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Abstract: Path and path deviation equations for neutral, charged, spinning and spinning charged test particles, using
a modified Bazanski Lagrangian, are derived. We extend this approach to strings and branes. We show
how the Bazanski Lagrangian for charged point particles and charged branes arises à la Kaluza-Klein from
the Bazanski Lagrangian in 5-dimensions.
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1. Introduction

Theories of relativistic extended objects, called branes,have become one of the most promising branches of re-search in theoretical physics (for a review see [1]). Theyare a natural generalization of the concept of point par-ticle. Branes occur at microscopic scales as a part ofstring/M-theory, or as fundamental objects of their own.On the macroscopic scale, a 3-brane living in a higher di-mensional embedding space, can describe the entire uni-verse. For a review of many aspects of embedding and the‘brane world’ scenarios see [2].
A starting point of a brane theory is the Dirac-Nambu-Goto action, which gives the brane equations of motion –a generalization of the point particle geodesic equation.
∗E-mail: matej.pavsic@ijs.si
†E-mail: kahil@aucegypt.edu

As in the case of the point particle, the embedding spacein which the brane moves can be curved. It is important tounderstand how a brane moves in such a classical back-ground space, and how it deviates from the motion of anearby brane. A pioneering work in that direction hasbeen done by Roberts [3, 4].Geodesic deviation equations for the point particle havebeen extensively studied in the literature. This is impor-tant, because from studying the free fall of two nearby ob-jects we obtain the information on the curvature of space-time by using geodesic deviation equations. For instance,Ellis and Van Elst [5] used such equations for studyingthe structure of cosmological models. Recently, Wanasand Bakry [6] utilized geodesic deviation equations to ex-amine the stability of some celestial objects. Also, thereare some attempts by Roberts [7] who quantized geodesicand geodesic deviation equations. Bazanski [8, 9] discov-ered a very powerful method to obtain the geodesic andgeodesic deviation equations from one single Lagrangian.Some authors, have applied this approach for examining
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path equations in different geometries than the Rieman-nian [10, 11], testing the effect of extra force on dynamicalmotion of spiral galaxies due to dark matter [12] and ex-pressing the required paths of polyvectors as defined incurved Clifford spaces [13].The aim of this work is to derive the equations of minimalsurface and minimal surface deviation by using a gener-alized version of the Bazanski Lagrangian for p-branes.In section 2 we review how this works for the point par-ticle (p = 1), and explain how Bazanski Lagrangian [8, 9]can be extended to include not only neutral point par-ticles but also charged, spinning and spinning chargedparticles. In section 3 we present the relevant equationsof minimal surface and minimal surface deviation for p-branes, and the case of spinning and charged p-branes aswell. In section 4 we show how the Bazanski Lagrangianfor charged point particles and charged p-branes followà la Kaluza-Klein from the Bazanski Lagrangian in 5-dimensions. Finally, we give some concluding remarks onhow this work could be extended.
2. The Bazanski approach for the
point particle
Geodesic and geodesic deviation equations for a relativis-tic point particle can be obtained simultaneously by usingthe Bazanski Lagrangian [8, 9]:

L = gαβuα
Dψβ

Ds . (1)
Here uα ≡ dX α /ds, where X α are the particle’s coor-dinates, and s the proper time, whereas ψβ is the s-dependent deviation vector, associated with a one param-eter family of geodesics X µ(s, ε) according to [8, 9]

ψµ = ε ∂X
µ

∂ε

∣∣∣∣∣
ε=0. (2)

Performing the variation of the action
I [X α , ψα ] = ∫ ds L (3)

with respect to the deviation vector ψρ , we obtain thegeodesic equation:
duα
ds +{ αµν

}
uµuν = 0. (4)

If we vary the action (3) respect to X ρ , then we obtain thegeodesic deviation equation:
D2ψα

Ds2 = Rα
βγδψγuβuδ . (5)

The above Lagrangian can be generalized [14] to includethe coupling of a charged particle with the electromagneticfield:
L = gαβuα

