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Abstract The main purpose of this work is to study the motion of 2-DOF of an
auto-parametric dynamical system attached with a damped system. The governing
equations of motion are gained utilizing Lagrange’s equations in terms of the
generalized coordinates. The method of multiple scales (MS) is used to obtain the
solutions of the governing equations up to the third order of approximation. The
primary external resonance simultaneously with the internal one are investigated
to establish the solvability conditions and the modulation equations. The graphical
representations of the time histories together with the amplitude and phases of the
dynamical system are represented in some plots to describe the motion of the system
at any instance. The stability of the solution has been made with use of Mathematica.
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1 Introduction

Rotating cylinder over circular surface is widely appeared in many engineering
applications. For example, electric motors, vibrating buildings, aviation, missiles,
and locomotive engines are increasingly used as an example of it. As a rule,
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a rotating cylinder might be one of the main vibration’s sources. Hence, it is
very important to fully understand the vibration motion in order to offer better
engineering solutions to reduce the vibration using a good design. Thus, various
type of frequencies and mode shapes of such vibrating structures are significant
in the design stage. Hence, it is very important to carefully understand where the
resonance occurs to avoid structural familiar. For instant the proposed model is a
good example of such systems. Discussion of such models may be found in [1-3].
The auto parametric resonance phenomena is observed as a cause of the coupling
occurring in the equations of motion. Dynamical analysis of nonlinear vibrations of
a mass of a cylinder shape which is rotated over circular body of radius R was
presented in the paper. With the use of the multiple scale method the solution
up to the third order is achieved [4, 5]. The system stability is investigated using
Routh-Hurwitz criterion. Mathematica was the selected software to solve the algebra
system and to obtain the results and graphically present it [6].

2 Dynamical Modeling

Let us consider the planar motion of a cylinder where its mass is m; and its radius
is r over a circular surface of radius R and mass M. The system of the two masses is
attached with the ground with an elastic spring of k spring stiffness, a damper of ¢
damping coefficient, g earth’s acceleration, and 6 generalized co-ordinates admitted
according to Fig. 1. The motion is considered under the influence of an external
force F(¢) in the vertical direction.

Lagrange’s equations were used to obtain the governing equation of motion for
the corresponding system, the following

d (0L oL
7 () — (55) = Qu,

(1)
i (3—5’) —(55) = Qe

Fig. 1 The dynamical model
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Where Qy and Q, represent the general forces, which have the forms

Qu=f@),00=0
The equations of motion can be written as

ii +@lu+m (0 sind +6% cosd )+ 2cu it = f(t)

6+ (0} + 2ii) sin 6 =0, 2)

_ Y—Ye _ . m 2 _ k 2 2¢ _ F()
u= » M= (m1+]M)’ O = Grmin: @2 = s SO = =

3)

The external force has the form F(f) = F cos (21 1).
The higher order of the trigonometric of functions cosf = 1 — % and sinf =

3 .
60— % are admitted.

3 The Proposed Method

The amplitudes of all oscillations are theoretic to be of the order of a small parameter
¢. This can be expressed as

0)=¢c@(t;¢e), ut) =¢ex(t; e, “4)

where 0 < ¢ < < 1. We seek the asymptotic solutions ¢ and x in the form of
power series of ¢ as

¢ = Y118 (10,11, T2) + O (),
3 gk 4 )
x =% &% (0,11, 12) + O (¢7),
where t,, = &"t; (n = 0, 1, 2) are different time scales.
The derivatives in terms of the new time scales will be written in the following
form

T aTQ 1] a1 ° 6)
a2 _ 3 f) 2( 8 9 3 (
m =gt 2eg t et | g + 2505, | H O (7).
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Terms of O(&?) and higher order in Eq. (6) are neglected. Presumptuous that the
amplitudes of generalized forces, the damping coefficients and the eccentricity to be
small and have the form

f=ef. @)

Substituting expressions (4), (5), (6), and (7) into Eq. (2) and equating coef-
ficients of like powers of & in both sides, one obtains three groups of partial
differential equations according to the asymptotic solutions (5). Therefore, one
obtains the following system that consists six partial linear differential equations
as follows.

