32]. The evolution of species takes place through succes-
sive modifications, where individuals (agents) with greater fitness are more likely to 
reproduce and transmit their genetic characteristics to their descendants. For that, DE 
uses selection procedures, based on the agent’s fitness, and modifications that occur 
by mutation and crossover processes. The mutation process uses the vector differ-
ence between randomly selected agents. In the DE/rand/1/bin variant, a randomly 
selected agent (a1) suffers a mutation that results from a vectorial difference between 
agents (a2 and a3), weighted by the mutation factor (F). Thus, the position of the 
new agent created by the mutation process (ma) is given by Eq. (16). 

ma,d (t + 1) = xa1,d (t) + F(xa2,d (t) − xa3,d (t)) (16)

where xa1, xa2 and xa3 are randomly selected mutually exclusive agents, F represents 
a constant mutation factor ∈ [0,2], and t represents the current iteration. 

The crossover process, which typically can be binomial (bin) or exponential (exp), 
increases diversification in the construction of new solutions. The binomial crossover 
process guarantees that the position of the new agent (ua), created by the crossover 
process, receives at least one component from the agent generated by the mutation 
process. The binomial crossover process is the most used in the literature and is given 
by 

ua,d (t + 1) =
{
ma,d (t + 1) if r1 ≤ CR or j = rD 
xa,d (t) if r1 > CR or j �= rD 

(17)

where CR is a constant crossover factor ∈ [0,1], r1 is a random number with a uniform 
distribution between 0 and 1, and rD is a random index ∈ [1,d]. 

To decide whether a new agent ua will be a member of the next generation, an 
elitist process called selection process is used, which evaluates agent ua through the 
objective function. Thus, only agents with greater fitness move on to the following 
generations/iterations, where the selection process is given by

{
if f (ua(t + 1)) < f (xa(t)) ⇒ xa(t + 1) = ua(t + 1) 
if f (ua(t + 1)) ≥ f (xa(t)) ⇒ xa(t + 1) = xa(t)

(18)
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3.4 Flower Pollination Algorithm 

The flower pollination algorithm (FPA) is a metaheuristic method that simulates the 
pollination behaviour of vegetal species such as plants or flowers [33]. Pollination is 
a natural process that can be carried out by self-pollination or by cross-pollination. 
Cross-pollination occurs from the transfer of pollen between different vegetal species. 
On the other hand, self-pollination occurs in the vegetal species itself and typically 
occurs when there is no available pollinating agent. Pollinating agents are biotic 
or abiotic factors that guarantee the transport of pollen, ensuring the propagation of 
vegetal species. In biotic pollination, pollen is transferred by insects or other animals, 
while in abiotic pollination, pollen transfer occurs through physical factors, such as 
wind or water diffusion. All these pollination characteristics were considered in algo-
rithm development, establishing the diversification and intensification mechanisms. 
The balance and harmony between the diversification and intensification mechanisms 
are controlled through a switch probability ps ∈ [0,1]. 

Equation (19) favours the diversification mechanism with the introduction of a 
random number that follow a Lévy distribution. The Lévy distribution is a stable 
distribution with infinite variance (heavy-tailed) that forces the construction of new 
solutions in regions far from the global best solution, favouring greater exploration 
of the search space and, thus, avoiding premature convergence. 

xa,d (t + 1) = xa,d (t) + L(S, λ)(xa,d (t) − xgbest,d (t)) (19)

where xa(t) represents the position of agent a at iteration t, xgbest(t) represents the 
global best solution at iteration t, and L(S,λ) represents a random number with a 
Lévy distribution calculated through Eq. (20). 

L(S, λ)  
λΓ (λ)sin

(
πλ  
2

)

π 
1 

S1+λ (S >> S0 > 0) (20)

where Γ(λ) is the gamma function with a valid distribution for S > 0, and λ represents 
a scaling factor that controls the step amplitude S. 

To favour the intensification mechanism and ensure the construction of new 
solutions in regions close to the best global solution, Eq. (21) is given. 

xa,d (t + 1) = xa,d (t) + ε(xa1,d (t) − xa2,d (t)) (21)

where ε is a random number with a uniform distribution between 0 and 1, and 
xa1(t) and xa2(t) are positions of two mutually exclusive agents randomly selected at 
iteration t.
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3.5 Particle Swarm Optimization 

The particle swarm optimization (PSO) is a population-based metaheuristic method 
inspired by principles of cooperation and social behaviour of biological swarms 
such as flocks of birds or swarms of fish [34]. Each agent in the population, which 
represents a possible solution, has a position and velocity adjusted by the agent’s 
experience or that of other agents in the population, to search for the global best 
solution. Agents are randomly initialized within the multidimensional search space 
and, during the optimization process, evaluated through an objective function. The 
velocity adjustment is made through Eq. (22), which considers three factors: the 
cognitive factor that represents the agent’s tendency to follow his own personal expe-
rience (xpbest); the social factor that represents the agent’s tendency to follow collec-
tive experience (xgbest); and the tendency of the agent’s own movement weighted by 
the inertia factor (χ). These three factors establish the balance between the intensi-
fication and diversification mechanisms, forcing agents to move to regions closer or 
further away from the global best solution, respectively. Thus, for a multidimensional 
search space, the movement of each agent is expressed by Eqs. (22) and (23). 

ϕa,d (t + 1) = χϕa,d (t) + c1r1(xpbesta,d (t) − xa,d (t)) + c2r2(xgbest,d (t) − xa,d (t)) 
(22)

xa,d (t + 1) = xa,d (t) + va,d (t + 1) (23)

where xa(t) represents the position of agent a at iteration t, ϕa(t) represents the 
velocity of agent a at iteration t, d represents the optimization problem dimension, 
χ represents the inertia weight coefficient, c1 and c2 are acceleration coefficients 
(cognitive and social), r1 and r2 are random numbers with a uniform distribution ∈ 
[0,1], xpbesta (t) is the best position found by the agent a so far, and xgbest(t) is the  
global best position so far (considering all agents in the population). 

3.6 Grey Wolf Optimizer 

The grey wolf optimizer (GWO) is a metaheuristic method inspired by the social 
hierarchy and hunting behaviour of grey wolf packs (Canis lupus) [35]. By nature, 
wolves (agents) live in small populations with a well-defined social hierarchy. Typi-
cally, each population is organized into four distinct hierarchical levels: alpha (α), 
beta (β), delta (δ) and omega (ω). Considering the hierarchical levels, the position 
of the global solution is referred to as alpha (xα), the second best as beta (xβ) and 
the third best as delta (xδ). The remaining agents are considered omega, ω, and are 
the agents lower in the social hierarchy, which during the hunting social movement 
follow the first three. GWO’s social hunting behaviour is divided into four stages: 
encircling prey, hunting, attacking prey, and searching for prey. The dynamic and
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harmony of these four stages establishes the balance between the diversification and 
intensification mechanisms that are coordinated by two control parameters, described 
by Eqs. (24) and (25). 

Gw = 2 − 2 
t 

itermax 
(24)

Ad = 2Gw × rw − Gw (25)

where rw represents a random number with a uniform distribution∈ [0,1], d represents 
the optimization problem dimension, itermax represents the maximum number of 
iterations, and t represents the current iteration. 

The searching for prey stage, which occurs when |Ad | > 1, forces agents to diverge 
from the global best solution found so far, xα, favouring the search for new solutions 
in unexplored regions (diversification mechanism). The remaining stages favour the 
intensification mechanism, forcing the construction of new solutions in regions close 
to the global best solution. Therefore, for a multidimensional search space, the new 
position of each agent is obtained by Eqs. (26), (27) and (28). 

Dα,d =
∣∣ C1,d xα,d (t) − xa,d (t)

∣∣, Dβ,d =
∣∣ C2,d xβ,d (t) − xa,d (t)

∣∣, 
Dδ,d =

∣∣ C3,d xδ,d (t) − xa,d (t)
∣∣ (26)

s1,d = xα,d (t) − A1,d Dα,d , s2,d = xβ,d (t) − A2,d Dβ,d , 
s3,d = xδ,d (t) − A3,d Dδ,d 

(27)

xa,d (t + 1) = 
s1,d + s2,d + s3,d 

3 
(28)

where, xa(t) represents the position of agent a at iteration t, xα(t) represents the 
position of agent α at iteration t, xβ(t) represents the position of agent β at iteration 
t, xδ(t) represents the position of agent δ at iteration t, and Cd is a random number 
with a uniform distribution between 2 and 0. 

4 Photovoltaic Parameter Estimation: Results 
and Discussion 

This section aims to evaluate the accuracy and reliability of the PU formulation 
in estimating the PV parameters. To evaluate accuracy, the classical PV models 
(SDM, DDM and TDM) and the PV models with PU formulation (PUSDM, PUDDM 
and PUTDM) were considered in two case studies. Both case studies were initially 
proposed by [11] and have been profusely referenced by researchers in the literature 
[19, 21, 22, 26, 27, 36–41]. Case study 1 refers to the RTC France commercial silicon
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PV cell with 57 mm diameter, operating under an irradiance of 1000 W/m2 and a 
temperature of 33 °C. Case study 2 refers to the Photowatt-PWP201 PV module with 
36 polycrystalline silicon cells connected in series, operating under an irradiance of 
1000 W/m2 and a temperature of 45 °C. To assess reliability, five metaheuristic 
methods with distinct diversification and intensification mechanisms were consid-
ered. For each, a population was considered depending on the size of the optimization 
problem (15 agents per dimension) and a maximum number of 5000 iterations was 
established, corresponding to 375,000, 525,000 and 675,000 evaluations for the PV 
models with one, two and three diodes, respectively. The number of maximum eval-
uations was the second stop condition, while the first stop condition was a 60% 
convergence of agents within the region defined by Eq. (29), where xgbest represents 
the global best position and xa the current solution of each agent of the population 
PT . 

xgbest,d − xgbest,d × 0.000001 ≤ xa,d (t) ≤ xgbest,d + xgbest,d × 0.000001 (29)

For all metaheuristic methods, defining its control parameters is crucial, because 
when improperly defined, exploration capacity during the search process may be 
compromised. Thus, the control parameters for the five metaheuristic methods were 
defined according to suggestions in the literature and are presented in Table 2. 

All computational work was performed in Matlab® using a computer with an 
Intel® Xeon® E5-2630 v3 @2.40 GHz CPU processor, 64 GB RAM, and Windows 
10 Professional 64-bit operating system. For each case study, 100 independent runs 
were performed with the different PV models. 

Table 2 Parameter settings of the several metaheuristic methods 

Metaheuristic methods Control parameters 

GSK Knowledge rate: krt = 10 
Knowledge factor: kf = 0.5 
Knowledge ratio: kr = 0.9 
p parameter = 0.1 

DE Constant mutation factor: F = 0.6 
Constant crossover factor: CR = 0.9 

FPA Switch probability: ps = 0.8 
PSO Cognitive acceleration coefficient: c1 = 1 

Social acceleration coefficient: c2 = 2 
Inertia weight coefficient χ: 0.9–0.4 

GWO Gw decrease linearly from 2 to 0
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4.1 Case Study 1: Standard Photovoltaic Cell 

The first case study, widely used in the literature, considers an experimental curve 
with 26 pairs of I–V data and refers to the RTC France PV cell (1000 W/m2 at 33 °C). 
The unknown parameters τ, referring to each PV model, were estimated with the five 
metaheuristic methods, allowing their comparison in terms of RMSE and compu-
tational costs and, consequently, the evaluation the PU formulation’s accuracy and 
reliability. The optimal PV parameters, corresponding to the best run, are presented 
only for the metaheuristic method that achieved the best performance with each of 
the PV models. 

Results with SDM and PUSDM 

Firstly, the PV parameters were estimated with both models that admit only one 
diode in the equivalent circuit (SDM and PUSDM). Table 3 presents the RMSE 
values (minimum, mean, maximum and standard deviation) obtained by each of 
the several metaheuristic methods, as well as the number of evaluations required 
(minimum, mean and maximum). As seen in Table 3, the minimum RMSE obtained 
with both models was 7.730063E-04, which agrees with the value in the literature 
[7] obtained by the GSK and DE metaheuristic methods. The GSK performed well in 
solving the PV parameter estimation problem, obtaining a standard deviation (STD) 
of 5.685287E-12 for the SDM and 6.602967E-12 for the PUSDM. The DE’s accuracy 
was the closest to the GSK, as shown by the RMSE values in Table 3, obtaining an 
STD of 5.962252E-11 and 5.956031E-11 for both models. The PSO and FPA had a 
slightly lower accuracy, as indicated by the mean RMSE and STD values. The GWO 
had the worst accuracy, obtaining a minimum RMSE of 9.635614E-04 for the SDM 
and 8.440802E-04 for the PUSDM. The GSK and DE were not only the most accurate 
in estimating the PV parameters, but also presented the lowest computational cost, 
requiring between 60,150 and 74,475 evaluations for the GSK, and 47,700 and 67,875 
evaluations for the DE. The computational cost for the PSO was between 215,100 
and 375,000 evaluations. The FPA and GWO always used the second stop condition 
(maximum number of evaluations), since their search mechanisms maintained a great 
diversification in the search for solutions, making it difficult to reach the first stop 
condition as defined by the Eq. (29). 

Regarding the PU formulation, the results were very similar between the two 
models (SDM and PUSDM) with the several metaheuristic methods, except for the 
GWO. In fact, the mean RMSE obtained by both models was mostly better with the 
SDM. A significant difference in accuracy between the two models only occurred 
with the GWO, indicating that the PU formulation can be beneficial with less effective 
metaheuristic methods in the search for quality solutions. 

The optimal PV parameters corresponding to the best GSK run with both models 
were for the SDM: Iph = 0.76078796 [A], I0 = 3.10685372E-07 [μA], n = 
1.47726805, Rs = 0.03654690 [Ω] and Rp = 52.88937883 [Ω]; and for the PUSDM: 
Iph = 0.99579572, I0 = 4.06656186E-07, n = 1.47726803, Rs = 0.04732516 and 
Rp = 68.48746455.
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Results with DDM and PUDDM 

Table 4 presents the RMSE and number of evaluations corresponding to the estima-
tion of the PV parameters with DDM and PUDDM. Again, the minimum RMSE 
(7.182702E-04) with the two-diode models was similar to the value known in the 
literature [7] for the RTC France PV cell. The most accurate metaheuristic methods 
with DDM and PUDDM were GSK and DE, as verified with the single-diode models. 
Once again, the GSK stood out in terms of consistency of the solutions found, as 
shown by the STD values. Considering the PU model, both for GSK and DE, the STD 
values (1.293903E-12 and 8.027637E-11, respectively) were lower when compared 
to the classic model. Concretely, the classic DDM obtained on average a worse 
accuracy (RMSE = 7.209726E-04) with the DE, resulting in an STD of 1.184216E-
05. Thus, the PU formulation favoured the results obtained with the DE. PSO was 
the third most accurate method, obtaining a mean RMSE of 7.562377E-04 for DDM 
and 7.554742E-04 for PUDDM, followed by FPA with a mean RMSE of 1.625391E-
03 and 1.648370E-03, respectively. Although the GWO obtained a better minimum 
RMSE in relation to the FPA, on average, it presented the worst RMSE (2.761350E-03 
and 2.443199E-03, respectively for both models). The increased model complexity, 
due to the greater number of variables, led to a higher computational cost regardless of 
the metaheuristic method. Again, DE had the best computational cost with an average 
of 159,798 and 160,866 evaluations for DDM and PUDDM, respectively, while the 
GSK required an average of 230,967 and 230,723 evaluations for both models, respec-
tively. The remaining metaheuristic methods presented a computational cost close 
to the allowed maximum number of evaluations. 

As mentioned above, on average, the PU formulation favoured the results obtained 
with DE, and the same was verified for PSO and GWO. Furthermore, it resulted in 
better STD for the more accurate metaheuristic methods and, in general, worse for 
the less accurate ones. As before, the PU formulation showed a slight benefit over 
less effective metaheuristic methods. 

Again, GSK revealed the best performance. The optimal PV parameters corre-
sponding to its best run with both models were for the DDM: Iph = 0.76082929 
[A], I01 = 1.35122575E-07 [μA], I02 = 7.98105033E-06 [μA], n1 = 1.40369142, 
n2 = 2.50000000, Rs = 0.03795557 [Ω] and Rp = 60.92699304 [Ω]; and for the 
PUDDM: Iph = 0.99584984, I01 = 1.76853971E-07, I02 = 1.04470036E-05, n1 = 
1.40368763, n2 = 2.50000000, Rs = 0.04914932 and Rp = 78.89625113. 

