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Abstract:

Path and path deviation equations for neutral, charged, spinning and spinning charged test particles, using

a modified Bazanski Lagrangian, are derived. We extend this approach to strings and branes. We show
how the Bazanski Lagrangian for charged point particles and charged branes arises a la Kaluza-Klein from

the Bazanski Lagrangian in 5-dimensions.
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1. Introduction

Theories of relativistic extended objects, called branes,
have become one of the most promising branches of re-
search in theoretical physics (for a review see [1]). They
are a natural generalization of the concept of point par-
ticle. Branes occur at microscopic scales as a part of
string/M-theory, or as fundamental objects of their own.
On the macroscopic scale, a 3-brane living in a higher di-
mensional embedding space, can describe the entire uni-
verse. For a review of many aspects of embedding and the
‘brane world’ scenarios see[2].

A starting point of a brane theory is the Dirac-Nambu-
Goto action, which gives the brane equations of motion —
a generalization of the point particle geodesic equation.

*E-mail: matej.pavsic@ijs.si
tE-mail: kahil@aucegypt.edu

As in the case of the point particle, the embedding space
in which the brane moves can be curved. It is important to
understand how a brane moves in such a classical back-
ground space, and how it deviates from the motion of a
nearby brane. A pioneering work in that direction has
been done by Roberts[3, 4].

Geodesic deviation equations for the point particle have
been extensively studied in the literature. This is impor-
tant, because from studying the free fall of two nearby ob-
jects we obtain the information on the curvature of space-
time by using geodesic deviation equations. For instance,
Ellis and Van Elst[5] used such equations for studying
the structure of cosmological models. Recently, Wanas
and Bakry [6] utilized geodesic deviation equations to ex-
amine the stability of some celestial objects. Also, there
are some attempts by Roberts [7] who quantized geodesic
and geodesic deviation equations. Bazanski[8, 9] discov-
ered a very powerful method to obtain the geodesic and
geodesic deviation equations from one single Lagrangian.
Some authors, have applied this approach for examining
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path equations in different geometries than the Rieman-
nian [10, 11], testing the effect of extra force on dynamical
motion of spiral galaxies due to dark matter [12] and ex-
pressing the required paths of polyvectors as defined in
curved Clifford spaces [13].

The aim of this work is to derive the equations of minimal
surface and minimal surface deviation by using a gener-
alized version of the Bazanski Lagrangian for p-branes.
In section 2 we review how this works for the point par-
ticle (p = 1), and explain how Bazanski Lagrangian[8, 9]
can be extended to include not only neutral point par-
ticles but also charged, spinning and spinning charged
particles. In section 3 we present the relevant equations
of minimal surface and minimal surface deviation for p-
branes, and the case of spinning and charged p-branes as
well. In section 4 we show how the Bazanski Lagrangian
for charged point particles and charged p-branes follow
a la Kaluza-Klein from the Bazanski Lagrangian in 5-
dimensions. Finally, we give some concluding remarks on
how this work could be extended.

2. The Bazanski approach for the
point particle
Geodesic and geodesic deviation equations for a relativis-

tic point particle can be obtained simultaneously by using
the Bazanski Lagrangian [8, 9]:

« DYP
Ds

L=gqpu . (1)

Here u® = dX%/ds, where X% are the particle's coor-
dinates, and s the proper time, whereas (/f is the s-
dependent deviation vector, associated with a one param-
eter family of geodesics X*(s, €) according to[8, 9]

G
H —
4 € de

e=0

Performing the variation of the action

Ixe, ¢°) = / dsl (3)

with respect to the deviation vector ()?, we obtain the
geodesic equation:

If we vary the action (3) respect to X”, then we obtain the
geodesic deviation equation:

DZ Lpa

D2 R gy’ uPu®. (5)

The above Lagrangian can be generalized[14] to include
the coupling of a charged particle with the electromagnetic
field:
Dyf e
L= gapu®—— + — Fopu®yP. 6
gupt” 3 + = Fupu”y (©)

Then, instead of Eq.(4), we obtain

On the other hand, if we consider the Lagrangian

DdlB 1 a,,B Qyo
Ds +ﬂRa3ygu Yrse, (8)

L= gqpu”

we obtain[14] the Papapetrou equation:

du® a 1
HyV = — RY YA
PP {,uv}u ut= o wpSPut, 9)

which, together with DS*Y/Ds = 0, is the equation of
motion for a relativistic top moving in a gravitational field
background. The latter equation for S*¥ means that our
object does not precess. In the Lagrangian (8) we consider
the spin tensor S*V as a fixed quantity that is not varied.
Later we shall consider an action in which also S*¥ is a
dynamical variable.