Dψβ

Ds + e
mFαβu

αψβ . (6)
Then, instead of Eq. (4), we obtain

duα
ds +{ αµν

}
uµuν = e

mF
µ
νuν . (7)

On the other hand, if we consider the Lagrangian
L = gαβuα

Dψβ

Ds + 12mRαβγσuαψβSγσ , (8)
we obtain [14] the Papapetrou equation:

duα
ds +{ αµν

}
uµuν = 12mRα

µνρSρνuµ, (9)
which, together with DSµν/Ds = 0, is the equation ofmotion for a relativistic top moving in a gravitational fieldbackground. The latter equation for Sµν means that ourobject does not precess. In the Lagrangian (8) we considerthe spin tensor Sµν as a fixed quantity that is not varied.Later we shall consider an action in which also Sµν is adynamical variable.Dixon equation for rotating charged objects
duα
ds +{ αµν

}
uµuν = e

mF
µ
νuν + 12mRα

µνρSρνuµ (10)
follows from the Lagrangian that combines eqs. (6) and (8):
L = gαβuα

Dψβ

Ds + e
mFαβu

αψβ + 12mRα
µνρSνρuµ. (11)

Whilst the conventional Bazanski Lagrangian (1) givesgeodesic and geodesic deviation equations, the trajecto-ries of charged and spinning objects can be obtained fromthe modified Lagrangians (6), (8). This has led Kahil [14]to suggest the following general Lagrangian:
L = gαβuα

Dψβ

Ds + fβψβ , (12)
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where
fβ = a1Fαβuβ + a2RαβγδSγδuα .Here a1 and a2 are parameters that may take the val-ues e

m and 12m to be adjusted with the original Lorentzforce equation and the Papapetrou equation as well asthe Dixon equation.Let us now consider the deviation equations that corre-spond to Lagrangians (6), (8), and (11).(i) Charged deviation equation:
D2ψα

Ds2 = Rα
µνρuµuνψρ + e

m

(
F α

ν
Dψν

Ds + F α
ν;ρuνψρ

)
.(13)(ii) Rotating deviation equations (without precession)

D2ψα

Ds2 =Rα
µνρuµuνψρ + 12m

(
Rα

µνρSνρ
Dψµ

Ds+ Rα
µνλSνλ ;ρuµψρ + Rα

µνλ;ρSνλuµψρ
)
. (14)

(iii) Rotating charged deviation equations:
D2ψα

Ds2 =Rα
µνρuµuνψρ + e

m

(
F α

ν
Dψν

Ds + F α
ν;ρuνψρ

)
+ 12m

(
Rα

µνρSνρ
Dψµ

Ds + Rα
µνλSνλ ;ρuµψρ

+ Rα
µνλ;ρSνλuµψρ

)
. (15)

The above deviation equations (13), (14), and (15) canalso be derived directly from the equations of motion (7),(9), and (10), respectively. For example, Nieto et al. [15]derived in such a manner the deviation equation (14) fromequation (9) for two nearby tops.Papapetrou [16] has formed an equation of a rotating ob-ject which is able to precess:
D
Ds

(
muα + uβ

DSαβ
DS

) = 12Rα
µνρSρνuµ. (16)

Kahil has suggested the following Lagrangian [14]:
L = gαβ

(
muα + uβ

DSαβ
Ds

)
Dψβ

Ds + 12RαβγδSγδuαψβ

(17)which gives the Papapetrou equation (16), and the follow-ing path deviation equation:
D2ψα

Ds2 = 1
mR

α
µνρuµ

(
muν + uβ

DSνβ
Ds

)Ψρ

− 1
mg

ασgνλuβ
(
DSλβ
Ds

)
;σ
Dψν

Ds

+ 12m
(
Rα

µνρSνρ
Dψµ

Ds + Rα
µνλSµλ ;ρuνψρ

+ Rα
µνλ;ρSνλuµψρ

)
. (18)