Order (&)
9%x
"t owlx =0 )
a1,
82
V9 4 w3 =0, ©)
8t0
Order of (£2)
Pxy |, <a¢>1 )2 8%x) 0%
— + =-m|— ) - 2———— —mPp—-, 10
81:3 12 R 070 T] 1 3‘(3 (19)
Z L Phy = — _z ,
atg 272 drory 37 97t
Order of (&)
2
8 XS +C() X3 = Fl cos Ql T — 381521 - 2Cg)‘§(]) -2 (3(?[0/5}[2 + 3‘503‘[1) (12)
dg1 g g a¢> ¢ ) ¢
—2m [zm; an T n an T Pl anen T P25 T 91 37022]’
a ¢> 3 3% 8%¢ 3¢
P 4wy = 6“)2 ¢y — 3,2] -2 (aroalrz + 3r08'2[1) 13
o3 (mE ets),

the previous partial differential equations system can be solved successively. In
order to achieve this purpose, we start with the general solutions of Egs. (8) and
(9) in the form

X1 = Aleiwlm + Kle—iwlm’ (14)
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1 = Agel @2 4 Aye 270 15)

where (A;; i = 1, 2, 3) represent unknown complex functions of 71 and 7, while
A; denotes to its complex conjugate.

Substitution of the solutions (14) and (15) into the equations of higher order (10)
and (11) produce secular terms. In order to eliminate these terms, substituting (14)
and (15) into (10) and (11) to obtain the required conditions for this purpose in the
form

9A IA
92—y, 2. (16)
aT] a7

Consequently, the second order solutions become

2mw3ArAy XM (wy — 2 i)y m wy Ay’
Xy =
2 2 2
@) (@f -4 @3)

+ CC, a7

2 el Fe)t0,) ATA, D el @1m®2)T04 AJA,
by = + + CC, (18)
3 (w1 + 2w2) 3 (w1 = 2w2)

where CC refers to the complex conjugates of the preceding terms.

Referring to the above procedure, the elimination of the secular terms required
that the functions (A;; i = 1, 2) depend upon the time scale 7 only.

The solutions for Egs. (12) and (13) of the third order approximations can be
obtained as previously in a similar way. The elimination of the secular terms in (12)
and (13) demands the following conditions

8A1 4 mw?A1A2K2

2iCw Al —2iw)— — —L 22 . 19
1 Ay 1afz 3(6012_4@%) (19)
_ Ay 4wl AjARA
—2iwy— —————————
0Ty 9 (w1 + 2w7) (20)

w5 (3wt +4wr (—8im+ (—3+4m)wn)) AJA; _
6 (w% —4 w%)

The solutions for Egs. (12) and (13), after eliminating secular terms, take the
form

Fet®1o 2ma)l(w1+2w2)A1A%e”O(”’l+2“’2)
2(wf-27) | 3lot—(@1+202)7]
2 ma)l(a)1—22w2)A1A22”;)(“’1_2")2) LccC

3[wf —(@1—-2w2)7]

X3 =
(21

+
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65 = 31 92%0 (0244 w (=8 i m+(—14+4 m)an))A3
3= 48 (07—4 )
4 ei(Z(ul +w2)10wf]3A%A2 4 ei(Zw] 7(412)1'0(1)?A%X2
I(w1+2 wz)[a)%—(Za)l +a)2)2] w1 -2 wz)[w%—(Za)l _w2)2]

+cc, (22)

The unknown functions (A;; i = 1, 2) can be estimated from the system with
the aid of the following initial conditions ¢(0) = zo1, ¢(0) = zo2, u(0) =
z03, u(0) = zo4,

4 Vibrations and Resonance Conditions

Referring to the above procedure of the analytical solutions, the values of resonance
parameters can be determined. The resonance cases can be attained if any of the
polynomials in the denominators tends to zero and can be classified as

Primary external resonance, at Q1 = w;
Internal resonance occurred, if w; = wy are satisfied.