Results with TDM and PUTDM 

For the models that admit three diodes in the equivalent circuit, TDM and PUTDM, 
the results (RMSE and evaluations) obtained in the estimation of the unknown param-
eters are presented in Table 5. The results show that GSK and DE were again the 
most accurate when estimating the parameters associated with each model. However, 
GSK was surpassed by DE in terms of average accuracy and consistency, contrary to 
what had happened with models that only admit one and two diodes. Specifically, DE 
obtained an STD of 7.264205E-11 for TDM and 6.978501E-11 for PUTDM, while 
the GSK obtained an STD of 6.823247E-09 and 7.102653E-06 for both models,
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respectively. As with the two-diode models, the PSO was the third most accurate, 
obtaining a mean RMSE of 7.414715E-04 for TDM and 7.431167E-04 for PUTDM. 
This method was followed by GWO and FPA, both with mean RMSE values in the 
order of 2E-03. Although the GWO was, on average, more accurate, it was less consis-
tent than FPA, as shown by the STD values. Given the increased model complexity, 
the computational cost was considerably higher when compared to the single- and 
two-diode models. The DE required an average of 256,076 and 258,264 evaluations 
for TDM and PUTDM respectively. Meanwhile, the GSK required an average of 
464,609 and 467,188 evaluations for each model, and the PSO 665,194 and 670,622, 
respectively. The FPA and GWO completed the maximum number of evaluations in 
all runs.

Regarding the PU formulation, the results showed a little significant benefit in 
terms of accuracy for the models with three diodes. In general, the results obtained 
with the PUTDM worsened when compared to the classic TDM in the unknown 
parameter estimation for the RTC France PV cell. 

From the point of view of metaheuristic methods, the best performance was 
achieved by DE, for which the optimal PV parameters corresponding to its best run 
with both models are presented. Thus, the parameters assumed the following values 
for TDM: Iph = 0.76082917 [A], I01 = 4.38991723E-06 [μA], I02 = 3.58842512E-
06 [μA], I03 = 1.35163167E-07 [μA], n1 = 2.50000000, n2 = 2.50000000, n3 
= 1.40371659, Rs = 0.03795517 [Ω] and Rp = 60.92617476 [Ω]; and for the 
PUTDM: Iph = 0.99584947, I01 = 1.04348552E-05, I02 = 1.76924223E-07, I03 
= 8.92099787E-09, n1 = 2.50000000, n2 = 1.40372179, n3 = 2.49995848, Rs = 
0.04914806 and Rp = 78.89954103. 

4.2 Case Study 2: Standard Photovoltaic Module 

In the second case study, the estimation problem of the unknown parameters τ was 
based on experimental data referring to the I-V characteristic curve (with 26 pairs of 
data) of the Photowatt-PWP201 PV module (1000 W/m2 at 45 °C), also an important 
reference in the literature. As before, the parameter estimation for the Photowatt-
PWP201 PV module considered the five metaheuristic methods, allowing compar-
ison of results obtained with the PU formulation in terms of accuracy, reliability and 
computational cost with those of the classic models. As in the previous case study, 
only the optimal PV parameters, corresponding to the best run, for the metaheuristic 
method that achieved the best performance are presented. 

Results with SDM and PUSDM 

Table 6 presents the RMSE values and number of evaluations obtained by each meta-
heuristic method with the single-diode models (SDM and PUSDM). The minimum 
RMSEs indicate that only the GWO obtained a value far from the minimum value 
indicated in the literature [42] (RMSE  = 2.046535E-03) for the Photowatt-PWP201 
PV module when considering single-diode models. In fact, given the mean RMSE,
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the GWO was significantly less accurate. The remaining methods achieved similar 
accuracy, as indicated by the mean RMSE, obtaining good STD values with both 
PV models. However, a more detailed analysis shows that GSK was the most accu-
rate and consistent, with an STD of 1.112840E-11 for SDM and 9.951934E-12 for 
PUSDM. This was followed by DE with an STD of 1.981267E-10 and 1.543982E-10 
for both models, respectively. Regarding the FPA, the PU model obtained slightly 
worse results compared to the classic model, with an STD of 6.072896E-09 for SDM 
and 1.504705E-08 for PUSDM. Meanwhile, the PSO had a lower average accuracy, 
with an STD of 1.701231E-07 and 1.245739E-07 for both models, respectively. The 
GWO was the least accurate and consistent, with an STD of only 8.057118E-04 and 
5.968961E-04 for SDM and PUSDM, respectively.

Regarding the computational cost, and as with case study 1, the number of eval-
uations was not significantly different when comparing the classic and PU models. 
However, the difference between metaheuristic methods regarding computational 
cost was significant. Specifically, the most efficient metaheuristic methods required 
an average of 32,000 (DE) and 62,000 (GSK) evaluations. Meanwhile, the PSO and 
FPA, on average, required around 353,000 and 367,000 evaluations, respectively. 
GWO required the maximum number of evaluations on all runs. Table 6 indicates 
that, in general, the PU formulation favoured the consistency of the different meta-
heuristic methods but did not present a benefit in terms of accuracy, as can be seen 
by the minimum RMSE. 

The optimal PV parameters corresponding to the best GSK run with both models 
were for the SDM: Iph = 1.03238251 [A], I0 = 2.51292971E-06 [μA], n = 
1.31730516, Rs = 1.23928732 [Ω] and Rp = 744.70403998 [Ω]; and for the PUSDM: 
Iph = 0.99795312, I0 = 2.42912196E-06, n = 1.31730505, Rs = 0.07330784 and 
Rp = 44.05187359. 

Results with DDM and PUDDM 

Table 7 presents the results with the two-diode models (DDM and PUDDM). Consid-
ering the minimum RMSE, the increase in model complexity was notable with the 
FPA, since it reached only a value of 2.104130E-03 and 2.132261E-03 for the DDM 
and PUDDM models, respectively. Meanwhile, the remaining methods obtained 
values similar to the minimum known value (2.046535E-03) [42]. However, on 
average, the GWO performed poorly again and the FPA significantly lost accuracy 
due to greater complexity. GSK was again the most accurate and consistent method, 
obtaining an STD of 1.666725E-11 and 1.691194E-11 for DDM and PUDDM, 
respectively. This was followed by DE with an STD of 1.791019E-10 and 1.490439E-
10 for both models, respectively. The PSO was on average the third most accurate 
and consistent, obtaining an STD of 9.386547E-06 for DDM and 9.721714E-06 for 
PUDDM.
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Since the respective PV models include two diodes in the equivalent circuit, 
the computational cost was higher, reflecting the increase in complexity. Thus, on 
average, DE and GSK required around 47,000 and 130,000 evaluations, respectively. 
The PSO required around 500,000 evaluations, while the FPA and PSO required 
the maximum number of evaluations. Regarding the PU formulation, there was no 
significant benefit according to the results in Table 7. 

Again, the best performance was achieved by GSK. The optimal PV parameters 
corresponding to its best run with both models were for the DDM: Iph = 1.03238256 
[A], I01 = 2.51291274E-06 [μA], I02 = 1.00000000E-12 [μA], n1 = 1.31730452, 
n2 = 2.39688301, Rs = 1.23928692 [Ω] and Rp = 744.69465435 [Ω]; and for the 
PUDDM: Iph = 0.99795318, I01 = 2.42919485E-06, I02 = 1.08578437E-12, n1 = 
1.31730810, n2 = 2.40276623, Rs = 0.07330751 and Rp = 44.05169258. 

Results with TDM and PUTDM 

The results for the three-diode models (TDM and PUTDM) are shown in Table 
8. Considering the mean RMSE, once again the most accurate methods were the 
GSK and DE, with a mean accuracy of 2.046535E-03. Solution consistency was 
maintained regardless of greater model complexity. Specifically, the GSK obtained 
an STD of 2.744962E-11 for TDM and 2.019481E-11 for PUTDM, while the DE 
obtained 1.531065E-10 and 1.716132E-10 for both models, respectively. Once again, 
the PSO held the third best position in terms of accuracy and consistency, obtaining an 
STD of 1.437060E-05 for TDM and 1.007919E-05 for PUTDM. This was followed 
by FPA, with a mean accuracy in the order of 2.5E-03, and the GWO with a mean 
accuracy in the order of 2.9E-03. Both presented the worst consistencies relative to 
the solutions found, as indicated by the STD. 

Computational cost was obviously higher when compared to previous models. 
However, it should be noted that, regardless of the added complexity, the DE showed 
a high efficiency, converging with an average of 74,656 and 74,558 evaluations 
with TDM and PUTDM respectively. Meanwhile, the GSK required an average of 
240,503 and 242,395 evaluations for each model, and the PSO 636,071 and 629,609, 
respectively. The FPA and GWO once again completed the maximum number of 
evaluations. Regarding the PU formulation, GSK displayed a slight benefit in terms 
of consistency, and PSO and GWO in terms of consistency and accuracy. 

Finally, GSK again obtained the best performance. The optimal PV parameters 
corresponding to its best run with both models were for the TDM: Iph = 1.03238232 
[A], I01 = 2.51299128E-06 [μA], I02 = 3.60097649E-12 [μA], I03 = 1.00000000E-
12 [μA], n1 = 1.31730781, n2 = 1.33751644, n3 = 2.17421390, Rs = 1.23928449 
[Ω] and Rp = 744.72076947 [Ω]; and for the PUTDM: Iph = 0.99795275, I01 = 
9.66650556E-13, I02 = 9.66650556E-13, I03 = 2.42916962E-06, n1 = 1.96324103, 
n2 = 2.43119603, n3 = 1.31730698, Rs = 0.07330772 and Rp = 44.05386488.
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5 Result Comparison 

In this section, the accuracy and reliability of the PU formulation are compared 
with the classic models in terms of PV parameter estimation with both case studies, 
allowing a better interpretation of the results presented above. To ensure a fair compar-
ison of performance, it is important to compare the accuracy of the classic and PU 
models using the same metaheuristic method. However, to compare reliability of the 
PU formulation, it is important to compare the effectiveness of the several meta-
heuristic methods in determining accurate solutions with each of the classical and 
PU models. Specifically, we compared convergence results, the RMSE distribution, 
and the rank of the several metaheuristic methods with different PV models for the 
two case studies. The convergence results correspond to the best of 100 runs, while 
the RMSE and rank consider the 100 runs performed. 

0 500 1500 2000 2500 3000 3500 4000 4500 50001000 

10-2 

R
M

S
E

 

SDM and PUSDM 

GSK with SDM 
GSK with PUSDM 
DE with SDM 
DE with PUSDM 
FPA with SDM 
FPA with PUSDM 
PSO with SDM 
PSO with PUSDM 
GWO with SDM 
GWO with PUSDM 

0 500 1500 2000 2500 3000 3500 4000 4500 50001000 

10-2 

R
M

S
E

 

DDM and PUDDM 

GSK with DDM 
GSK with PUDDM 
DE with DDM 
DE with PUDDM 
FPA with DDM 
FPA with PUDDM 
PSO with DDM 
PSO with PUDDM 
GWO with DDM 
GWO with PUDDM 

0 500 1500 2000 2500 3000 3500 4000 4500 50001000 
Iteration 

10-2 

R
M

S
E

 

TDM and PUTDM 

GSK with TDM 
GSK with PUTDM 
DE with TDM 
DE with PUTDM 
FPA with TDM 
FPA with PUTDM 
PSO with TDM 
PSO with PUTDM 
GWO with TDM 
GWO with PUTDM 

Fig. 4 Convergence curves of the five metaheuristics with different PV models for the RTC France 
PV cell
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For case study 1 (RTC France PV cell), Fig. 4 shows the convergence curves 
of the five metaheuristic methods with the single-, two- and three-diode models, 
respectively. For the single-diode models (SDM and PUSDM), the DE and GSK 
converged fastest, not reaching 1000 iterations regardless of the model. The third 
best convergence speed was obtained by PSO, while FPA and GWO were clearly the 
slowest to converge. There was no significant difference in convergence between the 
two models, as can be seen from the proximity of the curves referring to the same 
metaheuristic method, although the RMSE value was higher with the PU model. For 
the two-diode models (DDM and PUDDM), initially the PSO and DE displayed the 
highest convergence rate, followed by the GSK; however the PSO required a greater 
number of iterations to achieve a similar RMSE. Again, FPA and GWO presented the 
slowest convergence rate, with the search process terminating at 5000 iterations with 
RMSE values far from the minimum obtained by the other metaheuristic methods. 
The convergence curves for the three-diode models (TDM and PUTDM) presented a 
behaviour similar to that verified with the DDM and PUDDM. The PSO and DE once 
again had the fastest convergence in the initial phase of the search process, followed 
by the GSK. The GWO and FPA required the largest number of iterations to minimize 
the objective function, and the FPA, regardless of the model, was farthest from the 
best solution. Overall, the PU formulation did not lead to significant differences 
regarding convergence speed with the RTC France PV cell but resulted in slightly 
higher RMSE values, when considering a large number of decimal places, even with 
the most efficient metaheuristic methods. 

Figure 5 for case study 2 (Photowatt-PWP201 PV module) shows the convergence 
curves for the five metaheuristic methods with the different PV models. Considering 
SDM and PUSDM, DE and GSK demonstrated the highest convergence speeds, 
requiring a reduced number of iterations with both models. Specifically, DE required 
less than 500 iterations until it converged according to the first stop condition and 
GSK required less than 1000 iterations. The behaviour of the DE and GSK conver-
gence curves was similar with both models (SDM and PUSDM). The third fastest 
to converge was the PSO, which approached the minimum RMSE value after 500 
iterations, but only converged around 3000 iterations with SDM and 4350 iterations 
with PUSDM. These methods were followed by the FPA, which only approached the 
minimum RMSE value after 1500 iterations, requiring a number of iterations close 
to the maximum allowed with both models. The GWO clearly had the lowest conver-
gence speed, approaching the minimum RMSE only after 4800 iterations, but never 
reaching this value. For DDM and PUDDM, DE again had the highest convergence 
rate, requiring the lowest number of iterations. The PSO had the second-best initial 
convergence rate, followed by the GSK, which initially showed a slower conver-
gence, but performed considerably less iterations than the PSO until it converged. 
The slowest to converge were again FPA and GWO. In this case study, regardless of 
the metaheuristic method, PUDDM obtained a better RMSE value when compared 
to DDM. Considering the convergence curves with TDM and PUTDM, again DE 
achieved the best convergence speed despite the increased complexity of the models. 
As for the DDM and PUDDM, the PSO had the second-best initial convergence rate 
and the GSK the third, although the PSO required a greater number of iterations
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Fig. 5 Convergence curves of the five metaheuristics with different PV models for the Photowatt-
PWP201 PV module 

until it converged. Again, FPA and GWO showed the lowest convergence speed, 
approaching the minimum RMSE value only in the final phase of the search process, 
which ended at 5000 iterations with both models. Regarding the PU formulation, 
the convergence behaviour with the different models (one, two or three diodes) was 
similar regardless of the metaheuristic method; however this difference was more 
notable with the GWO. 

For case study 1, the RMSE distribution referring to the five metaheuristic methods 
with the different PV models is shown in Fig. 6. A first analysis of the respective 
RMSE distributions, obtained for the RTC France PV cell, indicates that the GWO 
found a wide range of solutions with any of the PV models under consideration, 
proving to be very unreliable in estimating the PV parameters, as shown in Tables 3, 
4 and 5. FPA also showed reduced reliability when estimating the PV parameters of 
different models, especially those that include two or three diodes in the equivalent 
circuit. However, a more detailed analysis of Fig. 6 clearly shows that the GSK 
obtained the smallest variation of solutions, according to its RMSE distribution,
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Fig. 6 RMSE distribution achieved by the five metaheuristics with different PV models for the 
RTC France PV cell 

proving to be the most reliable in estimating the PV parameters, independently of 
the model considered. With a very tight RMSE distribution, in the different models, 
the DE and PSO were the second and third most reliable in PV parameter estimation 
of the RTC France PV cell, respectively. 