Let us now consider the following action
I [X α , ψα , Sαβ , ψαβ ] =∫

ds
[
gαβ

(
muα + uρ

DSαρ
Ds

)
Dψβ

Ds + 12RαβγδSγδuαψβ

+Sαβ Dψαβ

Ds − u
ρ(DSαρDs uβ −

DSβρ
Ds uα )ψαβ

]
, (19)

which generalizes the action that corresponds to the La-grangian (17). The action (19), in addition to the particleposition X α , and the deviation vector ψα , is a functional ofthe spin tensor Sαβ and the spin deviation tensor ψαβ . Thelatter quantity is defined with respect to a 1-parameterfamily of spin tensors Sαβ (s, ε) according to
ψαβ = ε ∂S

αβ

∂ε

∣∣∣∣∣
ε=0. (20)

The variation of the action (19) with respect to ψα givesagain the Papapetrou equation (16), whereas the variationwith respect ψαβ gives
DSαβ
Ds + uρ

(
DSαρ
Ds uβ −

DSβρ
Ds uα

) = 0, (21)
which is the equation of motion for the spin derived byPapapetrou [16].Introducing

pα = muα + uβ DSαβDs (22)
we can write Eq. (21) in the form

DSαβ
Ds = −(pαuβ − pβuα ). (23)

The variation of the action (19) with respect to X α and
Sαβ , gives a coupled system of equations for the deviationvector ψα and the deviation tensor ψαβ . But, if we use thespin equations of motion (21) in the action (19), then theterms containing ψαβ become Sαβ DψαβDs + DSαβ

Ds ψ
αβ , whichis equal to the total derivative D

Ds (Sαβψαβ ). Therefore, theextra terms have no influence on the equations of motionsfor variables X µ and ψα , and we remain with the system,described by the action (16)-(18).
3. The Bazanski approach for the
brane
In this approach we are going to introduce the followingLagrangian as a counterpart of the Bazanki Lagrangian
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for the geodesic and geodesic deviation equations of thebranes in curved embedding space
L = κ

√
ffabgµν∂aX µDbΨν . (24)

Here κ is the brane tension, fab is the inverse of theinduced metric on the brane, fab ≡ ∂aX µ∂bX νgµν , f ≡
σdetfab, where σ is plus or minus sign, so that f is positiveregardles of the signature of fab, and ∂aX µ is the vectorvelocity on the brane. The brane sweeps a worldsheetwhich is parametrized by coordinates ξa, its embeddingfunctions being X µ(ξa), and ∂a ≡ ∂/∂ξa. Ψν is the devi-ation vector field, associated with a one parameter familyof minimal worldsheets X µ(ξa, ε)according to

Ψν = ε ∂X
µ

∂ε

∣∣∣∣∣
ε=0. (25)

A Lagrangian, similar to (24), but with the ordinary deriva-tive ∂bΨµ , instead of the covariant derivative DbΨµ =
∂bΨµ + ΓµρσΨσ∂aX ρ , is considered in ref. [4].Applying the variation with respect to the deviation vectorΨν , the Euler-Lagrange equation becomes

1√
f
∂c(√ffac∂aX µ) + fabΓµαβ∂aX α∂bXβ = 0, (26)

which can be written more compactly as
Dc(fac∂cX µ) = 0, (27)

where Dc ≡ D/Dξa is analogous to D/Ds, and denotesthe covariant derivative with respect to the embeddingmetric gµν and the world sheet metric fab (see Eq. (35)).Let us now derive the corresponding Euler-Lagrangeequation, obtained by varying the action (24) with respectto X µ :
∂c

∂L
∂∂cX α −

∂L
∂X α = 0. (28)

Using
∂
∂X α

(√
ffab

) =12√f (fef fab − faefbf − faf fbe)∂eX ρ ∂fX σ gρσ,α , (29)