If any resonance case is satisfied, in particular the case of incidence internal
resonance, we can predict that the dynamical behaviour of the system will be very
complicated, the previous approximated solutions considered in the above section
are valid if oscillations run away from resonances. If any one of the above listed
conditions are satisfying; which indicates the need to adjust the used method.

5 External Resonances

5.1 Solvability Conditions

Here, we discuss the simultaneously occurring three primary external resonances
case. Therefore, we consider that the combinations | ~ w; is satisfied which
qualitatively describes the nearness of Q21 to wi. If we introduce the detuning
parameters (o;;i = 1,2) as in the form

Q| =w +o0y,
1 1+ 01 (23)
2w) = 2wy + €07 .
Then the effectiveness of resonance is reflected in the secular terms. The detuning
parameters are considered a measure of distance of the vibrations from the strict
resonance. Therefore, we express them in terms of the small parameter ¢ as
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o; = 85,‘; i = 1, 2. (24)

Substituting about the detuning parameters from (23) and (24) into Eq. (2) and
focusing attention on the secular terms, then the solvability conditions are obtained
as a result of the elimination of secular terms, in which that can be written as for the
2" order approximation

0A] 0A>

=0, =0, (25)
31’1 31’1
-For the 3"¢ approximation
. _
LE oitict _ 9 C i 0AL _ dmeiAiAcAy
sF1e 21 Cw Al —2iw FE) 34l 0,
4ol AlAy G2 i A2 _ 403 AjAA| (26)
9w =2 w2) 291, 9(w1+2w2)
03 (3 w}+4 wy(—8 i m+(—3+4m)wy))AJA;
- —— =0.
6(w1 —4 ‘”2)

6 Problem’s Modulation Close to Resonances

Based on the above section, we can see that the solvability conditions of the
considered model constitute a system consists of four nonlinear partial deferential
equations in terms of unknown function A;. It is worthwhile to notice from Eq. (25)
that, the functions A; depend upon the slow time scale t, only. Therefore, we can
express these functions in the polar notation as

gll (Tz) i‘Zﬂz
= —e .

A; >

a; =¢a;; i=1,2. 27
Since A; are independent functions of variable 7o andri, then the first order
derivative operator can be simplified to the form

Wi _ 204

_t c (=1,2). 28
Py 00y @ ) (28)

Bearing in mind the above formula (28), Eq. (26) turn into ordinary differential
equations. In order to transform them into an autonomous ones, the modified phases
can be introduced in the form

01 (t1, ) =11 01 — Y1 (12), 29)
O (t1,2) =11 62 + 2 [Y1 (12) — Y2 (T2)] -
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Substituting (27), (28), and (29) into (26), separating the real and imaginary parts,
one obtains directly the following system that consists of four ordinary differential

equations from first order in terms of 81, 02, ay, and a;

6, _ Fi _ maa; o
AT = 5. cos0) +ajo S(r—4w?)’
da;y _ Fy _;
W_7s1n91—601ual, 33

doy _ B PPN L Lo L B
g = ax (02 +201) = 20237 — 5000y

L B Bolortd3tamed)  olaar cosé,
24(w?—4 o) Sz (@1=2w2)”

dar __ 2m a)% a% w?alz sin 6,
dr — 3(w%—4 w%) 18ws (w1=2w2) "

(30)

With a view to solve this system, we can transform the previous initial conditions

according to the new variables as

a;(0) =0.004, 6;(0) =0, wherei =1,2.