Figure 7 shows the RMSE distribution for the Photowatt-PWP201 PV module 
considered in case study 2. As in case study 1, the GWO obtained the greatest 
variation regarding the RMSE distribution, and was therefore the least reliable with 
any of the PV models. Although, FPA also had low reliability, particularly with 
models that included two or three diodes, it was more reliable than PSO on models 
that included only one diode (SDM PUSDM). In general, the GSK and DE presented 
again the smallest variation of solutions, being therefore the most reliable in the PV 
parameter estimation of case study 2, although DE presented greater variation than 
FPA for the SDM. In both case studies, Fig. 6 and Fig. 7, the GSK displayed high 
reliability with both the classic and PU models, as already demonstrated in Sect. 4 by 
the STD values. Although DE had, in general, a slightly lower reliability, it was the 
most efficient from a computational point of view. It should be noted that, regarding 
the PU formulation, the RMSE distributions obtained with the several metaheuristic 
methods were very similar to those of the classical models, so performance in terms 
of reliability of both formulations was similar. 

Figure 8 shows the rank obtained by the five metaheuristic methods with the 
different PV models for the RTC France PV cell. The respective ranks consider the 
100 runs performed and were determined by the Friedman test (a nonparametric
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Fig. 7 RMSE distribution achieved by the five metaheuristics with different PV models for the 
Photowatt-PWP201 PV module 

Fig. 8 Rank obtained by the five metaheuristics with different PV models for the RTC France PV 
cell

statistical test), considering the performance of the different metaheuristic methods 
for each of the PV models. As illustrated in Fig. 8, GSK achieved the best rank with 
all of the PV models, followed by DE, PSO, FPA and GWO. With the TDM and 
PUTDM models, the GWO obtained better ranks when compared to the FPA. For
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the SDM and PUSDM, GSK obtained a rank of 6.89 and 6.88, respectively, while 
the DE obtained 7.89 and 7.83; PSO 9.13 and 9.08; FPA 9.91 and 9.95; and GWO 
14.3 and 14.26. With DDM and PUDDM, GSK obtained rank values of 1.96 and 
1.97; DE 3.5 and 3.47; PSO 6.09 and 6.13; FPA 11.99 and 12.03; and GWO 13.16 
and 13.06. Finally, with TDM and PUTDM, the GSK obtained a rank of 1.08 and 
1.13, respectively; the DE 3.58 and 3.49; PSO 5.15 and 5.24; GWO 12.38 and 12.48; 
and FPA 12.99 and 13. Regardless of the PV model, GSK, DE and PSO were the 
most competitive in PV parameter estimation for case study 1. However, regarding 
the PU formulation (PUSDM, PUDDM and PUTDM), the ranks obtained were very 
similar to those obtained with the classic models (SDM, DDM and TDM). In fact, 
the rank values obtained with the PU models were slightly better in only about fifty 
percent of the cases.

For the Photowatt-PWP201 PV module of case study 2, the rank results of the 
five metaheuristic methods with the different PV models are presented in Fig. 9. The  
several metaheuristic methods kept the same ranking trend of case study 1, except 
for the SDM and PUSDM models, where FPA surpassed PSO and DE, obtaining 
the second-best rank with both models. In this case study, GSK also obtained the 
best rank regardless of the PV model, obtaining a rank of 1.19 and 1.13, for SDM 
and PUSDM respectively. Meanwhile, the FPA obtained 4.3 and 4.85; DE 5.47 and 
5.53; PSO 9.46 and 9.52; and GWO 13.94 and 14.01. For the DDM and PUDDM 
models, GSK obtained rank values of 2.25 and 2.32; DE 5.64 and 5.53; PSO 8.94 
and 8.87; FPA 11.47 and 11.55; and GWO 13.62 and 13.7. For TDM and PUTDM, 
GSK obtained a rank of 3.2 and 3.1; DE 6.05 and 5.67; PSO 8.5 and 8.48; FPA 12.42 
and 12.6; and finally, GWO 13.55 and 13.14. As in case study 1, from the point of 
view of the PU formulation, the rank results were again very similar. Here too, there 
was a slight improvement in the rank obtained with the PU models only about fifty 
percent of the time. 

Fig. 9 Rank obtained by the five metaheuristics with different PV models for the Phtowatt-PWP201 
PV module
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This study demonstrated that the use of PU models in solving the PV parameter 
estimation problem using metaheuristic methods can be a valid alternative to classic 
models. The results show that the two modelling approaches had similar perfor-
mance in terms of accuracy, reliability and computational cost. In fact, the results 
achieved with the PU formulation were sometimes slightly better and sometimes 
worse. Furthermore, the two modelling approaches under study (classical and PU 
models) depend on the same information. 

6 Conclusions 

This chapter evaluates the performance of classical and per-unit (PU) mathematical 
models in the PV parameter estimation problem, specifically comparing the accuracy 
and reliability of the three classical models most used in the literature (SDM, DDM 
and TDM) with that achieved by the respective models in their PU formulation 
(PUSDM, PUDDM and PUTDM). For this purpose, optimization algorithms that 
used different metaheuristic methods combined with the Newton–Raphson method 
were implemented. Thus, the respective optimization problem was solved differently, 
ensuring an adequate performance evaluation of the PU models when compared to 
the classic models. Five competitive metaheuristic methods with different inspira-
tions were selected, namely: GSK, DE, FPA, PSO and GWO. The performance of 
both modelling approaches (classical and PU models) was evaluated in two case 
studies, a PV cell and a PV module, both standard in the literature. The results 
show that the performance regarding accuracy, reliability and computational cost 
with both modelling approaches was very similar. The GSK was the most effective 
metaheuristic method in the PV parameter estimation, with the statistical results of 
both modelling approaches differing only in the STD values. Therefore, the use of 
PU models in PV parameter estimation through metaheuristic methods can be a valid 
alternative to classical models. In the future, a more comprehensive study, consid-
ering cells and modules from other PV technologies, as well as extended irradiance 
and temperature levels, will contribute to better clarify the use of the PU formulations. 
Furthermore, the results obtained will always depend on the optimization algorithm 
used, whether by analytical, deterministic or metaheuristic methods. Thus, it is up to 
the author to choose the modelling approach that best meets the intended purpose. 
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Space–Time Concept in Social Network 
Search Algorithm 

Siamak Talatahari , Hadi Bayzidi , and Mehdi Bayzidi 

Abstract Nowadays, social networks have become popular platforms in which users 
can interact with each other virtually. The relationship among users, their influence 
on each other, and similarity in their behavior are the main features of users in 
the social networks. These features are utilized in the development of an optimiza-
tion method, which is called the Social Network Search (SNS) algorithm. The SNS 
method is a recently developed optimizer, which models the treatment of users in 
expressing their new views. Four novel optimization operators with new formulations 
are invented, which are called decision moods. These moods are named imitation, 
conversation, disputation, and innovation, which are real-world behaviors of users in 
social networks and model how users are affected and motivated to share their new 
views. This chapter embeds the concept of space–time in the implementation process 
of the SNS algorithm to developing space–time social network search (STSNS) algo-
rithm. Single-objective, bound-constraint benchmark problems of IEEE congress on 
evolutionary computation 2014 (CEC 2014) are utilized to study the efficiency of 
the STSNS algorithm in solving challenging optimization problems. In addition, 
the results of the STSNS method is compared with a variety range of optimization 
methods, including eight state-of-the-art, eight popular, and eight novel methods 
from the literature. Two well-known non-parametric statistical methods, Friedman 
and Wilcoxon signed-rank, are utilized to analyze the performance of the developed 
method, and results demonstrate its superiority in dealing with most of the selected 
complex optimization problems. 
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Abbreviations 

ABC Artificial bee colony 
ACO Ant colony optimization 
AF Admission factor 
AOS Atomic orbital search 
CEC Congress on evolutionary computation 
CryStAl Crystal structure algorithm 
CGO Chaos game optimization 
CLPSO Comprehensive learning PSO 
CMA-ES Covariance matrix adaptation evolutionary strategy 
CS Cuckoo search 
CSA Crow search algorithm 
CSS Charged system search 
DE Differential evolution 
DMSPSO Dynamic multi-swarm PSO 
ES Evolutionary strategy 
FA Firefly algorithm 
FCDE Fitness values classification DE 
GA Genetic algorithm 
GWO Grey wolf optimizer 
HGS Henry gas solubility 
HHO Harris hawks optimization 
LIPS Distance-based locally informed particle swarm 
L-SHADE Success-history based parameter adaptation DE with linear population 

size reduction 
MGA Material generation algorithm 
NFEs Number of function evaluations 
PSO Particle swarm optimization 
PVADE Population’s variance-based adaptive DE 
SNS Social network search 
STSNS Space-time social network search 
SPO Stochastic paint optimizer 
SSA Salp swarm algorithm 
SOS Symbiotic organisms search 
TLBO Teaching-learning-based optimization 
TS Tabu search 
WCA Water cycle algorithm 
WOA Whale optimization algorithm 
WSR Wilcoxon signed-rank
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1 Introduction 

Optimization refers to the procedure of finding the best possible solution to a problem 
that aims at minimizing (maximizing) a cost function (fitness function) that corre-
sponds to a specific purpose. Solving optimization problems need some methods, 
which are called optimization algorithms. Optimization algorithms are separated 
into two general groups: deterministic and stochastic approaches. Most of the deter-
ministic methods are based on mathematical principles and calculate the gradient 
of the objective function to solve problems. Deterministic methods can detect the 
exact solution to the problems, however, these approaches are susceptible to the 
initial starting point, and a true starting point can direct the search process to the 
global optimum point. In addition, the execution time of these methods is increased 
exponentially according to the dimension of the problems. These methods cannot 
solve complex optimization problems and mostly find local solutions. On the other, 
stochastic optimization methods generate and employ random variables to solve 
optimization problems. Randomized search methods, which are called metaheuristic 
algorithms, are one of the most famous types of stochastic optimization methods. 
Metaheuristic methods utilize random variables during the search process to speed 
up the search progress, and this randomness makes the search method less sensitive 
to modeling errors and enables them to escape local optimums. The main advan-
tage of metaheuristic methods is that they are gradient-free and do not employ the 
gradient information of the objective function. Metaheuristic algorithms are problem-
independent, and they can be utilized for solving all types of optimization problems 
[1]. 

Metaheuristic algorithms are based on two principles: heuristic rules and random-
ness in the search process. The word ‘heuristic’ originates from ‘heuriskein’, which 
is an old Greek word that means the ability in the invention of intelligence processes 
for solving problems. In the context of metaheuristics, the heuristic procedures are 
taken from the intelligence behavior of natural phenomena and creatures. Combine 
the basic heuristic methods with randomization, embed an upper level of method-
ology in the heuristic rules, and able them to solve a problem more accurately. In 
addition, the presence of suffix ‘Meta’, is due to adding the randomization in the 
structure of the heuristic methods [2]. 

It can be said that the initial study in the field of metaheuristic methods is related 
to the development of evolutionary strategy (ES) [3] in the early 1960s in which 
the process of natural evolution is simulated as an optimization algorithm. Holland 
developed the genetic algorithm (GA) [4] in the early 1970s based on the Darwinian 
Theory about the evolution. Glover proposed the tabu search (TS) [5, 6] in 1986, and 
he used the word ‘metaheuristic’ for the first time to refer to algorithms that solve 
optimization problems according to natural principles. In 1992, Dorigo developed 
the ant colony optimization (ACO) [7]; in 1995, Kennedy and Eberhart invented the 
particle swarm optimization (PSO) [8]; and in 1997, Storn and Price proposed the 
differential evolution (DE) [9]. These methods can be known as the basements of 
modern metaheuristic algorithms, in which the concepts of heuristic computation are
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based on their principles. After 1997, various methods were introduced based on the 
intelligence behavior of natural phenomena for solving optimization problems. Algo-
rithms like artificial bee colony (ABC) [10], firefly algorithm (FA) [11], cuckoo search 
(CS) [12], charged system search (CSS) [13], teaching–learning-based optimization 
(TLBO) [14], crow search algorithm (CSA) [15], water cycle algorithm (WCA) [16], 
grey wolf optimizer (GWO) [17], and symbiotic organisms search (SOS) [18], are 
among the most popular methods. Besides, algorithms such as salp swarm algorithm 
(SSA) [19], whale optimization algorithm (WOA) [20], harris hawks optimization 
(HHO) [21], stochastic paint optimizer (SPO) [22], chaos game optimization (CGO) 
[2, 23], atomic orbital search (AOS) [24, 25], crystal structure algorithm (CryStAl) 
[26], social network search (SNS) [1], and material generation algorithm (MGA) 
[27] are among the most recent metaheuristic methods. 

As it is seen, the study in the field of metaheuristic methods is an active research 
area. It is noteworthy that each of these algorithms can deal with problems differ-
ently, such that one method may not find the optimum solution for some problems. 
Therefore, developing novel high-performance optimization algorithms is necessary. 
New algorithms should solve complex and large-scale optimization problems in less 
time in comparison with previously developed ones. These goals are met when the 
developed algorithms have higher capability in searching the space of problems. 

The SNS algorithm is a new metaheuristic algorithm that developed for solving 
complex problems. The results of this method demonstrated that it is capable in 
outperforming different metaheuristics in solving various types of optimization prob-
lems [1, 28]. The SNS algorithm is developed based on the behavior of users in social 
networks. In social networks, users affect the thoughts of other people by sharing 
their views. In this chapter, the concept of space–time is integrated into the structure 
of the SNS algorithm, and the space–time social network search (STSNS) algorithm 
is developed. The performance of the STSNS algorithm is investigated in dealing 
with 30 single-objective, bound-constraint benchmark problems of IEEE congress on 
evolutionary computation 2014 (CEC 2014) [29]. The results of the STSNS method 
in dealing with these complex optimization benchmark problems are compared with 
various optimization algorithms, including eight state-of-the-art, eight popular, and 
eight novel methods from the literature. To have a valid judge about the capability of 
the STSNS method in solving these challenging optimization problems, two well-
known non-parametric statistical methods, Friedman and Wilcoxon signed-rank, are 
utilized to analyze the performance of the STSNS method. The performance of the 
STSNS method shows its advantage in dealing with most of the selected problems. 

The rest of this chapter is organized as follows: Sect. 2 reviews the basic concepts 
of the social network search algorithm. Section 3 discusses the space–time concept 
and utilizes it to develop the STSNS algorithm. Section 4 presents the numerical 
results, and Sect. 5 concludes the chapter.
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2 Social Network Search Algorithm 

Human beings always attempt to associate with each other. Virtual tools called social 
networks are created for this purpose with the advent of technology. SNS models the 
intelligent pattern of interactions among users in social networks. On these platforms, 
users interact with each other virtually. The opinions of users are shared during 
these social interactions, which may affect the view of other people. The interaction 
between users in social networks has an optimal pattern in which users try to improve 
their popularity level among others in the network. 

The main property of social networks is their high capability in propagating new 
ideas. Figure 1 models the communication of users in networks in which each indi-
vidual follows some people. This characteristic has made networks a powerful tool 
for publishing information. 

In the process of the SNS algorithm, the views of users will be influenced by 
other peoples during four moods which are called: (1) imitation, (2) conversation, 
(3) disputation, and (4) innovation. These moods mimic the optimal pattern of users 
in gaining more popularity by sharing their views on social networks. Definition and 
mathematical formulation of these patterns are presented in the following subsections 
[1]. 

Fig. 1 A schematic model 
of the connection between 
users in social networks
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2.1 Mood 1: Imitation 

In social networks, users like to mimic the opinion of others in publishing their views. 
In the SNS algorithm, this mood is called imitation, and its process is modeled as 
follows: 

Xnew 
i = X j + rand(−1, 1) × R 

R = rand(0, 1) × r 
r = X j − Xi 

(1)

where, Xi is the opinion vector of the ith user and X j is the view vector of the jth user 
that selected randomly somehow i /= j ; rand(−1, 1) is a random vector in interval 
[−1, 1] and rand(0, 1) is a random vector in interval [0, 1]. In the imitation mood, 
the new view

(
Xnew 
i

)
is created based on the imitation space (Fig. 2a). In addition, 

imitation space is modeled according to the radii of shock and popularity. Shock 
radius (R) shows the influence of the jth user on the opinion of the ith individual 
in developing new view, and its value is as a multiple of r . The magnitude of the 
popularity radius (r ) represents the popularity of the jth user. The distance between 
Xi and X j determine the value of popularity radius. The search direction (shock 
radius effect) in the imitation mood is determined by multiplying the value of R to 
rand(−1, 1), in which positive components of the random vector mean that those 
dimensions of the new view have the same direction as the jth user and vice versa. 
Figure 2a illustrates the procedure of the first mood. Based on this procedure, at first, 
the imitation space is formed, and then a new idea is shared on the network. 