∂(√ffab)
∂∂cX α = √

f (f cf fab − facfbf − faf fbc)∂fX σgασ , (30)

and
∂cΓνασ = ∂ρΓνασ∂cX ρ (31)

we obtain
DcDcψα + Rν

ασρ gµν ∂cX µ∂cX ρψσ

+ (1/√f )∂c [√f (f cf fab − facfbf − faf fbc)
∂fX σgασ ∂aX µDbψνgµν

]
− 12 (fef fab − faefbf − faf fbe)

∂eX ρ ∂fX σ gρσ,α∂aX µDbψνgµν = 0, (32)
where
√
f DcDcψα = ∂c(√fDcψα )−√f ΓλραDcψλ∂cX ρ. (33)

Eq.(32) is the equation of motion for the deviation vector.We can rewrite it in a more compact form by taking intoaccount
∂c
√
f = √f Γdcd, ∂cfab = −fae Γbec − fbe Γaec, (34)

where Γbec is the connection on the brane’s world manifold,and using the covariant derivative defined according to1
DaDbψµ = ∂aDbψµ − ΓcabDcψµ + ΓµρσDbψσ∂aX ρ. (35)

So we arrive at the following deviation vector equation:
Dc(Dcψα + ∂cXα ∂bX µDbψµ − ∂bXα∂cX µDbψµ
− ∂bXα∂bX µDcψµ) + Rν

ασρ gµν ∂cX µ∂cX ρψσ = 0,(36)
which can be written compactly as

Dc(f cbαµDbψµ) + Rν
ασρ gµν ∂cX µ∂cX ρψσ = 0, (37)

where
f cbαµ ≡ f cbgαµ+(f cdfab−facfbd−fadfbc)∂dXα∂aXµ. (38)

Since the covariant derivative of the metric vanishes,
Dcfab = 0, Eq. (36) or (37) can be written in the form

(gαµ−∂aXα∂aXµ)DcDcψµ − 2DcDaXα ∂cXµDaψµ

+ Rν
ασρ gµν ∂cX µ∂cX ρψσ = 0. (39)

1 We distinguish the two kinds of connection by indices
only. In this case, such simplified notation does not lead
to confusion.
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Special case: point particleLet us now consider a special case, in which the dimen-sionality of the brane’s world manifold is n = 1, i.e., thecase of a point particle. Then Eq. (36) becomes:
f00D0(D0ψα − ∂0Xα∂0X µf00D0ψµ)+ Rν

ασρ gµν f00∂0X µ∂0X ρψσ = 0. (40)
Now f00 = 1

f00 , f00 = ∂0X µ∂0X νgµν ≡ Ẋ µẊ νgµν .So we have
D
Dτ

[(gαβ − Ẋα Ẋβ
Ẋ µẊ νgµν

) DDτ ψβ

] + Rν
ασρ gµνẊ µẊ ρψσ = 0.

(41)This is the point particle geodesic deviation equation de-rived by Bazanski [8, 9].Our action is invariant under reparametrizations of theworld manifold coordinates ξa. So there is a freedom tochoose a gauge. In the case of the point particle, we canchoose a gauge such that
Ẋ µ√
Ẋ 2

Dψµ
Dτ = constant. (42)

Then Eq. (42) simplifies to
D2ψα
Dτ2 + Rν

ασρ gµνẊ µẊ ρψσ = 0. (43)
Such equation we had in section 2 where we used thegauge in which τ was equal to the proper time s.
3.1. Charged and spinning branes
In order to describe a charged brane moving in a gravita-tional and electromagnetic background field, let us gen-eralize the Lagrangian (24) as follows:

L = κ
√
ffabgµν∂aX µDbΨν + eaFµνΨµ∂aX ν , (44)

where ea is the charge current density on the brane [22].Applying the variation with respect to the deviation vector,we obtain
Dc(fac∂cX µ) = ea

κ
√
f
F µ

ν∂aX ν . (45)
In the case of spinning (rotating) brane, the correspond-ing path equation which is the counterpart of Papapetrou

equation of spinning particles, is obtained from the La-grangian
L = κ

√
ffabgµν∂aX µDbΨν+ 12 fabRµνρσΨν∂aX µSρσb . (46)

