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ABSTRACT

Fractional calculus is one of the best mathematical tools to characterize the memory property of the
dynamical systems. So, Variable-order fractional derivatives in Caputo sense are used in characterizing
the memory property of the presented dynamic a vector host model. Numerical solutions are obtained
using a predictor-corrector method to handle the fractional derivatives. These numerical solutions show
that the modeling of vector host model with variable-order fractional derivatives has more advantaged
than integer-order derivatives.

Keywords: Fractional calculus, dynamical systems, Predictor-corrector method, Variable-order
fractional derivatives, and vector host model.

Introduction

The memory property has been found in complex systems (Guerrero et al., 2011). Characterizing
the memory property of systems is a challenging issue in phenomenological description. So, fractional
calculus is used to characterize the memory property of complex systems (Turski et al.,, 2002). The
variable-order fractional derivative has the significant feature of capturing the history of the variable
which cannot be easily done in case of the integer order derivative (Pinto and Machado, 2013). The
variable-order fractional derivatives has been presented in many researches(El-Sayed et al., 2016; El-
Sayed et al., 2017; Khalil et al., 2018; Arafa et al., 2019) which is good at depicting the memory
property which changes with time.

The vector host model is a mathematical model for the spread of a disease that transfers from
human to another human by a carrier (vector). The host is the living being that virus, bacteria causing
microorganism normally resides in, for example, some bird’s species are normal hosts to arboviruses
such as West Nile virus. The vector is an organism that helps transmit infection from one host to another.
For example, the mosquito serves as the vector to infect humans with the West Nile virus (Marquardt,
2004).

From mathematicians’ perspective, mathematical models are significant tools that help us to
understand the current state and the future progress of diseases in human networks in order to control
and prevent such diseases (Arafa ef al., 2019).

This paper is organized as follows. In Section 2, some preliminaries of fractional calculus, the
algorithm of the predictor-corrector method are presented, and the proposed model. In Section 3 is
devoted to the numerical results and discussions. Our conclusion is illustrated in Section 4.

Corresponding Author: Amaal Sayed, Department of Mathematics, Faculty of Engineering and Applied
Sciences, Nile University, Giza, Egypt. E-mail: amsayed@nu.edu.ecg
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Materials and methods

1. Preliminaries
We present some basic definitions of variable fractional-order derivatives as follows:

Definition 1 (Riemann-Liouville derivatives of variable-order fractional (7))

Let a(t)be a bounded and continuous function, then Riemann-Liouville variable-order fractional
derivative of f(t): [a, b] —» R is defined as (Xu and He, 2013):

i)  Left Riemann-Liouville derivative of variable-order fractional ('t ) is defined by

"D f(t) = 0" flw)do, 0<a(t)<] (1)

( t))dt '[ (t=
ii) Right Riemann—Liouville derivative of variable-order fractional ¢(t) is defined by

"D f(t)= ©) " flw)do, 0<a(t)<] @)

(t))dt'f(

Definition 2 (Caputo derivatives of variable-order fractional (¢t ))

Let ('t )be a bounded and continuous function, then the Caputo variable-order fractional derivative of
f(®):[a, b] = R is defined as (Xu and He, 2013). :

i)  Left Caputo derivative of variable-order fractional a(t) is defined by

fDﬂ”fﬁ)—Fﬁi_ﬁ;I( —0) f(w)do, 0<a(t)<l 3)

ii) Right Caputo derivative of variable-order fractional () is defined by

D f(t)= ) flw)dw, 0<a(t)<1 @)

-1 b
Fﬂ—aﬂ»!ﬂ_

2. The model derivation

The vector-host model consists of two different populations, human population and vector
population. The human population is divided into three different subgroups, susceptible x,, (¢ ), infected

¥, (t)and recovered z, () . The vector population is divided into two different subgroups, susceptible

x,(t), and infected y,(t). We convert the model which is presented in (ELmojtaba, 2016) into

variable-order fractional model as follows:

D "x, (t)=—abx,(t)y,(t),

D=y (t)=abx,(t)y,(t)-By,(t),

cDag(t)Zh(t)zﬂyh(t), v
“D*Vx (t)=—acx,(t)y,(t),

CDmWyv(t):Clcxv(t)yh(t)'
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The parameters of the model are

* a is the per capita biting rate.