Equations (30) have the solutions a; and 6 that govern both of amplitudes and
phases modulation in terms of the slow time scale when two investigated resonances
occur with each other. Therefore, the solutions of these equations can be plotted as in
Figs. 2, 3, 4, and 5 after taking into consideration the following values of parameters
where M = 25kg, k = 50, c = 0.01, 01 = 0.001, 62 = 0.003. We calculated the
time histories curves in Figs. 6 and 7 of the desired solutions ¢ and u up to the third

approximations.

a2
0.004 {

0.003 ¢

0.002

0.001 ¢

100 200

-0.001 }

Fig. 2 Presentation of the variation of a;
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\40T0
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Fig. 3 Presentation of the variation of a;
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100 200 300 400

Fig. 4 Description of the variation of 64
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02

100 200 300 400

-4

-6

Fig. 5 Description of the variation of 6,

u
0.002

0.001

—-0.001

—-0.002

Fig. 6 Representation of the variation of u
7 Steady-State Solutions

The main objective of this section is to study the steady-state vibrations of the

considered model. It is known that the steady state vibration arises if the behaviour

of the transient processes disappears owing to the damping of the system. The

amplitudes and modified phases of steady-state can be obtained from the Eq. (30), in
do; _ da;

order to explore such a case, let us assume that (d—t’ == 0; i=1,2, 3) equal
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o
0.002

0.001

-0.001

-0.002

Fig. 7 Representation of the variation of ¢

zero. Therefore, we have a system of algebraic equations in terms of the unknowns
hjand 0;;i=1, 2.

m alag w?
Z it o)
St sinf) —wipap =0,
3.2
. wjajay
a2 (02 + 201) = go o 120 €1V
a% (3 a)%w2+4(—3+4m)wg) w?a%az cos 0

T A Yme2ey = O
2 3
=0,

2m w; ay wla% sin 6
3(wl—4w3) 18wa(w1—2wp) T

F
ﬁcosﬁ—l—alo] — =0,

Elimination of the modified phases 61 and 8, from Eq. (31), produces the
relationships between both of the amplitudes and the frequency clarified by the
detuning parameters

2
2 4
2 _|_Mmag e 2.2 2
F1 _|: w4 o) 2a1a)1011| + oy ay,

2
6 4 3 2 3

of aj _ _ wiaj a3 (3 wjwr+4(—3+4m)w3) 30

81 wl(w1—2w2)? |:(‘72 +201) — sz T 24(w}—4 »3) (32)

2
+ 4m w%a%
3wi—4e) |

It is worthwhile to notice that Eq. (32) is considered as implicit nonlinear
algebraic equation with respect to the variables a; and a;.
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8 Steady State Analysis

One of the important factors for the mentioned problem of the steady-state
oscillations is to investigate their stability. For this task, we analyse the manner of
the system in a region that is very close to the fixed points. To discuss the stability for
the particular solution of the steady state, we introduce the substitutions into (30).

ay =ajo +ar,
a = axy + azy,
01 = 610 + 011,
6r = 09 + 671.

(33)

Here ajg, 610, azo and 65¢ represent the solutions of (34) and aypy, 011, a1 and
621 denote perturbations which are assumed to be very small, compared to the
predecessors. Then the linearized equations take the form

32 3
don _ _ ki : m wiaj, m wiaipa0az|
ajp—2 = —5L16;;sin ayy o — -
10777 20, /11 f10 +an oy 6(w?—4 w3) 3(wi-4w3) ’
dan — Loy cosbip — o1p an,
32 3 2 3
don — __“19%0 a3 (3 wjwy+4(=3+4m)w3)
a0 =az |02+ 201 % (@1 +207) + TPy (34)
3
. doy _ 2wjaxaiodil
2612() dt 9wy (w1 +2wy) ?
day; _ _2m w} a2y an @} ax 621 cos b2
dtv — (0 -4 »2) Bawn(w1—2wy) *

Take into consideration that the small perturbations aii, 011, @21 and 671 are
unknown functions. Every solution is a linear combination of k; e, where k; i =1,
2, 3, 4 are constants and A is the eigenvalue corresponding to the unknown
perturbation, counted from the real parts of the roots. In this analysis, if the steady-
state solutions (fixed points) ajg, 010, a0 and 8¢ are asymptotically stable, the real
parts of the roots of the following characteristic equation

AT+ A2+ T3A + T4 =0. (35)
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of the set of (34), must be negative. Here I'y, I'», I'3 and I'4 take the form

1 @3 +2(m a2y —2u o) w?