Here Sρσa is the spin density current on the brane, suchthat the integration over the brane’s world sheet surfaceelement dΣa gives the total spin, Sρσ , of the brane:∫ dΣaSρσa = Sρσ . (47)
An example of such rotating or spinning brane is consid-ered in ref. [19], where the extrinsic curvature term is addedto the minimal surface action. The brane’s spin then arisesfrom the extrinsic curvature.The variation of (46) with respect to the deviation vectoron the brane gives

Da(fab∂bX µ) = 12κ√f fabRµ
νρσ∂aX νSσρb . (48)

The above equation of motion is a particular case of theequation that was derived in ref. [19] for the brane withextrinsic curvature.The deviation equation for the charged brane can be ob-tained by taking the variation of (44) with respect to X µ .So we obtain:
Dc(f cbαµDbψµ) = Rα

µνρ∂aX µ∂aX νΨρ

+ ea

κ
√
f
(F α

νDaΨν + F α
ν;ρ∂aX νΨρ) (49)

Similarly, by taking the variation of (46) with respect to
X µ , we obtain the deviation equation for spinning brane:

Dc(f cbαµDbψµ) = Rα
µνρ∂aX µ∂aX νΨρ

+ 12κ√f (Rα
µνρSνρa DaΨν + Rα

µνλSµλa ;ρ∂aX νΨρ

+ Rα
µνλ;ρSνλa ∂aX µΨρ). (50)

4. Kaluza-Klein approach
Instead of considering a charged object in 4-dimensions,we can consider a neutral object in 5-dimensional curvedspacetime with metric GMN , M,N = 0, 1, 2, 3, 5. In thecase of a point particle, the Bazanski Lagrangian reads

L = MGMNUM DψN

DS . (51)
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Here, constant M is the mass in 5-dimensions, UM ≡
dXM /dS, ψN the geodesic deviation vector, and
DψN /DS = dψN /dS + Γ̂NJKψJUK is thecovariant deriva-tive with respect to the 5-dimensional line element dS =(GMNdXMdXN )1/2.For the 5-dimensional metric tensor we will take the fol-lowing Ansatz:

GMN = (gµν + AµAν Aν
Aµ 1

) (52)
This is a simplified version of a more general 5D metricthat, besides the 4D metric gµν and the vector field Aµ ,also contains the scalar field φ = G55.Using the relations

ψ5 = G5NψN = ψ5 + Aνψν , (53)
U5 = G5NUN = U5 + Aνψν (54)

the Lagrangian (51) can be written in the form
L = M

(
gµνUµDψν

DS + U5Aν Dψν

DS + U5Dψ5
DS

)
. (55)

Further, if we take into account2 DAν/DS = 0, then wehave
L = M

(
gµνUµDψν

DS + U5Dψ5
DS

)
. (56)

The components of the 5-dimenional connection split ac-cording to
Γ̂µνλ =Γµνλ + 12(AλF µ

ν + AνFλ µ), (57)
Γ̂5
µν =12(∇µAν +∇νAµ)− 12Aρ(AνFµρ + AµFνρ), (58)

Γ̂µ5ν =12F µ
ν , Γ̂55µ = −12AνFµν , Γ̂µ55 = 0, Γ̂555 = 0.(59)

From
Dψν

DS = dψν

dS + Γ̂νJKψJUK , (60)
Dψ5
DS = dψ5

dS − Γ̂M5NψMUN , (61)
2 Recall that Aν = G5ν , i.e., some components of the met-
ric.

and ψM = GMJψJ , i.e., ψµ = Gµρψρ+Gµ5ψ5, ψ5 = G55ψ5+
G5µψµ , where Gµρ = gµρ + AµAρ , we find