« b is the transmission probability per bite per human.

* C is the transmission probability for vector infection.

[ is the average rate of infected humans recover and acquire permanent immunity.

a. The predictor-corrector method

There are many techniques for solving a variable-order fractional model. We state a predictor-corrector
method for solving a variable-order fractional model.

We will introduce an algorithm of predictor-corrector method for solving the following system of
variable-order fractional differential equations

D, (t)= filx,(t), v, (t)z,(t),x,(t),y,(t)),
Dy (t)= o x, (1), v, (1) z,(t).x,(t),y,(1)), O0<z<T
Dz (1) = f(x,(1),y,(1),2,(1),x,(1), y,(1)),
D™ Mx (1) = fo(x,(t),y, (1), 2,(1),x,(1),y,(1)),

(6)
DUy (1) = fo(x, (1), y, (1), 2,(1),x,(1),y,(1)),
With 0 < e,(t)<1(i=1273,4,5) and initial conditions(x,(0),y,(0),z,(0),x,(0),»,(0)) .
Evaluate the predicted values as follows:
(% ) = %,(0)+ iﬂfl«xh)},(yh)-,(zh)-,(xv)-,(yv)}),
oL (ey(t,.,)) ’ ’ ’ ’ ’
< ﬁ2/n+1
(Vi =2u(0)+ Zr( 2(n+1))fz((xh),-,(yh)_,-,(Zh),-,(xv)_,-,(yv),-),
(2, )00 =2,(0)+ i%ﬁ(m)j,(yh),-,(z,,)j,(xv),-,(yv)j),
(%, )y =%,(0)+ inﬂ:’(”zl))ﬁ;((xh)_,-,(yh),-,(Zh)_,-,(xv),-,(yv)_,-),
L B @
(v, )ra =2,(0)+ Zr( 5(m))fs(( W) (Vi) (2,),0(%,),0(8, ) )-
Where
ha(’+1)
ﬂi/'nﬂ —[(n— ]+1)a([”) (n— ])a(t”)]h T/N,T, =nh.
T a(t,,) ®)
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Evaluate the corrected values as follows

o(t,) n hai(tml)

— h }/],/ml
(%) _xh(O)m (O O (2o (X)) 21_( (10)42 1(05.),00),(2)(%,),,(0.), ),
B O O "Zhw”’”“ SCIINCINCINTY
it =V O ——————— (5. 3 ) (2 s (K X1 ( Vi) (20)j5(%,)55( N ) )
o O Rt )12 § et 1) 5
HE) o B Vajims
(Zi ) Zh()m (05 e () (K ) z]‘( (,H)) ) (()Ch)'!(yh)"(Zh)"(xv)"(yv)j)’
J) n J Yajmm
(X, ) = ()m a5 s i s (2o (X)) ZI—( (1) 2 ((xh)j’(yh)'f(Zh)_"(xv)':(yv)j),
0 Jalt) n_ Jslte) am
(Y )oa =N )W (051 i o (2 i (K, i) Z]’( ()42 ((xh)-:(yh)_':(Zh)v(xv)_-:(yv)j)-
where
p ()t —(n—a,(t,, )(n+1)t ,j=0,
Vijun =\(n=J=2) " (= j) =2 (n = j+ 1) 1< j<n,
1 , j=n+l

(10)

Results and Discussion

We applied the predictor-corrector method to get the numerical solution of the system (5) with the
values of the parameters

a=001,6=02,c=02,5=0.3.
and initial conditions x,(0)=100,y,(0)=6,z,(0)=1,x,(0)=80,y (0)=12.

we investigate the system behavior in two cases. First case when the variable-order fractional is
a;(t)=0.8—0.005¢ . Second case when the variable-order fractional o, (t ) = 0.8 —0.05sin(nt ) .
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Fig. 1: he solution of xx(t) at a(?)=0.8 (the solid line) and at ('t ) = 0.8 —0.00% (dashed line).