Dixon equation for rotating charged objects

du® a e 1
v i v a PV, M
ds + {uv}u u —mF wu’+ —ZmR wpSPut (10)

follows from the Lagrangian that combines eqs. (6) and (8):

Dyf e 1
+ —Fopu®yf + —R",,,S"u". (11
DS Bu 2 Hvp u ( )

L= gqpu”
Whilst the conventional Bazanski Lagrangian (1) gives
geodesic and geodesic deviation equations, the trajecto-
ries of charged and spinning objects can be obtained from
the modified Lagrangians (6), (8). This has led Kahil [14]
to suggest the following general Lagrangian:

Dy#

L= g.pu® fauf, 12
Gapll DS+BL// (12)
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where
fB = 01FGBUB + OzRa3y5Sy6Ua

Here a4 and a, are parameters that may take the val-
ues < and ;- to be adjusted with the original Lorentz
force equatlon and the Papapetrou equation as well as
the Dixon equation.

Let us now consider the deviation equations that corre-
spond to Lagrangians (6), (8), and (11).

(i) Charged deviation equation:

DZ(‘)[}(X a v € a DL)[}V a
5t =R ,u'u L/J”—i—;(l-_ D +vau¢1).
(13)
(it) Rotating deviation equations (without precession)
D?ye " 1 Dy
=R? v + — | R vp
Ds2 Rt u” P + m (R wopS Ds

+ RS U PP + R s p ST UM P ) . (14)

(iit) Rotating charged deviation equations:

D2 a , e " v "
70;’[12 =Rt u" PP + P (F Dy + F%u t,[}")
1 o V, D¢ a V.
+ﬂ(R WpS”D + R, SYA ut P
+ Ry ST UMY ) . (15)

The above deviation equations (13), (14), and (15) can
also be derived directly from the equations of motion (7),
(9), and (10), respectively. For example, Nieto et al.[15]
derived in such a manner the deviation equation (14) from
equation (9) for two nearby tops.

Papapetrou [16] has formed an equation of a rotating ob-
ject which is able to precess:

DSe? ) 1

D
— | mu®+ ug DS | =2

B R%,.,,S"u".  (16)

Kahil has suggested the following Lagrangian [14]:

Véualpf?

DS Dlpﬁ
L=g, a
gap (mu + ug Ds ) De + 5 RagysS
(17)
which gives the Papapetrou equation (16), and the follow-
ing path deviation equation:
D>y 1 DSv#
— 7R0( U v lPP
Ds2 m wvpl (m u’+ug Ds )

1w u DS*®\ Dy
md 94U\ D5 , Ds

1 a V, Dlib a
+ﬂ(Rw,,S/’ o RS
I T ) . (18)

Let us now consider the following action
/[XLI’ (’ba, SGB’ lﬂaB] —
ap B
/ds [gag (mu +u, 55 ) b&” + = RaBy65y6 ok

Ds

D ‘/’ oB D Sap D SBp

+Su 0 = g = S u®| o)

which generalizes the action that corresponds to the La-
grangian (17). The action (19), in addition to the particle
position X, and the deviation vector ()%, is a functional of
the spin tensor S% and the spin deviation tensor (y®#. The
latter quantity is defined with respect to a 1-parameter
family of spin tensors S%(s, €) according to

(20)

The variation of the action (19) with respect to ¢* gives
again the Papapetrou equation (16), whereas the variation
with respect % gives

DS.p |, [ DSep DSg,
Ds T ( Ds "*7 "Ds

ua) =0, (21)

which is the equation of motion for the spin derived by

Papapetrou[16].
Introducing
DS,
Do = Mug + UBTSB (22)
we can write Eq. (21) in the form
DS,
5 = ~(potip — ppua). (23)

The variation of the action (19) with respect to X“ and
S9, gives a coupled system of equations for the deviation
vector )% and the deviation tensor (s%f. But, if we use the
spin equations of motion (21) in the action (19), then the
terms containing (/°f become S,p Dg:B + %ﬁﬁtp"ﬁ, which
is equal to the total derivative %(5“341"3)‘ Therefore, the
extra terms have no influence on the equations of motions
for variables X* and (%, and we remain with the system,

described by the action (16)-(18).