2.2 Mood 2: Conversation 

The second state is the conversation mood in which users communicate with each 
other and speak about various subjects. During this type of communication, users 
benefit from the idea of other users and share their new views as follows: 

Xnew 
i = Xk + R 

R = rand(0, 1) × D 
D = sign

(
fi − f j

) × (
X j − Xi

)
(2)

where, X j the view vector of the jth user, Xk is the vector of an issue, which is
randomly chosen to speak about it (j and k are selected randomly somehow i /= j /=
k), R is the result of conversation according to the difference between the opinions
of ith and jth users, and D is the difference between the opinions of users. The value
of D shows the variation in the beliefs of ith and jth users about the Xk . Also, fi



Space–Time Concept in Social Network Search Algorithm 203

Fig. 2 The processes of decision moods in the SNS algorithm. a Imitation, b Conversation, c 
Disputation, and d Innovation
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and f j are the objective functions of Xi and X j , respectively, and sign(.) is the sign 
function. 

In this mood users benefit from the ideas of the other individuals. Besides, 
sign

(
fi − f j

)
shows the evolution orientation of issue vector (Xk). Figure 2b illus-

trates the procedure of the conversation mood. Based on this process, the ith view 
about the issue is changed according to sign

(
fi − f j

)
. Changing the user’s view 

about the events is considered as the relocation of the events. 

2.3 Mood 3: Disputation 

Disputation defines a state in which users present their ideas about events to a group 
of individuals and defend their opinion. In disputation mood, users will be familiar 
with the views of other individuals and will be affected. The mathematical model of 
this mood is presented as follows: 

Xnew 
i = Xi + rand(0, 1) × (M − AF × Xi ) 

M =
∑Nr 

t Xt 

Nr 

AF  = 1 + round(rand) 

(3)

where, rand(0, 1) is a random vector in [0, 1], and Nr is the number of individuals 
that take part in discussions, in which the contributors are elected randomly. AF is 
the Admission Factor that is a random number that can be either 1 or 2. Figure 2c 
shows the procedure of this mood. 

2.4 Mood 4: Innovation 

Innovation means that sometimes the shared subject originated based on new ideas. 
During the innovation mood, new views are developed by altering a random variable 
of Xi . The process of this state is formulated as follows: 

Xnew 
i = [

xi,1, xi,2, xi,3,  . . . .xi,d . . . . .xD
]

xnew i,d = t × x j,d + (1 − t) × nnew,d 

nnew,d = lbd + rand1 × (ubd − lbd ) 
t = rand2 

(4)

where, d is a randomly selected design variable in the interval (1, D), which D is the 
number of design variables. rand1 and rand2 are random numbers in the interval [0,
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1], and ubd and lbd are maximum and minimum values for the dth variable. nd,new 
is the new view from the perspective of the dth design variable. x j,d is the prevalent 
view about the dth variable introduced by the jth user (jth individual that is chosen 
randomly somehow i /= j). 

Innovation models a condition that someone thinks about a subject, maybe in a new 
way, and presents a novel definition from the nature of that subject. Each subject has 
special characteristics, and changing one of them can influence the general concept of 
the subject. Therefore, by alteration the view about one of them

(
xi,d

)
, the substantial 

definition of the subject will change, and consequently a new idea can be derived. xnew i, d 
is a novel understanding about the issue under consideration from the dth standpoint 
and swap with the current view

(
xi,d

)
. Figure 2d shows the process of new view 

construction during the innovation mood. 
In each iteration of the SNS, one of these moods is selected randomly for creating 

new views. In other words, the proper assumption is that just one of these moods 
happens at a specific time (iteration) for each user. The chance of each mood is 
determined during a random process with a uniform distribution. Figure 3 illustrates 
the flowchart of this method, and its MATLAB code is available at [30, 31]. 

3 Space–Time Based Social Network Search (STSNS) 

Space and time are the main components in studying the behavior of physical 
phenomena. In physics, space and time are combined into a single construct by 
a mathematical model called space–time. This model allows studying the physical 
process in a four-dimensional space in which space is three-dimensional and time 
plays the role of the fourth dimension. On the other, a field is a physical quantity 
that directs the motion of particles associated with a point in space at a specific time 
(for instance, the relocation of objects in the gravitational field). The description of 
some space–time principals and their equal concepts in the field of metaheuristics 
are presented as follows [32]: 

• Probe: In population-based metaheuristic algorithms, each agent is considered as 
a particle or probe that moves in the search space of the problem. In the search 
space (or view space in the SNS algorithm), two d-dimensional vector determines 
the position of each probe at two times: current time and previous times. 

• Space–time: This concept is utilized for the search space at a specified time. The 
number of the design variables determines the dimension of space–time. 

• Time: In the iterative optimization algorithms, the term iteration is employed for 
the time. In addition, the value of time is changed discretely in metaheuristic 
algorithms. 

In the basic SNS, the updating process of the algorithm is repeated after creating 
a new view. Therefore, the updated view of each user will affect the next position of 
other agents in the same iteration. In this chapter, an enhanced version of the SNS
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Fig. 3 The flowchart of the SNS algorithm

algorithm is developed utilizing the concept of discrete space–time called space– 
time based social network search (STSNS) algorithm. In the STSNS algorithm, the 
updating process is performed after evaluating all the new views. In this type of 
space–time, all positions are updated when all users evaluate their new views. Based 
on this inference, the flowchart of the STSNS algorithm is presented in Fig. 4. 
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Fig. 4 The flowchart of the STSNS algorithm
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4 Numerical Results 

In this section, the performance of the STSNS algorithm is investigated in dealing 
with different optimization problems and compares its results with various methods 
from the literature. The utilized optimization problems, contender metaheuristic 
algorithms, evaluation criteria, numerical results, comparisons, and discussions are 
presented in the following subsections. 

4.1 Benchmark Optimization Problems 

In testing the capability of an algorithm, a set of qualified optimization problems 
should be utilized, which contain benchmark functions with various characteristics. 
The employed set should be able to simulate the complexity of real-world optimiza-
tion problems. To this aim, several attempts have been made in the literature to inno-
vate novel approaches for developing complex optimization problems. Congaree of 
Evolutionary Computation (CEC) developed one of the most successful approaches, 
in which they utilized interesting ways to increase the complexity of traditional 
benchmark optimization problems. 

In the present study, CEC 2014 special season on single objective real-parameter 
numerical optimization problems are employed for evaluating the ability of the 
STSNS algorithm. These problems consists of 30 complex mathematical test func-
tions. These problems include three rotated, thirteen shifted and rotated, six hybrids, 
and eight composite test functions. Table 1 presents the list of discussed benchmark 
problems, and their mathematical details are presented by the CEC 2014 competition 
committee in [29]. 

4.2 Contender Methods 

Selecting proper metaheuristic algorithms for determining the performance of an 
algorithm is an important task. In other words, the real performance of a method 
becomes obvious when compared with a variety range of valid optimization methods. 
In this chapter, various valuable algorithms are selected from the literature that are 
categorized into three groups: (1) state-of-the-art methods; (2) popular algorithms; 
and (3) newly developed optimizers. Therefore, STSNS is face with three experiments 
as follow: 

Experiment 1: Comparing with state-of-the-art algorithms. The first group 
contains the PSO [8], dynamic multi-swarm PSO (DMSPSO) [33], comprehensive 
learning PSO (CLPSO) [34], distance-based locally informed particle swarm [35] 
(LIPS), DE, fitness values classification DE (FCDE) [36], success-history based 
parameter adaptation DE with linear population size reduction (L-SHADE) [37], and



Space–Time Concept in Social Network Search Algorithm 209

Table 1 Details of the CEC 2014 special season benchmark problems 

No Function Range D Min 

F1 Rotated high conditioned elliptic function [−100, 100] 30 0 

F2 Rotated bent cigar function [−100, 100] 30 0 

F3 Rotated discus function [−100, 100] 30 0 

F4 Shifted and rotated Rosenbrock’s function [−100, 100] 30 0 

F5 Shifted and rotated Ackley’s function [−100, 100] 30 0 

F6 Shifted and rotated Weierstrass function [−100, 100] 30 0 

F7 Shifted and rotated Griewank’s function [−100, 100] 30 0 

F8 Shifted Rastrigin’s function [−100, 100] 30 0 

F9 Shifted and rotated Rastrigin’s function [−100, 100] 30 0 

F10 Shifted Schwefel’s function [−100, 100] 30 0 

F11 Shifted and rotated Schwefel’s function [−100, 100] 30 0 

F12 Shifted and rotated Katsuura function [−100, 100] 30 0 

F13 Shifted and rotated HappyCat function [−100, 100] 30 0 

F14 Shifted and rotated HGBat function [−100, 100] 30 0 

F15 Shifted and rotated expanded Griewank’s plus Rosenbrock’s 
function 

[−100, 100] 30 0 

F16 Shifted and rotated expanded Schaffer’s F6 function [−100, 100] 30 0 

F17 Hybrid function 1 (N = 3) [−100, 100] 30 0 

F18 Hybrid function 2 (N = 3) [−100, 100] 30 0 

F19 Hybrid function 3 (N = 4) [−100, 100] 30 0 

F20 Hybrid function 4 (N = 4) [−100, 100] 30 0 

F21 Hybrid function 5 (N = 5) [−100, 100] 30 0 

F22 Hybrid function 6 (N = 5) [−100, 100] 30 0 

F23 Composition function 1 (N = 5) [−100, 100] 30 0 

F24 Composition function 2 (N = 3) [−100, 100] 30 0 

F25 Composition function 3 (N = 3) [−100, 100] 30 0 

F26 Composition function 4 (N = 5) [−100, 100] 30 0 

F27 Composition function 5 (N = 5) [−100, 100] 30 0 

F28 Composition function 6 (N = 5) [−100, 100] 30 0 

F29 Composition function 7 (N = 3) [−100, 100] 30 0 

F30 Composition function 8 (N = 3) [−100, 100] 30 0 

Range: variable range 
D: variable dimension 
Min: global minimum value
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population’s variance-based adaptive DE (PVADE) [38]. The employed algorithms 
in this experiment can be considered as state-of-the-art metaheuristic methods in the 
literature.

Experiment 2: Comparing with popular algorithms. The second challenging 
issue is determining the capability of the STSNS algorithm in comparison with 
popular methods, which are developed in the last two decades. Covariance matrix 
adaptation evolutionary strategy (CMA-ES) [39], FA, CS, TLBO, CSA, WCA, GWO, 
and WOA are selected for this propose. 

Experiment 3: Comparing with newly developed algorithms. Comparing with 
algorithms that are developed in the last years is the third experiment. SNS, SPO, 
CryStAl, AOS, CGO, SOS, HHO, and henry gas solubility (HGS) [40] are selected 
to this aim. 

According to the mentioned details, the STSNS will participate in three compar-
isons. In each comparison, the STSNS will compete with eight different algorithms. 
Therefore, the performance of the STSNS can be properly identified. 

4.3 Evaluation Criteria 

In the present study, 30-dimensional benchmark problems of CEC 2014 are consid-
ered for comparisons. According to CEC 2014 instructions, each of the algorithms 
must run 51 times, since the result of one optimization run is not adequate in evalu-
ating the efficiency of an optimization algorithm. In addition, the maximum number 
of function evaluations (NFEs) is considered as 104 × D (D  = 30) for all of the 
algorithms and the error of 1 × 10−8 from the global optimum is considered as 
the threshold value. In other words, based on these criteria, if the best solution of a 
method reaches a tolerance less than the threshold value, the search process stops, 
otherwise, the search procedure will be continued until the maximum NFE reaches 
to 300,000 evaluations. 

Some contender algorithms have specific parameters. The values of these param-
eters should be determined sensitively since they significantly influence the perfor-
mance of algorithms. In this chapter, the parameters of algorithms are selected 
according to the previously published works. Also, our simulation results indicate 
that the utilized values can be employed, confidently. 

All employed algorithms are population-based methods, and their population size 
should be defined based on the capability of algorithms and the complexity of prob-
lems. According to the author’s experience, the best value for population size is 80 in 
solving 30-dimensional CEC 2014 benchmark problems, and this value is considered 
for all of the algorithms except for methods that their previously published papers 
prosed another values.
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4.4 Non-Parametric Statistical Tests 

For evaluating the performance of an algorithm, the result of one optimization run 
is not adequate since metaheuristic algorithms have a random nature. Therefore, 
each of the contender algorithms runs more than one time, independently for each 
problem. Consequently, a set of results is achieved for each problem, and comparing 
the performance of the algorithms using common statistical information such as 
mean and standard deviation cannot be determined well. 

Non-parametric statistical tests are a family of statistical methods that can deter-
mine the difference between two or more sets of data. These statistical methods are 
utilized to determine which algorithm performs better. Non-parametric statistical 
tests are categorized into two groups: pairwise comparisons and multiple compar-
isons. The first type looks into the results of two methods, while the multiple compar-
isons analyze the performance of more than two algorithms. In this chapter, the 
Wilcoxon signed-rank (WSR) and the Friedman tests are utilized in comparisons. 

4.5 Results and Discussions 

This subsection presents the statistical results of STSNS and other methods in dealing 
with the selected optimization problems. Tables 2, 3 and 4 present the performance of 
algorithms (including mean and standard deviation (Std. Dev.) of the best solutions 
during optimization runs for each problem). In addition, the WSR test is performed as 
a pairwise comparison between the results of STSNS and other contender algorithms 
on each of the problems using the results of 51 independent runs. The results of this 
non-parametric test are reflected by ‘+’, ‘−’, and ‘=’, where ‘+’ denotes the results of 
the STSNS is better than the contender algorithm, ‘−’ means that the results of peer 
method is better than the STSNS, and ‘=’ shows that there is no significant difference 
in performance. The summary results of the WSR test are presented in the last row 
of each table. 

The performance of STSNS and eight state-of-the-art algorithms are presented in 
Table 2. Based on these results, STSNS can outperform PSO, DMSPSO, CLPSO, 
LIPS, DE, FCDE, PVADE, and L-SHADE on 22, 19, 24, 20, 21, 20, 13, and two 
problems out of 30, respectively. SNS performs worse than PSO, DMSPSO, CLPSO, 
LIPS, DE, FCDE, PVADE, and L-SHADE on four, seven, two, seven, eight, ten, nine, 
and 26 problems, respectively, and in some cases, there is no significant difference 
between SNS and other contender methods. This experiment shows that the STSNS 
algorithm faces two main contenders, PVADE, and L-SHADE. The results of the 
WSR test demonstrates that the SNS can outperforms PVADE in most of problems, 
while L-SHADE outperforms the SNS and all of the state-of-the-art algorithms in 
most problems. 

Table 3 summarizes the statistical results of STSNS and popular algorithms 
(second group of contender methods). Based on the summarized results of the WSR
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test, the SNS algorithm outperforms CMA-ES, FA, CS, TLBO, CSA, WCA, GWO, 
and WOA algorithms on 21, 28, 21, 25, 23, 24, 26, and 29 cases out of 30 problems, 
respectively. The proposed SNS performs weaker or equal compared to contenders 
from popular algorithms on a few problems.

The third group of contender algorithms contains some newly developed methods. 
Table 4 presents the statistical results of these algorithms alongside the STSNS 
algorithm. The results of the WSR test shows that STSNS can outperform SNS, 
SPO, CryStAl, AOS, SSA, SOS, HHO, and HGS algorithms in dealing with eight, 
25, 25, 29, 14, 17, 22, and 19 of 30 cases out of selected CEC 2014 benchmark 
problems, respectively. Besides, the STSNS has the same performance on 19, three, 
three, nine, two, and one cases of problems, comparing with SNS, SPO, CGO, SOS, 
HHO, and HGS algorithms, respectively. 

In these experiments, 24 algorithms are utilized as contenders to compare the 
performance of the STSNS algorithm. The employed algorithms contain a varied 
range of valid methods in the literature, and in most of these experiments, the STSNS 
achieved better performance. To compare the ability of the STSNS algorithm with 
all algorithms, the Friedman test is employed, and the ranking results are presented 
in Table 5. According to these results, the STSNS placed in the second rank, after 
L-SHADE algorithm. This ranking shows that the STSNS algorithm can performs 
well in solving intricate problems. 

