
Nonlinear Dyn (2010) 61: 109–121
DOI 10.1007/s11071-009-9635-4

O R I G I NA L PA P E R

Vibration reduction of multi-parametric excited spring
pendulum via a transversally tuned absorber

M. Eissa · M. Kamel · A.T. El-Sayed

Received: 7 January 2009 / Accepted: 30 November 2009 / Published online: 17 December 2009
© Springer Science+Business Media B.V. 2009

Abstract The use of passive control strategy is a com-
mon way to stabilize and control dangerous vibrations
in a nonlinear spring pendulum which is describing
the ship’s roll motion. In this paper, a tuned absorber
in the transversal direction is connected to a spring
pendulum with multi-parametric excitation forces to
control the vibration due to some resonance cases on
the system. The method of multiple scale perturba-
tion technique (MSPT) is applied to study the peri-
odic solution of the given system near simultaneous
sub-harmonic and internal resonance case. The stabil-
ity of the steady-state solution near the resonance case
is investigated and studied using frequency response
equations. The effects of the absorber and some sys-
tem parameters on the vibrating system are studied nu-
merically. Optimal working conditions of the system
are extracted when applying passive control methods.
Comparison with the available published work is re-
ported.
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Nomenclature
cj (j = 1,2,3,4) the damping coefficient of the

spring pendulum modes and the
absorber (cj = εĉj )

ω1,ω2 and ω3 the natural frequency of the spring
pendulum modes and absorber

α,β the nonlinear parameters
(β1 = εβ̂1)

fj the forcing amplitude of the main
system (fj = ε2f̂j )

Ωj the frequencies of the main system
ε a small perturbation parameter
g the gravity acceleration
M,m the masses of the spring pendulum

and absorber, respectively
l statically stretched length of the

pendulum
l1 statically stretched length of the

absorber
x, x̄ the longitudinal response of the

spring pendulum (x = x̄/ l)
u, ū the longitudinal response of the

absorber (u = ū/ l)
ϕ the angular response of the

pendulum
k1, k2 the linear stiffness of the spring

pendulum and the absorber
ki (i = 3,4,5,6) the spring stiffness of nonlinear

parameters
M(t) a moment acts at the point O
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F(t) a force acts on mass M in the x

direction

1 Introduction

Vibration may cause discomfort, disturbance, damage
and sometimes destruction of the system or the struc-
ture. This problem makes the vibration an undesirable
phenomenon in our life, so it must be reduced or con-
trolled or eliminated. One of the most common meth-
ods of passive vibration control is the dynamic ab-
sorber which can be added to the most engineering vi-
brating systems [1, 2]. The spring–pendulum system is
one of the famous dynamical systems simulating many
engineering applications and one of these applications
is the ship’s roll motion [3–5]. Lee et al. [5–7] studied
harmonically excited spring–pendulum system with
internal resonance applying MSPT. From this study
they obtained a complex behavior jump phenomena,
Hopf bifurcations and a sequence of periodic-doubling
bifurcations leading to chaotic motion. Also, they ob-
served that the second-order approximation gives bet-
ter agreement with the main system than the first-order
approximation does. Eissa [9] reported that one of the
most effective tools for the control of passive vibration
is the dynamic absorber or the damper or the neutral-
izer. Vibration and dynamic chaos of both simple pen-
dulum and spring pendulum that represent ship’s roll
motion have been studied by Eissa and Sayed [10–14].
The effects of the transverse and longitudinal tuned
absorbers on the vibrations of both systems under sin-
gle harmonic excitation have been studied numerically
to control the oscillations of both systems. The sta-
bility of both simple pendulum and spring pendulum
near the simultaneous primary resonance conditions is
studied also using frequency response equations. Zafer
et al. [15] show that the parametrical numerical simu-
lations were carried out in very steep regular waves
to assess the possible improvements of a state-of-the-
art numerical model of the control and capsizing be-
havior of ships in following and quartering seas. Lee
et al. [16] analyzed the motion of a damaged ship in
waves resulting from a theoretical and experimental
study. The quantitative agreement between the exper-
imental and theoretical results was found to be not so
good for the roll motion. This fact can be attributed
to experimental inaccuracies, particularly those related
to the scaling of the water ingress and the associated