3. The Bazanski approach for the
brane

In this approach we are going to introduce the following
Lagrangian as a counterpart of the Bazanki Lagrangian
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for the geodesic and geodesic deviation equations of the
branes in curved embedding space

L=uVFfg,,0,X" DyW". 24
Gu

Here « is the brane tension, f?° is the inverse of the
induced metric on the brane, f,, = 0,X"0,X"gy, f =
odetf,,, where o is plus or minus sign, so that f is positive
regardles of the signature of f,,, and 9,X* is the vector
velocity on the brane. The brane sweeps a worldsheet
which is parametrized by coordinates &, its embedding
functions being X¥#(&“), and 0, = 0/0&°. WV is the devi-
ation vector field, associated with a one parameter family
of minimal worldsheets X#(&“, €)according to

ax

WYY = e—
eae

(25)
e=0

A Lagrangian, similar to (24), but with the ordinary deriva-
tive 0,W¥, instead of the covariant derivative D,W¥ =
OpW" +14,W;0,X?, is considered in ref. [4].

Applying the variation with respect to the deviation vector
WV, the Euler-Lagrange equation becomes

% A (VIFID,X¥) + 10T ,0,X 9pXg =0, (26)

which can be written more compactly as
D.(f“0.X") =0, (27)

where D, = D/DZ&° is analogous to D/Ds, and denotes
the covariant derivative with respect to the embedding
metric g,, and the world sheet metric f,, (see Eq. (35)).
Let us now derive the corresponding Euler-Lagrange
equation, obtained by varying the action (24) with respect
to X*:

oL oL
aciaac)(a ~ X« =0. (28)
Using
a ab\ __
axe (V1) =

%\/?(feffub _ fuefbf _ faffbe)aexp afxa gpa,ar (29)

a(\/?be) _ cf rab ac gbf af gbc o
oS cale VI(FET b — focfbt — 1971599, X7, (30)

and
0l 4y =0, 4,0.XP (31

we obtain

DD Yo + Ry, guv 0°X"OXPYT
+ (1 /\/?)ac I:\/?(fcffab _ facgbl fafbe)

1
angggﬂ auX“DbLZJVgpv ] _ i (feffub _ fuefbf _ faffbe)
0eXP 0¢ X7 Gpg,a0a X' Dy’ g,y = 0, (32)

where
VDD Yo = 0 (VID o) — VITA,DUYpd XP.  (33)
Eq.(32) is the equation of motion for the deviation vector.

We can rewrite it in a more compact form by taking into
account

ONVF = VITe, 0% =—frerh —fere

ec’

(34)

where I'5_is the connection on the brane’s world manifold,
and using the covariant derivative defined according to'

DoDpyp" = 0a Dpyp" — T4, Deyp” + T, Dpth?0, X7 (35)
So we arrive at the following deviation vector equation:
D (D g + 0°X, 8° X* Dyt — 0° X,0° X" Dy,
— 0" X0, X! DY) + R aop Guv 0XPOX Y’ =0,
(36)
which can be written compactly as
De(fauDpp") + Rigp guy O°X 9 XPY? =0, (37)
where

beau = begau + (fcd fub _ faffbd _ fadeC)aanaaX”' (38)

Since the covariant derivative of the metric vanishes,
D.f® =0, Eq. (36) or (37) can be written in the form

(gap—0 X0, X,) DD Y* — 2D D X, 0 X, Do "
+ RY agp Guv 0°X*0XP Y% = 0. (39)

1 We distinguish the two kinds of connection by indices
only. In this case, such simplified notation does not lead
to confusion.
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Special case: point particle

Let us now consider a special case, in which the dimen-
sionality of the brane’s world manifold is n = 1, i.e., the
case of a point particle. Then Eq. (36) becomes:

fODy Doty — o X0 X FP Dyl
+ RVaop G P00X"00X Y =0.  (40)

Now % = f(1)70' foo = 00X 00XV g,y = X“X"gw_
So we have

D X, X

D figu— o
Dr |77 Kok,

DT!,ZJB + RV aop G XM XPYT = 0.