Dψν

DS = dψν

dS + ΓνρσψρUσ + 12U5Fρνψρ (62)
Dψ5
DS = dψ5

dS −
12F µ

ν Uνgµρψρ (63)
The Lagrangian (56) thus becomes

L =MgµνUµ
(
dψν

dS + ΓνρσψρUσ
)

+MU5 FρµψρUµ +MU5 dψ5
dS , (64)

and the action is
I = ∫ LdS = ∫ LdSds ds =∫

ds
[
mgµνuµ

(
dψν

ds + Γνρσψρuσ
)+ eFρµuµ + edψ5

ds

]
.(65)

where
e = MU5 = MdX5

dS = mdX5
ds ,

ds =(gµνdX µdX ν )1/2, (66)
m = M ds

dS and, uµ = dX µ

ds . (67)
The Lagrangian in Eq. (65) is just like that in Eq. (6), apartfrom the additional term edψ5/ds. One must also bear inmind that e = MU5 = M(U5 +AνUν ), and that because edepends on Uν = dX ν/dS, it contributes to the variationof the action with respect to X ν , so that besides the termsoccurring in Eq.(13) we obtain the additional term

F α
λUλ

[
dψ5
dS + FρµψρUµ

]
. (68)

If we perform the variation with respect to X 5, we ob-tain the deviation equation for the fifth component of thedeviation vector:
d
dS

[
dψ5
dS + FρµψρUµ

] = 0. (69)
The latter equations are in agreement with the equationsderived by Kerner et al. [20] directly from the geodesicdeviation equation in five dimensions. Kerner et al.[20]observed that the expression in square brakets of Eq. (68)
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satisfies equation (69), and is thus a constant of motion. Inparticular, if the latter constant of motion is zero, then wehave a one-to-one correspondence between the geodesicdeviation equation in 5 dimensions, derived from the action(65) and the usual deviation equation (13) in presence ofthe electromagnetic field in 4 dimensions. Those resultshold for a particular Ansatz (52) with G55 = 1.In the case of a p-brane, the Lagrangian (24) can be ex-tended to
L = κ

√
ffabGMN∂aXMDbΨN , (70)

where M,N = µ, 5. A similar procedure as for the pointparticle gives
L =κ√ffab [gµν∂a(∂bΨν + ΓνρσΨρ∂bX σ )+ ∂sX5FρµΨρ∂bX µ + ∂aX5∂bΨ5] , (71)

which can be written as
L =κ√ffabgµν∂aX µ(∂bΨν + ΓνρσΨρ∂bX σ )+ eaFρµΨρ∂aX µ + ea∂aΨ5, (72)

where ea ≡ κ
√
ffab∂bX5. We see that the Lagrangian(44) is embedded in the Lagrangian (44) which comes fromfive dimensions. Instead of five, we can consider moredimensions of the embedding spacetime.

5. Discussion and conclusion
Since branes are so important objects considered in theattempts to develop a unified theory of fundamental in-teractions, quantum gravity and the brane world cosmo-logical models, we feel that such tasks require a thoroughknowledge of all aspects of the brane theory, starting withthe most basic ones such as the classical equations of mo-tion. We have shown how the path equations of motion forbranes and the corresponding deviation equations can beobtained from a single Lagrangian (24), which is a gener-alization of the Bazanski Lagrangian. If a physical systemconsists of many branes, then their relative motion can bedescribed in terms of the deviation equations. We haveconsidered the minimal surface deviation equation (37),and the deviation equations for charged and spinning (ro-tating) branes.The Bazanski action in 5-dimensions can be split intothe action for a charged object (point particle or a brane)in 4-dimensions plus the extra terms. The latter termsenable distinction between the 4-dimensional and the 5-dimensional or, in general, a higher dimensional, theory.

Deviation equations for charged point particles and branescan thus be used in testing the presence of extra dimen-sions.A possible extension of the p-brane path and path de-viation equations is an analogous set of equations inthe brane configuration space [21], a theoretical frameworkwhich has a potential to explain a deeper geometric prin-ciple behind brane theory.
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