viscous effects, and to the limitations of the theoret-
ical model, especially the incomplete calibration of
the water ingress phenomenon. Bayly and Virgin [17]
studied experimentally the stability of periodic motion
in forced spring pendulum based on analytical solu-
tions and Floquet theory. Poincaré sampling is used
to reduce the problem of describing the stability of a
limit cycle to the easier task of defining the stability
of the fixed point of a Poincaré map. Empirical esti-
mates of characteristic multipliers in four-dimensional
state space are obtained by examining transient behav-
ior after perturbations; the Karhunen–Loeve decom-
position is used to identify dominant local modes in
these transients. Kamel [18] and Zhou and Chen [19]
investigated the response and stability of two modes
of ship model under sinusoidal harmonic excitation.
They obtained the bifurcation response equation near
the combination resonance case in the presence of in-
ternal resonance of this system. Song et al. [20] in-
vestigated the vibration response of the spring–mass–
damper system with a parametrically excited pendu-
lum hinged to the mass applying the harmonic bal-
ance method. Also, they showed that the area of un-
stable motion of this system obtained from the third-
order approximations is to be fairly consistent with
that obtained from numerical calculation. Amer and
Bek [21] investigated the chaotic response of a har-
monically excited spring pendulum that is moving in
a circular path. The approximate system is shown to
have bifurcation leading to chaos. Alasty and Shabani
[22] studied the response of a spring–pendulum sys-
tem. By constructing the bifurcation diagram and the
Poincaré map, the chaotic and quasi-periodic motions
are studied for a narrow bound of system parameters.
Vyas and Bajaj [23] described the dynamics of an
(n + 1)-degree-of-freedom auto-parametric vibration
absorber which consists of an array of n pendulums. A
first-order asymptotic analysis of the system has been
carried out under resonant excitation conditions with
1:1:2 internal resonances. The averaged equations are
used to obtain steady-state solutions of the system.
Osama et al. [24] reported how the ship roll can be
controlled by using active and passive control.

The work in [25] introduced the vibration and sta-
bility of the nonlinear spring pendulum describing the
ship’s roll motion. The obtained results illustrated the
effects of the longitudinal absorber on the system un-
der multi-parametric excitations.

The main task of the present paper is to show the
effect of the control device on the angular response
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Fig. 1 Diagrammatic
representation of the system

(ϕ) of the nonlinear spring pendulum, modifying the
model in [8, 25] by connecting the spring pendulum
to the transverse absorber. This leads to a three-
degree-of-freedom system under multi-parametric ex-
citations. MSPT is applied throughout to get an
approximate solution up to the second-order approx-
imations. The stability of the system is investigated
near the simultaneous resonance cases applying fre-
quency response functions. Some recommendations
regarding the different parameters of the system are
reported. The effects of the absorbers on system be-
havior are given numerically. Comparison with the
available published works is reported.

2 Mathematical analysis

The diagrammatic sketch of the considered system is
shown in Fig. 1. The absorber mass can move transver-
sally in the direction perpendicular to the pendulum
axis. The whole motion is the planer motion. Here ϕ

is the angular displacement of the pendulum which is
assumed small (less than 5◦, because if it is large, it
will cause the capsize of the ship) and x,u are the ex-
tensions of the spring and absorber, respectively, from
its equilibrium position.

For convenience, we refer to the existing works
[8, 14, 23, 25] on multi-parametric excited spring–
pendulum system with transverse absorber in Fig. 1 for
the equations of motions for the normal coordinates as
follows:

ẍ + εĉ1ẋ + ω2
1x + α1x

2 + α2x
3

− (1 + x)ϕ̇2 + ω2
2(1 − cosϕ)

= ε2x

4∑

j=1

f̂1j cos(Ω1j T0), (1)

(1 + x)2ϕ̈ + εĉ2ϕ̇ + 2(1 + x)ẋϕ̇ + ω2
2(1 + x) sinϕ

+ εĉ3
[
(1 + x)ϕ̇ − u̇

]
(1 + x)

+ εβ̂1
[
(1 + x)ϕ − u

]
(1 + x)

+ β2
[
(1 + x)ϕ − u

]2
(1 + x)

+ β3
[
(1 + x)ϕ − u

]3
(1 + x)

= ε2ϕ

4∑

j=1

f̂2j cos(Ω2j T0), (2)

ü + ω2
2 sinϕ + εĉ4

[
u̇ − (1 + x)ϕ̇

]

+ ω2
3

[
u − (1 + x)ϕ

] + β4
[
u − (1 + x)ϕ

]2

+ β5
[
u − (1 + x)ϕ

]3 = 0, (3)

where:

c1 = c̄1

M
, c2 = c̄2

Ml2
, c3 = c̄3

M
, c4 = c̄3

m
,

ω2
1 = k1

M
, ω2

2 = g

l
, ω2

3 = k4

m
, α1 = k2l

M
,

α2 = k3l
2

M
, β1 = k4

M
, β2 = k5l

M
, β3 = k6l

2

M
,

β4 = k5l

m
, β5 = k6l

2

m
, f1j = Fj (t)

Ml
,

f2j = Mj(t)

Ml2
.