)

(41)
This is the point particle geodesic deviation equation de-
rived by Bazanski [8, 9].
Our action is invariant under reparametrizations of the
world manifold coordinates &. So there is a freedom to
choose a gauge. In the case of the point particle, we can
choose a gauge such that

X" D
- L constant. (42)
1\ /X2 DT
Then Eq. (42) simplifies to
Doy Ry g kiXeye =0 43
D12 + aop Guv dj - v ( )

Such equation we had in section 2 where we used the
gauge in which T was equal to the proper time s.

3.1. Charged and spinning branes

In order to describe a charged brane moving in a gravita-
tional and electromagnetic background field, let us gen-
eralize the Lagrangian (24) as follows:

L= kVFfg,,0,X DWW + eF,,W'd,X",  (44)

where e“ is the charge current density on the brane[22].
Applying the variation with respect to the deviation vector,
we obtain

eﬂ

Dc(f*0.X") =
( )= 77

F¥,0,X". (45)

In the case of spinning (rotating) brane, the correspond-
ing path equation which is the counterpart of Papapetrou

equation of spinning particles, is obtained from the La-
grangian

L = kVFfg,,0,X" D,W" + %fﬂbRW,,awva,,x“sg”. (46)

Here S£° is the spin density current on the brane, such
that the integration over the brane’s world sheet surface
element dZ? gives the total spin, 5?7, of the brane:

/ dTosPe = Spo. (47)

An example of such rotating or spinning brane is consid-
ered in ref.[19], where the extrinsic curvature term is added
to the minimal surface action. The brane’s spin then arises
from the extrinsic curvature.

The variation of (46) with respect to the deviation vector
on the brane gives

1
D, (f20,X") = —— fPR" 9,X"S’P. 48
( b ) 2K\/? vpo b ( )

The above equation of motion is a particular case of the
equation that was derived in ref.[19] for the brane with
extrinsic curvature.

The deviation equation for the charged brane can be ob-
tained by taking the variation of (44) with respect to X*.
So we obtain:

D (f**Dyi,) = R, 3, X 39X WP

Bvp

ea

«Vf

+

(FuDa W + F00,X"WP) (49)

Similarly, by taking the variation of (46) with respect to
X¥, we obtain the deviation equation for spinning brane:

D (f**Dyi,) = R, 3, X 39X WP

uvp
1 o v a v o A ayv
+ W(RWPSU”D WY+ RS, S 00X VWP
+ R"WA;IJS(‘,’AG“X“LPP). (50)

4. Kaluza-Klein approach

Instead of considering a charged object in 4-dimensions,
we can consider a neutral object in 5-dimensional curved
spacetime with metric Gyn, M, N = 0,1,2,3,5. In the
case of a point particle, the Bazanski Lagrangian reads

DyN

_ M
L=MGunU DS

. (51)
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Here, constant M is the mass in 5-dimensions, UM =
dXM/ds, L/JN the geodesic deviation vector, and
DyNIDS = dyN|dS + f},’d{/’UK is thecovariant deriva-
tive with respect to the 5-dimensional line element dS =
(GpndXMdXNY112,

For the 5-dimensional metric tensor we will take the fol-
lowing Ansatz:

Gun = (52)

9w +AA A
A 1

1

This is a simplified version of a more general 5D metric
that, besides the 4D metric g,, and the vector field A,
also contains the scalar field ¢ = Gss.