Table 5 The results of Friedman test in ranking all of algorithms 

No. Algorithm FR Rank No. Algorithm FR Rank 

1 STSNS 7.45 2 14 CSA 13.83 15 

2 PSO 14.70 17 15 WCA 16.03 18 

3 DMSPSO 11.30 9 16 GWO 17.57 22 

4 CLPSO 11.67 10 17 WOA 21.13 25 

5 LIPS 11.80 12 18 SNS 8.35 3 

6 DE 10.50 7 19 SPO 16.27 19 

7 FCDE 13.62 14 20 CryStAl 17.90 23 

8 PVADE 8.58 4 21 AOS 18.90 24 

9 L-SHADE 2.92 1 22 CGO 8.78 5 

10 CMA-ES 16.65 20 23 SOS 9.68 6 

11 FA 14.57 16 24 HHO 17.25 21 

12 CS 10.90 8 25 HGS 11.78 11 

13 TLBO 12.87 13
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5 Conclusion 

The social network search (SNS) is a novel optimization method that introduce 
four new moods based on the behavior of users in sharing their views on the social 
networks. In this chapter, the concept of space–time is incorporated into the structure 
of the SNS algorithm, and STSNS method is introduced. The developed STSNS 
is employed for solving 30 complex benchmark problems of CEC 2014 and its 
performance is investigated in three experiments. In the first experiment, the STSNS 
is compared with eight state-of-the-art metaheuristic algorithm from the literature 
that placed in the second rank. In the second comparison, the STSNS compared 
with eight popular algorithms, and results of the WSR test demonstrate that the 
STSNS algorithm outperforms all the contender methods in most of the problems. 
The third experiment shows that the STSNS achieves the first rank in comparison with 
newly developed algorithms. Also, this experiment shows that there is a significant 
difference between the capability of the STSNS algorithm and newly developed 
contender methods. Finally, the Friedman test is employed for ranking all of the 
algorithms in solving selected problems, and results show that the STSNS and SNS 
are placed in the second and third ranks, respectively. Therefore, it can be concluded 
that both SNS and STSNS algorithms can solve various optimization problems, and 
they have good potential to be modified or redesigned for achieving better capability 
in solving optimization problems. In future studies, the performance of SNS and 
STSNS algorithms should be evaluated in solving other types of complex real-world 
optimization problems. 
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Genetic Algorithm Golden Ratio Design 
Model for Auto Arts 

Khaled Hossameldin Sadek Ibrahim, Ali Khater Mohamed , 
and Ahmed Farouk 

Abstract Golden ratio denoted by the Greek letter Phi (ϕ) represents the irrational 
number 1.6180339887 approximately. The unique and mystifying properties of this 
number have attracted many researchers and mathematicians. Artists and designers 
tried to employ the golden ratio in eminent works of drawing, artifacts, painting, and 
architectures as golden ratio design is very pleasing to look at because the golden 
ratio itself is discovered from nature through the body proportions of living beings. 
Nowadays every big organization or company converts its design or logo to a golden 
ratio design and hires the biggest designers with the highest cost to make it as only 
the highest professional designers can make it and look good. This paper proposes 
a framework for generating a golden ratio design using golden circles through a 
sketched design from the user so that the output design is near to the input design. 
Genetic algorithm is used to optimize the output design. i.e., maximize the similarity 
between the input sketched design by the user and the output design using golden 
ratio in less computational time. The data set presented in this work is collected by 
the authors and could be downloaded from the following link: https://drive.google. 
com/file/d/1IEKIs0f1mLxSf7hPZhVKRU0Aiv4VXGax/view?usp=sharing. 
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1 Introduction 

The main idea about making a design is to make it good and pleasing to look at. 
There are many ways and rules to make a good design. Almost all of them are 
made with a combination of lines, circles, rectangles, and any primitive shapes. One 
way of making a good design is using a golden ratio as it will be called a Golden 
Ratio Designs. Golden ratio can be used in many areas like typography, layout, 
photography, and logo design. It is also considered as the hardest one to achieve 
among designers. This research aims to save some time for the designer to come up 
with more ideas about a design. If the designer has the data about the golden circles 
needed to make this design, he will insert these circles’ data to the Genetic Algorithm 
model, and it will do the rest. It will know how to divide circles to regions based on 
the intersections between the circles. It will also know which region will be drawn 
and which will be empty. Golden circles are circles made with the golden ratio as 
the ratio between every circle and the circle after it or before it is golden ratio (ϕ = 
1.618) (Fig. 1). 

It is prohibited to use any circle size other than these circles with the same ratio. 
If a resize is needed, then all circles must be resized with same ratio to maintain the 
golden ratio in the design. Normally, designers come up with ideas about a certain 
logo then try to come up with golden circles to make a golden ratio design. Then try to 
arrange every circle and delete the unneeded intersections based on the desired design 
using any vector-based design software like Adobe Illustrator. This way consumes 
a lot of time for the designer and a lot of money for the company as a golden ratio 
design is very expensive. 

The next section, Sect. 2, introduces previous work. Section 3 represents meta-
heuristic and genetic algorithms. Materials and methods are presented in Sect. 4. 
Results and evaluation are clarified in Sect. 5, and Sect. 6 concludes the presented 
work. 

Fig. 1 Fish design
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2 Previous Work 

This section reviews some researches that was inspired by golden ratio and primi-
tive shapes. [1] presented how to convert the input image into many small colored 
primitive shapes. The main goal was to resize the image and change its aspect ratio 
to whatever the user wants without losing the details or the quality of the image. It 
uses GAN to decide the size, location, and color of every primitive shape to recreate 
the inserted image again with these predicted primitive shapes. 

Taking a sketch as an input and uses Image Processing and Image Analysis to 
recognize and improve the inserted sketch with as low error as possible was presented 
in [2]. 

Other researchers take a sketch as an input and also uses Image Processing and 
Image Analysis [3] but the detection in the previous research was better than the 
recognition of this research. However, the improvement is better in this research 
than the previous research. 

Taking a sketch as an input and using [2, 3] to get the best results possible in 
recognizing and improving the inserted sketch is presented in [4]. It adds to these 
systems to calculated graphs Normalized Distance between Direction Extremes 
(NDDE) and Direction Change Ratio (DCR). These graphs improve the recogni-
tion and improvement even more as they are used in the two processes to get the best 
results possible. 

3 Metaheuristic and Genetic Algorithms 

3.1 Metaheuristic 

During the last three decades, metaheuristic algorithms has gained a great popu-
larity in solving real-life complex problems in many different fields like engineering, 
economics, management and politics [5]. 

The balance between exploration and exploitation is considered as the most impor-
tant aspect for any metaheuristic algorithm as it is required to solve complex real-life 
problems effectively. 

Metaheuristic algorithms are inspired from evolutionary process, swarm intelli-
gence, physics, and human [6] as illustrated in Fig. 2. 

Metaheuristic could be classified also into two categories: 

1. Single point metaheuristic: in which, the algorithm uses only one single indi-
vidual solution, and the local search is used for improving this solution (Simu-
lated Annealing, Tabu Search, Microcanonical Annealing, and Guided Local 
Search) [7]. However, using a single population algorithm may stuck in local 
optimum.
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Fig. 2 Classification of nature inspired algorithms 

2. Population-based metaheuristic: which uses multiple individual solutions 
during their search process. This kind of algorithms maintain the diversity in the 
population in order to avoid the premature or stagnation (Genetic algorithms, 
Particle Swarm, Ant Colony, Differential Evolution, and Gaining–Sharing 
Knowledge algorithms. 

3.2 Genetic Algorithms (GA) 

Genetic Algorithms is a population-based optimization algorithm which is inspired 
from biological evolution process [8]. GA mimics the Darwinian theory of survival 
of fittest in nature. So, it utilizes the concept of survival of fittest. Each individual 
solution in the population is called a chromosome, each chromosome consists of 
group of loci, each locus represents a specific position in the chromosome, and each 
locus has only one of two possible values (0 or 1) as depicted in Fig. 3. 

The GA starts with a randomly initialized population of size n chromosomes 
(individual solutions), and the fitness value is evaluated for each chromosome. The 
new population is obtained by going through an iterative process using GA operators, 
which are: selection, crossover, and mutation. 

● Selection phase is the phase in which two individuals are selected from the 
population based on their fitness value to pass their genes for the next generation. 

● Crossover phase is considered as the most significant phase in GA as it affects 
the convergence speed of the algorithm. In this phase a random point is chosen as 
the crossover point and the offspring’s are created through exchanging parent’s 
genes till reaching the selected crossover point. 

● The last phase is the mutation phase. In which a flip in a random gene is made with 
low probability in order to maintain the diversity of the population and maintaining 
the exploration of the search space. This is done to prevent the stagnation and/or 
the premature convergence. 

1 0 1 1 1 0 1 1 

Fig. 3 Chromosome representation in GA
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1. Read: Population size (n), Maximum number of iterations (MAX) 
2. Begin 
3. Generate an initial random population of size n 
4. Counter =0 
5. While (Counter <MAX) 
6. Select two individuals from the population according to their fitness value 
7. Apply cross over operation with crossover probability 
8. Apply mutation with mutation probability for the offspring 
9. Replace the old population with the new population 
10. Counter = Counter+1 
11. End while 
12. End GA 

Fig. 4 Pseudocode of the Classical GA 

A pseudocode of the Classical Genetic Algorithm is represented in Fig. 4. 

4 Material & Methods 

4.1 Materials 

The input will be an image which is the desired golden ratio design and a list of 
circles which will be drawn. These images were found on the internet then remade 
to get the circles’ data. This data is saved in an excel file with four columns [Design, 
Center (X), Center (Y), Radius] as shown in the table below but on a bigger scale 
and many designs. This process was made with Adobe Illustrator in approximately 
one month. This data set is made of 100 images which are golden ratio designs made 
by many designers then published on the internet on many different websites. All 
of them will have an image format as PNG without backgrounds. All images will 
have the same size which is the biggest size among all images as well as the same 
resolution as 72 ppi. Data needs to be prepossessed as it only has the final design 
without the specific data needed. 

4.2 Methods 

Data Preprocessing 

Firstly, the image is just drawn on the screen without any changing. Secondly, it 
will create a list of circles using the circles’ data inserted previously which should 
be golden circles. Thirdly, it will convert these circles into regions using Flood fill
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algorithm based on the intersections between the circles then it saves these regions 
in a list as shown in Fig. 5. 

In the beginning, all regions were taken into consideration even if it is entirely 
outside the image or it was on a non-colored area. It was improved afterwards as 
if the whole region is in a non-colored area or outside the image will not be taken 
into consideration. However, this method does not work on all designs as sometimes 
some colored pixels are inside the region as circles will not be exactly aligned with 
the image. 

In Fig. 6 the circles used to create the turtle are shown on the image itself. These 
circles were created using the data mentioned in Table 1. It may seem like the circles 
are aligned with image exactly, but it is not. Some of the turtle’s—colored pixels are 
outside the circle. These pixels affect the Genetic Algorithm as it works pixel wise 

Fig. 5 Data preprocessing architecture 

Fig. 6 Circles shown on the 
turtle
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Table 1 Turtle design data Designs Center (X) Center (Y) Radius 

898 374 53.4775 

637 415 140 

678 540 140 

733 472 140 

742 379 140 

708 365 140 

751 538 226.52 

703 174 226.52 

756 186 226.52 

760 190 226.52 

but for the human eye it may not be easy to see. As seen in Fig. 6 the left region 
is some of the excluded when setting boundaries. The genetic algorithm will never 
even try to see if these regions should be drawn or not which saves much time as 
mentioned in Sect. 4.2. The right regions are the regions which might be saved or 
not from the genetic algorithm perspective as it does not know yet. That depends on 
if their colored pixels in the region or not. 

Genetic Algorithm 

Genotype: Our genotype design in this genetic algorithm model is based on binary 
representation. Every gene in the chromosome has a Boolean value which means it 
can only take two values true or false. Each value of these Boolean values or let’s say 
each genes refers to a region in the design as true means this region should be drawn 
and false means this region should not be drawn as shown in Figs. 7 and 8. Working 
with Boolean values reduces the time to mutate the genes or crossover between the 
genes significantly and also reduces the performance needed to do these tasks. 

Crossover: As known in every genetic algorithm, the most important step in the 
model is the crossover between two parents. There are many techniques to crossover 
between two parents but the used technique in this research is Uniform Crossover. 
Uniform Crossover means that each gene has a probability that decides if it should 
be taken from the first parent or the second parent. 

This technique was chosen to increase the mixing between the genes of the two 
parents which will be more useful with the large number of regions if the design is 
more complicated than usual. 

Mutation: Mutation is used to maintain the generic diversity from one population 
to another. Which means it can reach the desired goal faster using mutation. Mutation 
is changing the value of a gene randomly with a new value. It does not have to be a 
different value; it can be the same current value, but it is preferable to be different 
from the current value . It does not have to be a value which does not exist in in 
the population. Normally, the mutation rate is between 1 and 2%. In this research it 
changes the Boolean value from true to false and vice versa.
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Fig. 7 Genotype and phenotype representative 

Fig. 8 Genotype and phenotype representative
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Model Parameters: There are some parameters that must exist in every genetic 
algorithm model to work properly and as intended. Firstly, the population size which 
is how many chromosomes in the single population and in this research, it is equal 
to 200. Secondly, the chromosome size which is how many genes inside the single 
chromosome and in this research, it is equal to the number of regions resulted from 
the Sect. 4.2. The chromosome size can be dynamic sometimes but in this project 
it is static. Thirdly, the crossover technique and the used technique is the uniform 
crossover. Fourthly, the elitism which is the chromosomes with the best fitness values 
to be transferred to the next population without changes to improve the next popula-
tion’s chromosomes’ fitness values and reach the desired result much faster. Elitism 
is represented as percentage value which means for example the best 10% chromo-
somes ordered by fitness values and is often between 30 and 40% and in this research 
is 40%. Lastly, the mutation rate which is the percentage to mutate the genes inside 
a chromosome and change it to another value to maintain the generic diversity and 
in this research is equal to 2%. 

● Population size: 200 
● Chromosome size: Number of regions 
● Crossover technique: Uniform crossover 
● Elitism: 40% 
● Mutation rate: 2%. 

5 Results & Evaluation 

In this section, we will talk about the research’s results before and after improving 
and setting boundaries. There was a slight change in the accuracy as the genetic 
algorithm usually works fine to reach the final design so no big change in accuracy. 
The accuracy is approximately from 97 to 99% with the needed time to complete. 
This percentage does not necessarily mean that it reached 97% of the design. It can 
mean that the design is successfully made but the percentage is reduced due to the 
circle lines based on the calculated fitness with the method mentioned in Sect. 4.2. 
With the set boundaries the time used to reach the final design is reduced by average 
50% and maximum 83% based on how regions are connected to the design itself as 
mentioned in Sect. 4.2. Before setting boundaries, the genetic algorithm took from 8 
to 15 hours to complete a design and know which regions to draw and which to not 
draw. After setting boundaries the time taken improved as it takes from 4 to 6 hours 
to complete a design based on that design and the circles creating it as mentioned 
in Sect. 4.2. These results were based on running on 4 virtual machine devices on 
Microsoft Azure simultaneously to reduce time running all the designs then saved 
on Microsoft OneDrive.
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5.1 Before Setting Boundaries 

Firstly, we will talk about the results before setting boundaries and the results gener-
ated with the genetic algorithm as shown in Fig. 9. Figure 9a shows the best genes 
created after the first population which is totally random. It reached about 90%. As 
seen in Fig. 9a there are some regions outside the images taken into consideration 
and these regions increase the effort and time consumed to reach the final design. It 
had also reached some regions to be drawn while they were supposed to be drawn. 
Most of this calculated fitness percentage came from the white areas as they were 
correct because it is not supposed to be drawn. It had also reached some of the turtle 
design like the head and some areas of the legs. The results are improved afterwards 
in Fig. 9b as more areas were detected to be drawn and they were supposed to be 
drawn. It reached about 97%. It does not care about the regions outside the design 
itself so it will keep trying to draw and not draw these regions based on nothing. It 
reached most of the turtle’s body and better shape of the legs. Some colored regions 
were drawn in Fig. 9a but in Fig. 9b. That does not mean that the genetic algorithm 
does not work properly it means that bigger colored region was detected to be drawn 
or bigger non-colored region was detected to not be drawn so it would be taken 
as a better result as its fitness is higher because it has better genes as mentioned 
in Sect. 4.2. In Fig.  9c the results improved as now the whole body is detected. It 
reached about 98.5%. Some small regions in the head and legs are not detected and 
that means there is still some improvement to be made. Most of the non-colored 
regions are detected to be not drawn and that increases the accuracy as the design 
will get closer from the original design. In Fig. 9d the results improved even more 
and now the human eye can recognize that it is a turtle design. It reached about 
98.67%. As seen in Fig. 9d the whole body of the turtle is recognized to be drawn 
except a small region in the stomach area and a small region in at the left of the or the 
neck area. There are some small pixels left in the left pair of legs. As we can see it 
gets closer and closer until it gets the original design. In Fig. 9e it finally reaches the 
original and the image can be exported as a golden ratio design. It reaches the final 
design at fitness equal to 98.685%. The remaining is either in some colored pixel in 
a very small region as it is not detected to the human eye or some non-colored circles 

(a) Generation 1 (b) Generation 19 (c) Generation 38 (d) Generation 64 (e) Generation 91 

Fig. 9 Turtle improvement through generations before setting boundaries
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in the image but colored in the final result as the circles are drawn in the design itself. 
The circles’ borders are black pixels on non-colored pixels, so it gets counted in the 
fitness function as mentioned in Sect. 4.2. 