The standard method of perturbation (MSPT) [26]
is used to obtain a uniformly valid, asymptotic expan-
sion of the solutions for (1)–(3), taking into account
the resonance condition Ω12 ∼= 2ω1, Ω21 ∼= 2ω2 and
ω2 ∼= 2ω3, introducing the detuning parameters σ1, σ2
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and σ3(σn = εσ̂n) according to

Ω12 = 2ω1 + εσ̂1, Ω21 = 2ω2 + εσ̂2 and

ω2 = 2ω3 + εσ̂3.
(4)

The asymptotic approximate solution of (1)–(3) is in
the form:

x(t; ε) =
3∑

n=1

εnxn(T0, T1, T2) + O
(
ε4), (5)

ϕ(t; ε) =
3∑

n=1

εnϕn(T0, T1, T2) + O
(
ε4), (6)

u(t; ε) =
3∑

n=1

εnun(T0, T1, T2) + O
(
ε4). (7)

The derivatives will be in the form

d

dt
= D0 + εD1 + ε2D2 and

d2

dt2
= D2

0 + 2εD0D1 + ε2(D2
1 + 2D0D2

)
(8)

For the second-order approximation, we introduce
three timescales, where Tm = εmt and Dm = ∂

∂Tm

(m = 0,1,2).
Substituting (5)–(8) into (1)–(3) and equating the

coefficients of equal powers of (ε) leads to

O(ε) :
(
D2

0 + ω2
1

)
x1 = 0, (9a)

(
D2

0 + ω2
2

)
ϕ1 = 0, (9b)

(
D2

0 + ω2
3

)
u1 = (

ω2
3 − ω2

2

)
ϕ1; (9c)

O(ε2) :
(
D2

0 + ω2
1

)
x2 = −2D0D1x1 − ĉ1D0x1

− α1x
2
1 + (D0ϕ1)

2 − ω2
2
ϕ2

1

2
, (10a)

(
D2

0 + ω2
2

)
ϕ2 = −2D0D1ϕ1 − 2x1D

2
0ϕ1

− ĉ2D0ϕ1 − 2D0x1D0ϕ1 − ω2
2x1ϕ1

− ĉ3(D0ϕ1 − D0u1) − β̂1(ϕ1 − u1)

− β2
(
u2

1 − 2ϕ1u1 + ϕ2
1

)
, (10b)

(
D2

0 + ω2
3

)
u2 = −2D0D1u1 − ω2

2ϕ2 + ω2
3(x1ϕ1 + ϕ2)

− ĉ4(D0u1 − D0ϕ1)

− β4
(
u2

1 − 2ϕ1u1 + ϕ2
1

); (10c)

O(ε3) :
(
D2

0 + ω2
1

)
x3 = −2D0D1x2 − (

D2
1 + 2D0D2

)
x1

− ĉ1(D0x2 + D1x1)

− 2α1x1x2 − α2x
3
1 + 2D0ϕ1D0ϕ2

+ 2D0ϕ1D1ϕ1 + x1(D0ϕ1)
2

− ω2
2ϕ1ϕ2 + x1

4∑

j=1

f̂1j cos(Ω1j T0),

(11a)
(
D2

0 + ω2
2

)
ϕ3 = −2D0D1ϕ2 − 4x1D0D1ϕ1

− (
D2

1 + 2D0D2
)
ϕ1 − x2

1D2
0ϕ1

− 2x2D
2
0ϕ1 − 2x1D

2
0ϕ2

− ĉ2(D0ϕ2 + D1ϕ1) − 2D0x1D0ϕ2

− 2D0x1D1ϕ1 − 2D1x1D0ϕ1

− 2D0x2D0ϕ1 − 2x1D0x1D0ϕ1

− ω2
2x2ϕ1 + ω2

2ϕ
3
1

6
− ω2

2x1ϕ2

− ĉ3(D1ϕ1 − D0u2 + D0ϕ2

+ 2x1D0ϕ1 − D1u1 − x1D0u1)

− β̂1(−u1x1 − u2 + 2x1ϕ1 + ϕ2)