F sin6
= 10
1 a)f74 a)%

2ajow] +

_ 1 _ 2 2 2.2
L = 1296 argan @l (01 —2an) @1 +2w2) [108 ary (w1 — 2w») a)2(24m,u aj0ay,wiw;

+ 6 Fsinfjg (/La)? +2 (ma%o - Z/Lwl) w%)

— F ) cos 09 (masywi — 6 o1 (0 — 4 a)z)))

+ alo a)] cos 019 (—8a10 a)] (w1 —2w)) + 3a)2)
(4801 (a)1 4 a)z) + 240 (a)l 4 a)z)

+ a20 (—16ma)l + 9a)1a)2 + 12 (=3 +4m) a);) )) ],

)

I'; = 1 ay w? cos B (w1 + 2w2)( — 842 a)4<F sin 619
3 2592a10a20w%(a)%—4w§)2[ 0%l 0( )( 10771

+ Z,ualow% )—|—8w%( F sin6 (180] + 907 + Zafo a)l) + 2ua10w%

(1801 + 907 + 2( ajy — 3ma20) a)l))a)z + 27a%0a)% (F sin B9 + 2,ua10w%) a)%
— 288 (201 + 02) (F sin 610 + Zp.al()a)%) a)g

+36(-3+ 4m) a20 (F sinfio + 2uaiowl) o3

— 432 F ma3, o ( 6w sin 1o (0 — 4 w3)

+ cos 6o (ma%0 ‘“1 — 601 (“)1 4 “’2))) ]

F cos 0y “’1 2 )
T 2002 (01— 2(»2) 2007 L 3a2(8 (201 + 02) wy + 3az,wiwn

—32(201 + 02) W3 + 4 (=3 + 4m) a3yw3 ) ( — 6 sinbyg (0 — 4 w3)
+ cosbqp (ma%oa)1 601 (a)l 4 wz)))

8a10w1 (w1 — 2wy) (2/1 sin 61 (‘01 4 ‘02)
~+ cos 09 (maloa)1 — 601 (a)1 4 a)z)) )].

(36)

However, according to the Routh-Hurwitz criterion, the fundamental conditions
of the stability for the particular steady-state solutions will be

>0,
_ _ 2
I3 (T = T'3) — T4y > 0, 37)
ro,—-ri >0,
'y > 0.

The stability of the system amplitudes are varying with different spring stiffness
value. As presented in Figs. 8 and 9 the dashed line (on the lift side) represent the
unstable region. Where, the solid line represents the stable region. The solid red line

represents the stable region of a; and the blue color represents the stable region of
a.
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10

05[

0.0

10Ff

-0.15

Fig. 8 stability for a| and ay with o1 atk = 2000

1.0

05

0.0

1.0
-0.15

Fig. 9 stability for a; and ax with o1 atk = 1500

9 Conclusions

0.05

ai

0.10

0.15

This work outlines the vibrating motion of a cylinder over circular under the influ-
ence of an exciting force. Lagrange’s principles were utilized obtain the governing
equation of the system’s motion taking into account the presence of external forces
acting on the vertical direction. The multiple Scale technique is used to obtain the
asymptotic solutions up to third order and to gain the modulation equations in frame
work of the solvability conditions. The various resonance cases, primary external
resonance and internal one, are studied. The system stability is checked according
to Routh-Hurwitz criterion condition. The graphical representations of time history
of motion, resonance cases are presented through some plots to highlight the
effectiveness of different physical parameters on the motion. The importance of this
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work is due to its direct applications in the fields of engineering machines which
needs insight investigation in order to reduce the system vibrations.
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