5.2 After Setting Boundaries 

Now we will talk about the results after setting boundaries on the same design to see 
how much improvement happened. As we can see in Fig. 10 the best genes generated 
randomly are way better than the randomly generated before setting boundaries. It 
reached 97%. This is much higher than the first randomly generated genes before 
setting boundaries. Most of the body is detected and a small area from the legs. No 
areas were detected in the face area. the most important part is most of the white parts 
are not detected as most of them were not taken into consideration while converting 
circles to regions as mentioned in Sect. 4.2. The genetic algorithm does not even see 
or try with these regions. In Fig. 10b the results improved up to about 98%. Almost 
all of the legs area are detected correctly. Most of the body is also detected correctly. 
Almost all non-colored areas are detected correctly. In Fig. 10c it improved up to 
98.5%. From now on the human eye can easily recognize as a turtle design. Most of 
the legs area are detected correctly. All body and head areas are detected correctly. 
All the non-colored area are detected correctly to not be drawn. In Fig. 10d the results 
improved up to 98.64%. As we can see all that is left to reach the final design is small 
region in the neck area. The whole body and legs area are detected correctly. All 
the non-colored regions are still detected correctly. Finally, in Fig. 10e the final is 
reached successfully with fitness equal to 98.695% like the final result before seating 
boundaries. All colored regions are detected correctly to be drawn. All non-colored 
regions are detected correctly to be not drawn. 

(a) Generation 1 (b) Generation 10 (c) Generation 22 (d) Generation 29 (e) Generation 38 

Fig. 10 Turtle improvement through generations before setting boundaries
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(a) Generation 1 with boundaries (b) Generation 1 without boundaries 

Fig. 11 Comparison between first generation after and before boundaries 

5.3 Evaluation 

As seen in Sects. 5.1 and 5.2 there is a significant change between setting boundaries 
to the genetic algorithm and not setting it. It does the same process and reaches the 
same results but in a very less time. As seen in Fig. 11 the first genes which are 
generated randomly are way better in the method with boundaries as it starts with 
fitness equal to 97%. This is much higher than the first generation without boundaries 
which is equal to 90%. Also, almost no non-colored pixels were detected wrong as 
most of the non-colored region are white in Fig. 8a and most of them did not even 
try with them. Also, most of the body is detected right from the beginning unlike the 
method without boundaries. 

Now as seen in Fig. 12 in the 38th generation in Fig. 12a after setting bound-
aries the final result was already reached and the genetic algorithm had already 
finished processing. All colored regions are detected correctly and drawn in the 
image and all non-colored regions are detected correctly and not drawn in the final 
image. In Fig. 12b before setting boundaries it only reached fitness equal to 98.5 
and without detecting some regions correctly as mentioned in Sect. 5.1. There was 
still some room to improve to reach the final design and it did reach in generation 
91 as mentioned Sect. 5.1. It also took more time not only because it completed 
the process in more generations but also because the single generation takes more 
time than setting the boundaries method. This happens because the genetic algorithm 
handles more regions and tries to reach the original design with more regions than 
setting the boundaries method, so it deals with much more pixels as mentioned in 
Sect. 4.2. The improvement in number of generations is about 58% in this turtle
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(a) Generation 38 with boundaries (b) Generation 38 without boundaries 

Fig. 12 Comparison between 38th generation after and before boundaries 

design and time was reduced from 5 hours to about 2 hours. In summary after setting 
boundaries, it took less effort, time, and generations to complete the given design 
comparing to the without boundaries method. 

6 Conclusion 

In this paper a framework is proposed for generating a golden ratio design using 
golden circles through a sketched design from the user so that the output design is 
near to the input design. 

Genetic algorithm is used to optimize the output design. i.e., maximize the simi-
larity between the input sketched design by the user and the output design using 
golden ratio in less computational time. 

The presented results showed a great significant between setting boundaries to 
the genetic algorithm and not setting it. It was shown that the first genes which are 
generated randomly are way better in the method with boundaries as it starts with 
fitness equal to 97%. This is much higher than the first generation without boundaries 
which is equal to 90%. Also, almost no non-colored pixels were detected wrong as 
most of the non-colored region are white and most of them did not even try with 
them. Also, most of the body is detected right from the beginning unlike the method 
without boundaries, and after setting boundaries the final result was already reached 
and the genetic algorithm had already finished processing. All colored regions are 
detected correctly and drawn in the image and all non-colored regions are detected 
correctly and not drawn in the final image.
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Antenna Array Design Using Differential 
Evolution with Ranking-Based Mutation 
Operators 

Sotirios K. Goudos and Ali Wagdy Mohamed 

Abstract The topic of designing linear arrays with design limitations such as the 
minimum and maximum distance between two adjacent elements is addressed in this 
book chapter. We apply a design framework based on Differential Evolution (DE) 
with ranking-based mutation operators. This DE variant uses a different mutation 
operator than the original DE. The basic idea in this DE variant is to probabilistically 
select the vectors for the mutation operator based on their ranking in the current 
population instead of using a random selection mechanism which is the case in 
the original DE. We perform a comparative study on four different linear array 
design cases among different DE variants with and without ranking-based mutation 
operator. The results indicate the ranking-based mutation operator gives an additional 
advantage to design process. The ranking-based DE variants obtain in general better 
results and seem to obtain faster convergence as well. 

1 Introduction 

One of the most important components of any wireless communication system is the 
antenna(s). This fact results to challenging research tasks regarding antenna design. 
Linear array synthesis is one of the most popular and widely studied research topics 
using both analytical or stochastic methods [7, 8, 23, 25, 27, 36, 37]. Several appli-
cations in both satellite and wireless communications in general require an efficient 
array design. Moreover, during the recent years there is growing application domain
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for these arrays that as a result generates several new research challenges. There 
are more new and strict design requirements like pattern shaping, low profile, wide-
band/narrowband application, and interference cancellation. Additional limitations 
are imposed like power dissipation and small antenna size.

The main conclusion of the above requirements is the need for efficient, simple and 
fast optimization methods. In this context, during the last two decades, several new 
optimization methods have been proposed that are based on mathematical modelling 
of biological evolution or the way biological entities interact with each other in 
nature. Such methods belong to the family of Evolutionary algorithms (EAs) [11]. 
EAs among others include Genetic Algorithms (GAs), Particle Swarm Optimization 
(PSO), and Differential Evolution (DE). The application of the above-mentioned 
algorithms to antenna array design problems is very common [16, 18–20, 23, 24, 
29, 30, 33]. In this chapter, we apply several different DE variants to the linear array 
optimization problem. 

2 Related Work 

Differential Evolution (DE) is global optimizer that uses vectors to evolve with the 
use of three operators: mutation, crossover, and selection. DE is a mathematical 
design and it is not based on a certain biological phenomenon. There are several DE 
variants or strategies in the literature that depend on the form of these operators. The 
choice of the best DE strategy depends on the problem type. DE requires the setting 
of two control parameters, i.e., the mutation control parameter (F) and the crossover 
constant (CR), while it is based on a greedy selection scheme Moreover, DE is also 
very popular for antenna design, as it has been used widely, especially for antenna 
array design. 

One may find a review paper that presents the application of DE in electromag-
netics in [42]. Table 1 briefly reports representative papers that use DE for antenna 
array design. One may notice that the original DE algorithm with DE/rand/1/bin 
strategy is quite common in the literature for array design. Some of reported appli-
cations of the original DE strategy include linear array synthesis [30], synthesis of 
monopulse antennas [2], array pattern nulling in [50]; and conformal array design 
[22]. Moreover, different DE strategies have also been applied to array design prob-
lems. Some have strategies have been introduced especially for array design like the 
DDE/BoR/1/bin variant used for linear array design in [33]. Similarly the authors in 
[3] present a modified DE Strategy (MDES) for linear array synthesis. The design 
of time modulated arrays is another research topic that been studied in [31, 48, 49] 
using the DE/best/1/bin strategy. 

Among others self-adapting DE variants that do not require setting of the mutation 
control parameter and the crossover constant are very popular in the literature. The 
authors in [1] provide a DE strategy (named jDE by the authors) that self-adapts 
the F , CR  parameters. This jDE algorithm has been used in the electromagnetics
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Table 1 List of different antenna array design cases using DE 

DE variant Array type References 

rand/1/bin Linear [30] 

DDE/BoR/1/bin Linear [33] 

rand/1/bin Linear [4] 

rand/1/bin Difference patterns of monopulse 
antennas 

[2] 

rand/1/bin Array pattern nulling [50] 

Modified DE Strategy (MDES) Linear [3] 

Multi-objective DE Linear [39] 

Improved DE Array design [32] 

CODE-EIG Shaped beam synthesis [15] 

rand/1/bin Conformal [22] 

SaDE Sparse linear arrays synthesis [13] 

Memetic GDE3 Subarray design [20] 

best/1/bin Time-modulated arrays design [48] 

Hybrid DE Monopulse antenna with a subarray 
weighting 

[34] 

domain for solving optimization problems such as the microwave absorber design 
problem [14] and the linear array design. [5, 18]. 

Moreover, SaDE [26, 40, 41] is another DE algorithm that uses a self adaptation 
mechanism. The authors in [17] apply SaDE for microwave filter design [17], and for 
linear arrays synthesis design [18]. JADE [51] is another self-adapting DE algorithm 
that introduces the concept of an external archive. JADE has been applied in [11] for  
linear array design. Moreover, the Composite DE (CoDE) [47] is another adaptive 
DE variant. Moreover, a CoDE variant, CoDE-EIG is introduced in [10] and applied 
to shaped beam array synthesis. 

Additionally, in authors in [38] present the Barebones DE. This algorithm requires 
only one control parameter. This is a DE algorithm based on concepts from the 
barebones particle swarm optimizer [28]. Hence, the authors in [46] introduce two 
new barebones DE variants, namely the Gaussian Barebones DE (GBDE) and the 
Modified Gaussian Barebones DE (GBDE). In [6] the authors apply different self-
adaptive DE algorithms for waveform design for wireless power transfer. Although, 
DE inherently works in real spaces, binary extensions also exist. In [21] a binary DE 
algorithm is used for thinned array design.
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3 Differential Evolution 

The Differential evolution (DE) [44, 45] algorithm is a very well-known evolutionary 
algorithm with a wide range of applications. DE is a mathematical construct, it does 
not model any biological process. DE uses three operators that guide the evolution 
in each iteration. Namely, these operators are the mutation, crossover and selection. 
One may 

DE algorithms apply three operators to evolve the population in each generation. 
These are mutation, crossover and selection. In the literature, there are several differ-
ent DE variations [43, 45]. One of features that usually distinguishes these variations 
from the original algorithm is the mathematical description of the DE operators. The 
most suitable DE method or variant to use for a certain optimization problem depends 
on the characteristics of the problem [35]. Among others the popular DE strategies 
for obtaining a mutant vector include the DE/rand/1/bin and DE/best/1/bin. The  
mutant vector produced by the pth member of the population in the j th iteration is 
formulated as 

DE/rand/1/bin 
M̄ j, p = X̄ j,r1 + F × ( X̄ j,r2 − X̄ j,r3 ), r1 /= r2 /= r3 
DE/best/1/bin 
M̄ j, p = X̄ j,best + F × ( X̄ j,r1 − X̄ j,r2 ), r1 /= r2 

(1) 

where r1, r2, and r3 denote the randomly selected population vectors, F represents 
the mutation control parameter, M̄ j, p is the mutant vector, and X̄ j, p is the original 
member of the population. Next, DE applies the crossover operator expressed as 

C j, pm =
{
M j, pm, if randm[0,1) ≤ CR  or m = randindex(n) 
X j, pm, if randm[0,1)>CR  and m /= randindex(n) 

(2) 

where m = 1, 2, . . . ,  D,randm[0,1) denotes a uniformly distributed random num-
ber in the interval [0,1), randi ndex(n) denotes a randomly chosen index from 
(1, 2, . . . ,  D), and CR  is the DE crossover control parameter. The latter is usually 
set from within [0, 1]. Finally, DE applies a greedy selection operator formulated as 

X̄ j+1, p =
{
C̄ j, p, if f ( C̄ j, p) <  f ( X̄ j,p) 
X̄ j,p, otherwise 

(3) 

where f ( X̄ j, p), f ( C̄ j, p), denote the fitness function values of old population member 
and the trial vector, respectively. The above formulation is given for minimization 
problems. 

Thus, in the j th iteration the previous population member X̄ j,p will be replaced by 
the new one Ū j,p only if the new one obtains a smaller fitness value. The description 
of the DE algorithm is given in Algorithm 1.
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Algorithm 1 DE algorithm 
1: Initialization of the DE control parameters. 
2: Set the values for the mutation control parameter F , and the crossover constant CR. 
3: Set the maximum number of iterations MAX  J  , and the population size Pop  
4: Random initialization of the initial population 
5: Get the fitness value for every population member 
6: J = 1 
7: while J < MAX  J  do 
8: for each member p of the population do 
9: Mutation of the original X̄ j,p member of population using (1) and creation of the mutant 

vector M̄ j,p . 
10: Apply the crossover operator using (2) and create a trial vector C̄ j, p . 
11: Compute the fitness value of the trial vector. 
12: Selection operator using (3). 
13: If a new global best vector is found then update. 
14: end for 
15: J = J + 1 
16: end while 

3.1 Self-adaptive de Algorithms 

DE needs the input of the mutation and crossover control parameters F and CR, 
respectively. As a result, the fact that only two control parameters are required is 
a DE advantage. The fine-tuning of these control settings, on the other hand, may 
entail a time-consuming trial-and-error method. In consideration of this, multiple 
self-adaptive DE variations have been discussed and analyzed in the literature. These 
variations include the jDE [1] and JADE [51] algorithms. 

3.1.1 jDE Algorithm 

The differential evolution control parameters F and CR  should be set from the 
intervals [0.5, 1] and [0.8, 1], respectively, according to [45]. In [1], the authors offer 
a self-adaptive technique known as jDE. The mutation operator in the jDE variation 
is the same as in the  DE/rand/1/bin original mutation scheme. The jDE approach 
is built on the idea of each vector having two additional variables. These are the F 
and CR  values for it. These control settings are evolved by jDE. The jDE technique 
generates new vectors with improved control parameter values. These vectors are 
thought to have a higher chance of surviving and producing better offsprings in the 
next iteration. As a result, the improved control parameter values are transferred over 
to the upcoming iteration. 