Using the relations

Ys = Gsny™ = @7 + Ay, (53)

Us = GsyUN = U° + A" (54)

the Lagrangian (51) can be written in the form

v D v D 5

Further, if we take into account? DA,/DS = 0, then we
have

Dy¥ Dys
— u
L M(gu\,U 55 +U5DS) (56)

The components of the 5-dimenional connection split ac-
cording to

%(A,\FV”—i—AVF)\ ), (57)

1
) :7(v‘,Av +V,A)—

rl;/,A :r‘\:A +

1
EA"(AVFW +AF,,),  (58)

e = 5Fv“, fgu:—%AVFW, fe =0, f[2=0.
(59)
From
Dy’ dy
[% d‘é + P/ UK, (60)
Dys d
D = 0% U, 1)

2 Recall that A, = Gs,, i.e., some components of the met-
ric.

and Y = Gy, e, Yy = GupP+Gs®, s = Gssy® +

Gs,y¥, where G, = g, + AyA,, we find

Dy _dy” v oo Y vye
hg = g5 T U+ SUF (62)

D d 1

The Lagrangian (56) thus becomes

dyr
L:MguvU”( d‘é + rpglpf’u”)

+ MUs Fpp? U" + MUs (:;lés (64)

and the action is

I_/LdS /L—d

¢lv v 4 ¢’5
jds [mguvu“ ( s + o pPu’ | + e Fyu” +ed—

(65)
where
B dXs _ dX
e=MUs=Myg =m s
ds =(g,,dX"dX")"2, (66)
ds dx*
_— v
m_/\/ld5 and, u Js (67)

The Lagrangian in Eq. (65) is just like that in Eq. (6), apart
from the additional term e dis/ds. One must also bear in
mind that e = MUs = M(U° + A, U"), and that because e
depends on UY = dX"/dS, it contributes to the variation
of the action with respect to X", so that besides the terms
occurring in Eq.(13) we obtain the additional term

Fou* [‘%5 + F,,ulppuu] . (68)

If we perform the variation with respect to X°, we ob-
tain the deviation equation for the fifth component of the
deviation vector:

dygs
Foup? U | = 69
The latter equations are in agreement with the equations
derived by Kerner et al.[20] directly from the geodesic
deviation equation in five dimensions. Kerner et al[20]
observed that the expression in square brakets of Eq. (68)
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satisfies equation (69), and is thus a constant of motion. In
particular, if the latter constant of motion is zero, then we
have a one-to-one correspondence between the geodesic
deviation equation in 5 dimensions, derived from the action
(65) and the usual deviation equation (13) in presence of
the electromagnetic field in 4 dimensions. Those results
hold for a particular Ansatz (52) with Gss = 1.

In the case of a p-brane, the Lagrangian (24) can be ex-
tended to

L = K\/?fabGMNauXMDbl'PNI (70)

where M, N = p,5. A similar procedure as for the point
particle gives

L=Vt [g,,0,(0, %" + e WP0,X7)
+ 0, X5F,, WPOL X! + 0, X50,Ws], (71)

which can be written as

L =iV g,,0,X"(@,W" + I, WPa,X°)
+ e"F,,WPa,X" + e9,¥s, (72)

where e? = kV/ff®9,Xs. We see that the Lagrangian
(44) is embedded in the Lagrangian (44) which comes from
five dimensions. Instead of five, we can consider more
dimensions of the embedding spacetime.

5. Discussion and conclusion

Since branes are so important objects considered in the
attempts to develop a unified theory of fundamental in-
teractions, quantum gravity and the brane world cosmo-
logical models, we feel that such tasks require a thorough
knowledge of all aspects of the brane theory, starting with
the most basic ones such as the classical equations of mo-
tion. We have shown how the path equations of motion for
branes and the corresponding deviation equations can be
obtained from a single Lagrangian (24), which is a gener-
alization of the Bazanski Lagrangian. If a physical system
consists of many branes, then their relative motion can be
described in terms of the deviation equations. We have
considered the minimal surface deviation equation (37),
and the deviation equations for charged and spinning (ro-
tating) branes.

The Bazanski action in 5-dimensions can be split into
the action for a charged object (point particle or a brane)
in 4-dimensions plus the extra terms. The latter terms
enable distinction between the 4-dimensional and the 5-
dimensional or, in general, a higher dimensional, theory.

Deviation equations for charged point particles and branes
can thus be used in testing the presence of extra dimen-
sions.

A possible extension of the p-brane path and path de-
viation equations is an analogous set of equations in
the brane configuration space[21], a theoretical framework
which has a potential to explain a deeper geometric prin-
ciple behind brane theory.
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