100 T T T T T
90 - =(t)=0.8 .
— &(t)=0.8-0.05sin( 7t)
80 - 1
70
=
X
60 - 4
50 .
40
30 | 1 1 1 1 1
0 5 10 15 20

25 30
t

Fig. 2: The solution of xx(t) at ('t )= 0.8 (the dashed line) and at () =0.8—0.05sin(7 ) (solid
line).
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— - - = =

- —_—(t)=0.8
, = = (t)=0.8-0.005t

y,(t)

7.5 B

6.5 - 1

Fig. 3: The solution of yx(t) at a(?)=0.8 (the solid line) and at (¢ ) = 0.8 —0.00% (dashed line).

12 T

1 F

10 - B

AU

- =a(t)=0.8
(t)=0.8-0.05sin( xt)

Fig. 4: The solution of yx(t) at a(?)=0.8 (the dashed line) and ate(t ) =0.8 —0.05sin(7 ) (solid
line).
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50 T T T T T

45

—(t)=0.8
= = (t)=0.8-0.005t

0 5 10 15 20 25 30

Fig. 5: The solution of zx(t) at (¢ ) =0.8 (the solid line) and at () =0.8—0.005 (dashed line).

60 T

50 -

40 1

X0

- =a(t)=0.8
(t)=0.8-0.05sin( xt)
20 + .

10 - b

Fig. 6: The solution of zx(t) at (¢)=0.8 (the dashed line) and at () =0.8—0.05sin(x ) (solid
line).
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80 T T T T T
— o (1)=0.8
= = (t)=0.8-0.005t
75
N
N
~
~
~
70 - ~ ~ 7
— ~ ~
:> =~ -
x —
65
60
55 I I I I L
0 5 10 15 20 25
t

30
Fig. 7: The solution of x(t) at a(?)=0.8 (the solid line) and at (¢ ) = 0.8 —0.00% (dashed line).

80

- =a(t)=0.8
75 — (t)=0.8-0.05sin(nt) | -
70 .
:>
x
65 - -
60
~
55 1 1 1 1 1
0 5 10 15 20 25 30
t

Fig. 8: The solution of x,(t) at

a(t)=0.8 (the dashed line) and at (¢ ) = 0.8—0.05sin(nt ) (solid
line).
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30

25

y, ()

20

—(1)=0.8
= = 0(t)=0.8-0.005t

20 25 30

Fig. 9: The solution of y.(t) at a(?)=0.8 (the solid line) and at (¢ ) = 0.8 —0.00% (dashed line).

40

35

30

20

15

10

- =aft)=0.8
— {t)=0.8-0.05sin( 7t) | |

30

Fig. 10: The solution of y«(t) at a(?)=0.8 (the dashed line) and atey(t ) = 0.8 —0.05sin(7 ) (solid
line).

InFigs. 1,3, 5,7, 9 we take the variable-order fractional ¢, () = 0.8 —0.005¢ means the memory
of the system is a decreasing function so the system behavior is slower with time.

In figs. 2, 4, 6, 8, 10 we take the variable-order fractional ¢, (t)=0.8—0.05sin(zt )means the
memory of the system is a periodic function so the system behavior is a periodic.
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Conclusion
This paper introduced two different functions of variable-order fractional out) for a vector host

model. We used the numerical results to show that according to the formula of the memory of the system
such as a decreasing function or a periodic function the behavior of the system has the same properties
of the memory function.
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