In each iteration, the control parameters are self-adjusted for each member of the 
population using the formulas:
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Fj+1,p =
{
Flow + rnd1[0,1] × Fupper  if rnd2[0,1] < p1 

Fj,p, otherwise 

CR  j+1,p =
{
rnd3[0,1] if rnd4[0,1] < p2 

CR  j, p, otherwise 

(4) 

where rnds[0,1], s = 1, 2, 3, 4 are uniform random numbers ∈ [0, 1], Flow, Fupper  

denote the lower and the upper limits of F , that are set to 0.1 and 0.9, respectively, 
and p1 and p2 denote the probabilities of adjusting the control parameters. The latter 
are set both to 0.1 according to the authors of the original jDE paper. Moreover, the 
authors in [1] claim that jDE performs better or equally as the original DE algorithm. 
Another jDE advantage is the fact it does not increase the time complexity of the 
DE algorithm. Furthermore, the performance of the jDE strategy is better or at least 
similar to that of the standard DE/rand/1/bin [1] mutation. In addition, using jDE 
does not contribute to the time complexity. The reader who is interested in learning 
more about the jDE technique may find additional details in [1]. 

3.1.2 The JADE Algorithm 

The JADE [51] algorithm applies the DE/current-to-pbest/1/bin strategy. This tech-
nique is used in conjunction with an external archive, which is optional. The optional 
archive’s purpose is to make use of earlier data in order to preserve population vari-
ety. The technique outlined above diversifies the population while also improving 
convergence. For each target vector, the JADE creates a new crossover constant and 
mutation control parameter using a normal and a Cauchy distribution. JADE gener-
ates new control parameters based on recently successful ones. The JADE technique 
employs not only the present population’s best vector, but also additional good vec-
tors. In order to generate new trial vectors, the mutation procedure may also use 
vectors from the external archive. 

3.2 DE with Ranking-Based Mutation Operators (RankDE) 

The basic concept of this DE variant is to select some of the vectors used in mutant 
vector generation according to their rankings in the population [9] and not randomly 
as in the original DE. In RankDE, first, each vector in the mutation operator is issued 
a rank based on its fitness. This is formulated as 

Rk = N P  − k, k = 1, 2 . . .  N (5)
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RankDE defines the selection probability of each vector as 

pk = 
Rk 

N P  
, k = 1, 2 . . .  N (6) 

where N denotes the population size. As a result, the r1 and r2 vector indices are 
chosen based on their selection probabilities, while the remaining vector indices in the 
mutation operation are chosen at random. This means that in the mutation operator 
vectors with greater selection probabilities are more likely to be chosen. The DE 
exploitation ability can be improved in this way. Algorithm 2 briefly describes the 
ranking-based mutation operators DE. Algorithm 2. 

Algorithm 2 RankDE algorithm 
1: Initialization of the DE control parameters. 
2: Set the values for the mutation control parameter F , and the crossover constant CR. 
3: Set the maximum number of iterations MAX  J  , and the population size Pop  
4: Random initialization of the initial population 
5: Get the fitness value for every population member 
6: J = 1 
7: Sort population based on fitness value 
8: Compute the selection probability of each population member using (6). 
9: while J < MAX  J  do 
10: for each member p of the population do 
11: Mutation of the original X̄ j,p member of population using (1) and by selecting r1 and r2 

based on ranking of the current population. 
12: Creation of the mutant vector M̄ j,p . 
13: Apply the crossover operator using (2) and create a trial vector C̄ j, p . 
14: Compute the fitness value of the trial vector. 
15: Selection operator using (3). 
16: If a new global best vector is found then update. 
17: end for 
18: Sort population based on fitness value 
19: Update the selection probability of each population member using (6). 
20: J = J + 1 
21: end while 

4 Linear Array Design 

Lets assume an T -element linear-array arranged symmetrically along the x-axis, 
which is shown in Fig. 1. Then we can express array factor in the x − z plane by the 
following equation 

AF(ϑ, x̄, φ̄, Ā) = 
T∑
t=1 

Ane 
j( 2π 

λ xt sin ϑ+φt ) (7)
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Fig. 1 Geometry of a linear array 

where the wavelength is denoted with λ, ϑ denotes the steering angle measured with 
respect to the positive direction of the z-axis, xt , At , and φt denote the position, 
amplitude, and the phase of the t th element, respectively, and x̄, Ā and φ̄ denote the 
corresponding vectors. If the linear is symmetrically excited array (7) then due to 
symmetry we may write (7) as  

AF(ϑ, x̄, φ̄, Ā) = 2 
K∑

k=1 

Ak cos 

⌈ 
2π 
λ 

xk sin ϑ + φk 

⌉ 
+ A0 (8) 

where K = 
|
T 
2 

| 
represents the largest integer number less than or equal to T /2. If  

the array has an even number of elements then A0 = 0, otherwise it is A0 = 1. The  
following constraints apply to the placement of the array elements: 

x1 ≥ 
δmin 

2 
, x1 ≤ 

δmax 

2 
, when T = 2K (9) 

|x0 − x1| ≥ δmin, |x0 − x1| ≤ δmax, when T = 2K + 1 (10) 

|xi − xi+1| ≥ δmin 

|xi − xi+1| ≤ δmax

}
, 1 ≤ i ≤ K − 1 

where δmin and δmax denote the minimum and maximum allowable interelement 
distance, respectively. We assume a symmetrically arranged linear array along the 
x-axis. that has uniform amplitudes equal to 1. In this case, we may formulate the 
array factor in the x − z plane as: 

AF(ϑ, ȳ, φ̄) = 2 
K∑

k=1 

cos 

⌈ 
2π 
λ 

yk sin ϑ + φk 

⌉ 
(11)
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If we express Equation (11) in dB it becomes: 

AFdB 
(
ϑ, x̄, φ̄

) = 20 · log10 
∣∣∣∣∣ 
AF 

(
ϑ, x̄, φ̄

) 
AF 

(
ϑo, x̄, φ̄

) 
∣∣∣∣∣ (12) 

where ϑo denotes the direction of the maximum. The suppression of sidelobe level 
(SLL) is the optimization target. This is accomplished in the case of position only 
or phase-position design by determining the best element positions and phases. The 
objective function that should be minimized in order to solve this problem is given 
by the expression: 

F1( ̄y, φ̄) = maxϑ∈O{AFdB(ϑ, ȳ, φ̄)} (13) 

where O denotes the set of theta angles that are outside the angular range of the 
mainlobe. 

5 Numerical Results 

As in [12] the linear-array synthesis design cases are executed 50 times for each algo-
rithm. The algorithms selected for this case are the original DE with DE/rand/1/bin 
mutation strategy and the two self-adapting strategies the jDE [1] and JADE [51]. 
Moreover, we compare the above algorithms with their ranking based mutation oper-
ators. 

We examine two different design options for uniformly excited arrays, which 
include position-only, and position-phase synthesis. For position-only synthesis the 
number of unknowns is K , while for position-phase synthesis this number is 2K . We  
set δmin = 0.5λ for all cases, where δmin denotes the minimum interelement distance. 
In all runs we set the population size to 100 and the maximum number of iterations 
to 2000. In DE we set the control parameters as F = 0.5, CR  = 0.9. 

5.1 Position only Synthesis 

We consider first two different position-only synthesis cases. First, we set the maxi-
mum interelement distance to δmax = 0.8λ. In this case the decision variables are the 
interelement distances within the interval [0.5, 0.8]. We set the number of elements 
to 64 so that the problem dimensions in both cases is 32. Table 2 reports the compar-
ative results after 50 independent runs. We notice that all the algorithms results are 
very close. This is due to the small search space. However, one may clearly see that 
the ranking versions in two cases slightly outperform the original versions, which is 
true for DE and the jDE. It seems that the ranking version performs equally well the 
original JADE. In terms of best results found, RankDE and RankjDE obtain a better 
result than the original versions.
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Table 2 Position only synthesis with 64-elements dmax = 0.8λ. Statistical results 
Algorithm Best Worst Mean Median St.Dev 

DE −20.84 −20.8 −20.82 −20.82 1.07E-02 

RankDE −20.89 −20.85 −20.88 −20.88 8.22E-03 

jDE −20.87 −20.82 −20.84 −20.84 1.31E-02 

RankjDE −20.88 −20.84 −20.86 −20.86 1.04E-02 

JADE −20.89 −20.77 −20.84 −20.86 3.90E-02 

RankJADE −20.86 −20.82 −20.84 −20.84 1.08E-02 

Fig. 2 Position only synthesis with 64-elements dmax = 0.8λ. Boxplot of all algorithms results 

Figure 2 shows the boxplot graph for this case. We notice that clearly the ranking 
versions of all algorithms obtain results with smaller dispersion of values than the 
corresponding original versions. The corresponding convergence rate graph is shown 
in Fig. 3. We notice that the ranking versions seem to converge at similar speed faster 
the corresponding original version. Moreover, the radiation pattern of the best array 
found by RankDE is plotted in Fig. 4 with sidelobe level (SLL) equal to −20.89 dB. 
Table 3 holds the elements position of this best pattern. 

Next, we study another array case where we have set the maximum interelement 
distance to δmax = λ. Thus, the search space is now larger than in the previous case 
and all decision variables are within the interval [0.5, 1]. Table 4 lists the algorithms 
comparative results. Again, we notice that in terms of mean values RankDE and 
RankjDE obtain better results than the original versions. RankJADE obtains slightly 
worst results than the ones of the initial JADE. Additionally, the best values obtained 
by RankDE and RankjDE are lower than those of the original versions, which is also 
the case for the worst values as well. 

The boxplot graph for this case is depicted in Fig. 5. In this case the ranking 
versions except RankJADE obtained results with higher dispersion of values than 
the original versions. However, their results are mostly at lower SLL values. Figure 6
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Fig. 3 Position only synthesis with 64-elements dmax = 0.8λ. Convergence rate graph 

Fig. 4 Position only synthesis with 64-elements dmax = 0.8λ. Best radiation pattern found 

Table 3 Position only synthesis with 64-elements dmax = 0.8λ. Element Positions of the best 
obtained result 

k xk k xk k xk k xk 

1 0.250 9 4.250 17 8.720 25 14.234 

2 0.750 10 4.750 18 9.223 26 15.034 

3 1.250 11 5.250 19 9.753 27 15.834 

4 1.750 12 5.750 20 10.253 28 16.634 

5 2.250 13 6.252 21 11.035 29 17.434 

6 2.750 14 6.752 22 11.834 30 18.234 

7 3.250 15 7.270 23 12.634 31 19.034 

8 3.750 16 8.068 24 13.434 32 19.834
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Table 4 Position only synthesis with 64-elements dmax = λ. Statistical results 
Algorithm Best Worst Mean Median St.Dev 

DE −23.32 −22.59 −22.96 −23.03 1.98E-01 

RankDE −23.16 −22.63 −22.98 −23.10 2.06E-01 

jDE −23.24 −22.93 −23.04 −23.03 7.93E-02 

RankjDE −23.38 −22.68 −23.10 −23.05 1.91E-01 

JADE −23.13 −22.66 −22.88 −22.73 2.12E-01 

RankJADE −23.11 −22.58 −22.72 −22.65 1.62E-01 

Fig. 5 Position only synthesis with 64-elements dmax = λ. Boxplot of all algorithms results 

Fig. 6 Position only synthesis with 64-elements dmax = λ. Convergence rate graph
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Fig. 7 Position only synthesis with 64-elements dmax = λ. Best radiation pattern found 

Table 5 Position only synthesis with 64-elements dmax = λ. Element Positions of the best obtained 
result 

k xk k xk k xk k xk 

1 0.250 9 4.287 17 8.780 25 14.446 

2 0.751 10 4.787 18 9.543 26 15.374 

3 1.257 11 5.287 19 10.043 27 16.307 

4 1.764 12 5.787 20 10.543 28 17.260 

5 2.264 13 6.303 21 11.069 29 18.158 

6 2.766 14 6.826 22 11.719 30 19.150 

7 3.271 15 7.575 23 12.531 31 20.141 

8 3.783 16 8.199 24 13.520 32 21.076 

plots the convergence rate graph. The graph is similar to that of the previous case. 
Both RankDE and RankjDE converge faster than the original versions. RankJADE 
and JADE seem to converge at similar speeds. Furthermore, the radiation pattern of 
the best solution found by RankjDE is plotted in Fig. 7. The peak SLL is −23.38 dB. 
Table 5 lists the decision variables for this pattern case.

5.2 Position Phase Synthesis 

Next, we evaluate the algorithms performance in two more complex cases. We have 
both position and phase optimization. We consider a 70-element array, which results 
to a total of 70 problem dimensions. The element phase are within the interval 
[0◦, 359◦], while the interelement distances are as in previous case within the interval 
δmin, δmax.
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Table 6 Position phase synthesis with 70-elements dmax = 0.8λ. Statistical results 
Algorithm Best Worst Mean Median St.Dev 

DE −23.43 −22.26 −22.98 −23.02 4.30E-01 

RankDE −24.09 −23.18 −23.66 −23.70 3.46E-01 

jDE −23.63 −21.80 −22.98 −23.18 5.73E-01 

RankjDE −23.62 −22.08 −22.93 −22.88 4.80E-01 

JADE −23.25 −20.71 −21.36 −21.24 7.26E-01 

RankJADE −23.53 −21.03 −22.43 −22.50 8.20E-01 

Fig. 8 Phase-Position synthesis with 70-elements dmax = 0.8λ. Boxplot of all algorithms results 

We evaluate the algorithms first at a case with δmax = 0.8λ. Table 6 reports the 
comparative results. We notice for the case of RankDE and RankJADE the ranking 
versions clearly outperform the corresponding original versions. In this case the 
improvement in terms of mean values is high up to about 1 dB. RankjDE performs 
slightly worse than the original algorithm. Figure 8 presents the boxplot graph for this 
case. We notice that the distribution of values is quite similar for both the ranking and 
the original version, except for the RankJADE case. However, RankJADE obtained 
better SLL values in general. The convergence speed graph of Fig. 9 shows both 
the ranking and the original versions converge at the same speed. No convergence 
advantage is shown for any algorithm. Moreover, Fig. 10 draws the radiation pattern 
of two best solutions found by RankDE and RankjDE with peak SLL values −24.09 
dB and −23.62 dB, respectively. The uniform array of 70 elements is also plotted in 
the graph. We notice that the optimization process improves the peak SLL by more 
than 10 dB compared with the uniform array. Table 7 holds the element positions and 
phases of the best array found by RankDE.
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Fig. 9 Phase-Position synthesis with 70-elements dmax = 0.8λ. Convergence rate graph 

Fig. 10 Phase-Position synthesis with 70-elements dmax = 0.8λ. Best radiation patterns found 

The last design case is that of an 70 element array with δmax = λ. This means that 
the search space is larger compared with the previous case. The comparative results 
are listed in Table 8. We notice in terms of mean values only RankDE outperforms the 
original version. However, both RankDE and RankjDE obtained lower best solution, 
which can be lower than about 0.5 dB. JADE obtained better results than the ranking 
version. Moreover, both JADE versions obtained worst results than DE and jDE 
versions. 

Figure 11 draws the boxplot graph for the δmax = λ case. It seems that in most 
cases the distribution of values is larger in the ranking cases. The only exception is the 
RankJADE case. RankDE and RankJADE obtain results with a smaller median value. 
Furthermore, Fig. 12 shows the convergence rate graph. Apparently, the original
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Table 7 Position phase synthesis with 70-elements dmax = 0.8λ. Element Positions of the best 
obtained result 

k xk ϕk 
◦ k xk ϕk 

◦ 

1 0.274 197.147 21 11.676 193.504 

2 0.776 198.576 22 12.422 199.393 

3 1.291 196.625 23 13.214 187.461 

4 1.812 199.044 24 13.982 218.487 

5 2.323 197.764 25 14.762 168.163 

6 2.841 199.130 26 15.552 194.972 

7 3.389 193.484 27 16.350 204.429 

8 3.894 201.686 28 17.149 184.504 

9 4.441 195.465 29 17.650 34.310 

10 4.944 196.973 30 18.150 213.768 

11 5.486 198.723 31 18.935 209.904 

12 6.047 196.785 32 19.731 243.543 

13 6.633 198.696 33 20.510 237.503 

14 7.240 195.995 34 21.197 153.696 

15 7.761 195.375 35 21.957 171.693 

16 8.373 204.729 

17 9.002 195.895 

18 9.583 201.044 

19 10.321 195.395 

20 11.050 208.318 

Table 8 Position phase synthesis with 70-elements dmax = λ. Statistical results 
Algorithm Best Worst Mean Median St.Dev 

DE −24.71 −23.50 −24.20 −24.23 4.32E-01 

RankDE −25.73 −24.20 −25.03 −25.31 5.43E-01 

jDE −25.01 −23.55 −24.52 −24.61 4.36E-01 

RankjDE −25.50 −21.88 −24.01 −24.13 1.14E+00 

JADE −24.48 −22.09 −23.03 −22.70 8.60E-01 

RankJADE −23.74 −21.40 −22.74 −22.85 6.72E-01

algorithms converge at similar speed with the ranking versions. The radiation patterns 
of two best results found by RankDE and RankjDE are depicted in Fig. 13 as well as 
the corresponding uniform array pattern. Table 9 lists the array configuration of the 
best solution found by RankDE. 
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Fig. 11 Phase-Position synthesis with 70-elements dmax = λ. Boxplot of all algorithms results 

Fig. 12 Phase-Position synthesis with 70-elements dmax = λ. Convergence rate graph 

6 Conclusion 

In this book chapter, we have evaluated the performance of DE with ranking-based 
mutation operators on different linear array design cases. The results show that 
ranking-based mutation operators perform better or similarly with the original DE 
versions. More tests with different population sizes and iterations are required in 
order to provide a final conclusion. However, these preliminary results show that in 
terms of the original DE algorithm ranking-based mutation operators may improve 
significantly the results. Thus, RankDE is a potential useful algorithm for linear array 
synthesis.
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Fig. 13 Phase-Position synthesis with 70-elements dmax = λ. Best radiation patterns found 

Table 9 Position phase synthesis with 70-elements dmax = λ. Element Positions of the best 
obtained result 

k xk ϕk 
◦ k xk ϕk 

◦ 

1 0.258 165.262 21 11.481 165.532 

2 0.760 165.110 22 12.167 164.010 

3 1.266 167.873 23 12.863 163.318 

4 1.776 168.917 24 13.633 158.377 

5 2.301 164.579 25 14.532 162.351 

6 2.821 165.592 26 15.390 161.003 

7 3.346 163.519 27 16.321 165.734 

8 3.859 167.540 28 17.270 177.719 

9 4.412 169.118 29 18.202 154.973 

10 4.933 163.228 30 19.170 182.996 

11 5.515 164.436 31 20.112 212.070 

12 6.041 163.743 32 21.033 90.425 

13 6.616 168.818 33 22.004 155.871 

14 7.177 166.046 34 22.951 148.243 

15 7.738 168.526 35 23.860 174.738 

16 8.384 162.443 

17 8.933 165.411 

18 9.539 165.990 

19 10.111 169.187 

20 10.755 167.385
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Abstract Gamed-based is a new stochastic metaheuristics optimization category 
that is inspired by traditional or digital game genres. Unlike SI-based algorithms, indi-
viduals do not work together with the goal of defeating other individuals and winning 
the game. Battle royale optimizer (BRO) is a Gamed-based metaheuristic optimiza-
tion algorithm that has been recently proposed for the task of continuous problems. 
This paper proposes a modified BRO (M-BRO) in order to improve balance between 
exploration and exploitation. For this matter, an additional movement operator has 
been used in the movement strategy. Moreover, no extra parameters are required for 
the proposed approach. Furthermore, the complexity of this modified algorithm is 
the same as the original one. Experiments are performed on a set of 19 (unimodal 
and multimodal) benchmark functions (CEC 2010). The proposed method has been 
compared with the original BRO alongside six well-known/recently proposed opti-
mization algorithms. The results show that BRO with additional movement operator 
performs well to solve complex numerical optimization problems compared to the 
original BRO and other competitors. 
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1 Introduction 

Metaheuristic is a multipurpose algorithm that solves problems in an iterative manner, 
trying to find the best feasible option among a number of applicant solutions with 
a quality measure [1]. Metaheuristic optimization methods have attracted the atten-
tion of scientists and engineers from a number of disciplines, as they serve a major 
role both in scientific and industrial use in many practical challenges [2]. Over the 
last three decades, various optimization techniques have been proposed on various 
sources of inspiration. Battle royale optimization (BRO) [3] is a recently proposed 
optimization algorithm that is motivated by a digital games genre called the “royal 
battle”. BRO is a population-based optimization algorithm that simulates the death-
match play mode of Player Unknown’s Battlegrounds (PUBG) [4]. BRO aims at 
solving single-objective optimization in continuous problem spaces [5]. Although 
several optimization algorithms have been introduced in recent years, the BRO algo-
rithm is of particular importance among these algorithms. This is because this algo-
rithm has opened a new horizon for metaheuristic algorithms. Before this algo-
rithm was developed, metaheuristic algorithms consisted of three main categories: 
Evolutionary algorithms (EA); Swarm Intelligence (SI); and physical phenomena 
algorithms. But BRO introduced a new metaheuristic category called game-based. 

EA-based algorithms are inspired by Darwin’s theory of biological Evolution, 
mimicking concepts of reproduction, mutation, and selection to achieve the best 
possible solution. Genetic Algorithm (GA) [6], Evolution Strategies (ES) [7], Tabu 
Search (TS) [8], Simulated-Annealing (SA) [9], Differential Evolution (DE) [10], 
Biogeography-Based Optimizer (BBO) [11], Forest Optimization Algorithm (FOA) 
[12], etc. can be mentioned as the most well-known EA paradigms. 

SI-based algorithms mimic the collective behavior of various kinds of the living 
being, such as humans, animals, insects, single-cells, etc., in the population. Although 
not every individual is intelligent alone, their collective behavior leads to an intel-
ligent search scheme. Some of well-known and recently developed SI-based algo-
rithms are Particle Swarm Optimization [13], Ant colony optimization [14], Cat 
swarm optimization [15], Artificial Bee Colony (ABC) [16], Cuckoo Search (CS) 
[17], Firefly Algorithm (FA) [18], Animal migration optimization [19], Dolphin 
echolocation (DE) [20], Chimp optimization algorithm (COA) [21], Human mental 
search (HMS) [22], and Selfish Herd Optimizer (SHO) [23], Group Search Optimizer 
(GSO) [24] as well as others.  

To reach the optimal solution physics-based algorithms make use of the laws 
of physics such as gravitational force, inertia force, electromagnetic force, etc. The 
movement and communication between populations are conducted by means of these 
rules [25]. Examples of physics-based methods are Quantum stochastic optimiza-
tion (QSO) [26], Central Force Optimization (CFO) [27], Gravitational Search Algo-
rithm (GSA) [28], Charged System Search (CSS) [29], Black Hole (BH) [30], Optics
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inspired optimization (OIO) [31], Water Evaporation Optimization (WEO) [32], Yin– 
Yang-Pair Optimization (YYPO) [33], Thermal exchange optimization [34], Electro-
magnetic Field Optimization (EFO) [35], Billiards-inspired optimization algorithm 
(BOA) [36], and others. 

Exploration and exploitation are two critical factors in the success of an optimiza-
tion algorithm. Every optimization algorithms have their own strategy for performing 
exploration and exploitation mechanism [28]. In order to deliver a successful outcome 
in an optimization algorithm, the balance between exploration and exploitation must 
be maintained. Exploration aims to escape from local optima by exploring among 
new solution-candidates in the unvisited areas of problem space. On the other hand, 
exploitation focuses on the area where exploitation focuses on the best solution to 
search more accurately. E.g., in PSO pbest provides exploitation alongside c1 coef-
ficient parameter while gbest provides exploration alongside c2 coefficient param-
eter. Moreover, in some cases, an additional local search step is applied to enhance 
exploitation [37]. 

According to the famous mathematician Leonhard Euler, everything in nature is 
ultimately either minimized or maximized. Whether plants or animals, living beings 
have been able to adapt to the environment over time, and they found a way to survive. 
Nature has always seen and will continue to witness far-reaching changes; as a result, 
nature can be exposed to new changes and problems that must find new solutions to 
adapt to them. In fact, the scientific and engineering community is not unlike nature: 
every day, new issues may arise that at times require a new method of solution. 
Hence, it makes sense to be inspired by nature to develop optimization algorithms to 
minimize or maximize the problems. This claim could be a confirmation of the No 
Free Lunch (NFL) theorem [38]. NFL is a response to critics who claim that there 
are many optimization algorithms and that there is no need for new algorithms. The 
NFL proves that an optimization algorithm may not outperform others in meeting 
all optimization challenges. There is no heuristic algorithm yet that solves all opti-
mization problems by providing superior performance. Therefore, it is necessary to 
propose new approaches as well as to improve existing ones. 

BRO is a recently-proposed population-based metaheuristic optimization algo-
rithm for continuous optimization problems that is inspired by strategies of multi-
player video game genre (Battle royale games). There are various kinds of Battle 
Royale games, the most important of which are Player Unknown’s Battlegrounds 
(PUBG) [4], Call of Duty: Warzone [39], Apex Legends [40], Counter-Strike: Global 
Offensive [41], and Ring of Elysium [42]. However, these games are not very different 
from each other in game strategy. In fact, BRO mimics the solo-deathmatch mode 
of PUBG. 

Like other stochastic algorithms, search agents randomly distributed over the 
problem space using a uniform distribution. BRO generates randomly N solutions 
using Eq. (1). 

xi,d = r (ubd − lbd ) + lbd (1)
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where i = 1 . . .  N , d = 1 . . .  D. N is the number of possible solutions in the 
population. D is the dimension of the problem space. lbd and ubd are the lower and 
the upper bounds of dth dimension, respectively. In the following, the fitness value 
of each solution is compared to the fitness value of the nearest neighbor with regard 
to the Euclidean distance. And then, the solution with the better fitness value will 
be declared the winner and the other the loser. Next, the loser one will be damaged, 
and the damage count of it will be increased by one. On the contrary, the damage 
of the winner will be reset to zero. The operator is expressed as: xdam .damage = 
xdam .damage + 1 and xvic.damage = 0, where dam and vic  are the indexes of 
the loser and winner solutions, respectively. Meanwhile, loser one attempts to move 
toward the best solution to locate the better position. The new position vector of the 
loser solution can be calculated by Eq. (2). 

xdam,d = xdam,d + r
(
xbest,d − xdam,d

)
, (2)

where r is a randomly-generated number from a uniform distribution [0,1] and xdam,d 

is the position of the damaged solution in dth dimension. Moreover, If a solution 
has a worse fitness value than his neighbor through a pre-determined number of 
times in a row, it will not be a solution candidate. For this purpose, the solution will 
be eliminated from the set of the solutions and will be replaced by a random one 
according to Eq. (1). It is worth noting that to provide exploitation, the problem space 
shrinks down towards the best solution in every� iteration. The initial value for� is 
calculated per� = MaxCicle/ log10(MaxCicle). Then, it will be updated through
� = �+ round

(
�
2

)
. MaxCicle  is the maximum number of iteration herein. To put 

this concept lower and upper bound of each problem dimension will shrink towards 
the best solution as follows: 

lbd = xbest,d − SD(xd ) 
ubd = xbest,d + SD(xd ) 

(3)

where SD(xd ) indicates the standard deviation of all solutions of the population in 
dth dimension and xbest,d refers to the position of the best solution ever found. 

2 A New Movement Strategy 

The new movement strategy is characterized by keeping the individual motion and the 
expansion of the search area. In doing so, it can reflect changes in individual speed. 
In this case, by using an additional parameter, the individual in motion updates and 
maintains another parameter to use in the next iteration. This parameter is randomly 
generated at first and is later updated. Subsequently, its value would be closely 
associated with an individual search capability. The greater the value of the movement 
operator, the greater the individual speed will be. To do a global search, the individuals
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would have a larger step. Their global capacity for optimization is strong, and their 
capacity for local search is weak. To do a global search, the individuals would have 
a larger step. Their global capacity for optimization is strong, and their capacity for 
local search is weak. The smaller the value of the movement operator, the smaller 
the size of the individual step will be. If the movement step is too large, an algorithm 
can fail to achieve or converge to the optimal solution, resulting in the algorithm not 
converging. 

For the moving an individual towards the best one the Eq. (2) has been 
reformulated as follows: 

λdam,d = r1xbest,d + r2
(
λdam,d − xdam,d

)
, 

xdam,d = λdam,d + xdam,d 
(4)

where r1 and r2 are two randomly-generated numbers from a uniform distribution 
[0,1] and λdam,d is also a combination randomly-generated numbers from a uniform 
distribution [0,1] that will be updated through the iterations. This modified moving 
strategy provides more randomness in both exploration and exploitation. 

3 Experimental Results and Performance Evaluation 

A comprehensive experimental evaluation and comparison were performed to eval-
uate the performance of the BRO with a random inertia weight. Like the original BRO 
well-known PSO (Particle Swarm Optimization) algorithm and five recent proposed 
optimization algorithms: ALO (The Ant Lion Optimizer) [43], MFO (Moth-flame 
optimization algorithm) [44], MVO (Multi-Verse Optimizer) [45], SCA (A Sine 
Cosine Algorithm) [46], and WOA (The Whale Optimization Algorithm) [47] have  
been selected as competitors. Moreover, the original BRO has also been used in 
comparisons. The parameters for the control of all algorithms have been set in 
the initial papers according to recommendations. In addition, all algorithms were 
carried out and implemented in MATLAB and Conducted on a Core i7-7700 HQ 
2.81 Processor with 32 GB of RAM. This paper also uses 19 well-known benchmark 
functions for comparison that include unimodal and multi-modal properties, like the 
original study. All these functions have been listed in Tables 1, 2 and 3. For every 
algorithm, the maximum number of iteration and population size is 500 and 100, 
respectively. Also, the threshold value for maximum damage is 3, and both r1 and 
r2 are randomly generated number uniformly distributed in the range [0,1]. All of 
the following test results are achieved by taking an average of 25 independent runs 
each. In addition, the median and standard variation of the fitness evaluation values 
are used as performance measures in 25 independent runs. Tables 4, 5 and 6 for all 
unimodal and multimodal test functions, have provided the experimental results.
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Table 3 Multimodal benchmark test functions with fixed-dimension 

Function Dim Range 

f14 =
(

1 
500 + 

25∑

j=1 

1 
j+∑2 

i=1(xi−ai j  )
6

)−1 

2 [−65, 65] 

f15 = 
11∑

i=1

[
ai − x1

(
b2 i +bi x2

)

b2 i +bi x3+x4

]2 
4 [−5, 5] 

f16 = 4x2 1 − 2.1x4 1 + 1 3 x
6 
1 + x1x2 + 4x2 2 + 4x4 2 2 [−5, 5] 

f17 =
(
x2 − 5.1 

4π 2 x
2 
1 + 5 

π x1 − 6
)2 + 10

(
1 − 1 

8π

)
cos(x1) + 10 2 [−5, 5] 

f18 =
[
1 + (x1 + x2 + 1)2

(
19 − 14x1 + 3x2 1 − 14x2 + 6x1x2 + 3x2 2

)]

× [
30 + (2x1 − 3x2)2 ×

(
18 − 32x1 + 12x2 1 + 48x2 + 36x1x2 + 27x2 2

)] 2 [−2, 2] 

f19 = −  
4∑

i=1 
ci e

(

− 
3∑

i=1 
ai j  (x j−pi j  )

2

)

3 [−1, −3] 

Table 4 proves that the modified BRO provides the best results in six out of seven 
unimodal functions with respect to mean and std. It is clear that there is a great 
improvement in the results. As it is clear, GOA performs worst among the others. 
Also, Table 5 shows that in five of seven multimodal functions, BRO outperforms 
others in terms of mean and outperforms five out of seven respect to std. As is evident 
from these tables, there is a great improvement in results. Such that, for F1, the mean 
value of the proposed method is 1.20128e-26, while for the original BRO is 3.0353e-
09. Coming to the fixed-dimension multimodal functions, the modified BRO has not 
performed better in just one case (F14). In the rest of the function, the proposed 
method provides competitive results. 

4 Conclusion 

In this article, a modified BRO with a new movement operator has been proposed 
to provide a better balance between exploration and exploitation. Within the modi-
fied BRO, there are no user-set parameters, nor are kinds of other user-intervention 
required. At the same time, this algorithm maintains the complexity of the original 
one. Experiments were performed on 19 well-known (unimodal and multimodal) 
benchmark functions (CEC 2010). To verify the performance of the modified BRO, 
the original BRO, besides the well-known PSO algorithm and five recent proposed 
optimization algorithms ALO, MFO, MVO, SCA, and GOA, were also tested for 
comparison. Results indicate that the BRO with random inertia weight performs well 
to address complex numerical optimization problems, compared to the original BRO 
and other competitors.
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