− β2
(−2ϕ1u2 − 4x1ϕ1u1 + 3ϕ2

1x1

+ 2ϕ1ϕ2 − 2ϕ2u1 + u2
1x1 + 2u1u2

)

− β3
(−u3

1 + 3ϕ1u
2
1 − 3ϕ2

1u1 + ϕ3
1

)

+ ϕ1

4∑

j=1

f̂2j cos(Ω2j T0), (11b)

(
D2

0 + ω2
3

)
u3 = −2D0D1u2 − (

D2
1 + 2D0D2

)
u1

−
(

ω2
2ϕ3 − ω2

2ϕ
3
1

6

)

+ ω2
3(ϕ3 + x1ϕ2 + x2ϕ1)

− ĉ4(D1u1 − D1ϕ1 + D0u2
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− D0ϕ2 − x1D0ϕ1)

− β4
(−2ϕ1u2 + 2u1u2 + 2ϕ2

1x1

− 2ϕ2u1 − 2x1ϕ1u1 + 2ϕ1ϕ2
)

− β5
(
u3

1 − 3ϕ1u
2
1 + 3ϕ2

1u1 − ϕ3
1

)
.

(11c)

The general solutions of (9) can be written in the
form

x1 = A1(T1, T2) exp(iω1T0) + cc., (12a)

ϕ1 = A2(T1, T2) exp(iω2T0) + cc., (12b)

u1 = A3(T1, T2) exp(iω3T0)

+ A2(T1, T2) exp(iω2T0) + cc., (12c)

where An are complex function in T1 and T2, cc. rep-
resents the complex conjugate of the previous terms.

Substituting (12) into (10) and using the response
condition equation (4) leads to secular terms. Elimi-
nating these secular terms leads to solvability for the
first-order approximation:

2iω1D1A1 = −ĉ1iω1A1, (13a)

2iω2D1A2 = −ĉ2iω2A2

+ [−β2A
2
3

]
exp

(−iσ̂3T1
)
, (13b)

2iω3D1A3 = [−ĉ4iω3A3 − ĉ3(iω3A3) − β̂1A3
]
.

(13c)

After eliminating the secular terms, the particular so-
lutions of (10) will be in the form:

x2 = [α1A
2
1]

3ω2
1

exp(2iω1T0) −
[

3ω2
2

2(ω2
1 − 4ω2

2)
A2

2

]

× exp(2iω2T0) + [ω2
2A2Ā2 − 2α1A1Ā1]

2ω2
1

+ cc.,

(14a)

ϕ2 = [ω2
2A1A2 + 2ω1ω2A1A2]

ω2
2 − (ω1 + ω2)2

exp
(
i(ω1 + ω2)T0

)

+ [ω2
2A1Ā2 − 2ω1ω2A1Ā2]

ω2
2 − (ω1 − ω2)2

exp
(
i(ω1 − ω2)T0

)

+ [ĉ3(iω3A3) + β̂1A3]
ω2

2 − ω2
3

exp(iω3T0)

− β2A3Ā3

ω2
2

+ cc., (14b)

u2 = [β4A
2
3]

3ω2
3

exp(2iω3T0)

+
[
(ω2

3 − ω2
2)(ω

2
2A1A2 + 2ω1ω2A1A2)

[ω2
3 − (ω1 + ω2)2]2

+ ω2
3A1A2

ω2
3 − (ω1 + ω2)2

]
exp

(
i(ω1 + ω2)T0

)

− [2iω2D1A2]
ω2

3 − ω2
2

exp(iω2T0)

+
[
(ω2

3 − ω2
2)(ω

2
2A1Ā2 − 2ω1ω2A1Ā2)

[ω2
3 − (ω1 − ω2)2]2

+ ω2
3A1Ā2

ω2
3 − (ω1 − ω2)2

]
exp

(
i(ω1 − ω2)T0

)

+
[−(ω2

3 − ω2
2)

β2A3Ā3

ω2
2

− β4A3Ā3]
ω2

3

+ cc. (14c)

Substituting (12), (14) into (11) and using the re-
sponse condition equation (4) leads to secular terms.
Eliminating these secular terms leads to solvability for
the second-order approximation:

2iω1D2A1 = [−D2
1A1 − ĉ1D1A1

+ η1A1A2Ā2 + η2A
2
1Ā1

]

+
[
f̂12

2
Ā1

]
exp

(
iσ̂1T1

)
, (15a)

2iω2D2A2 = [
η4D1A2 − D2

1A2 + η1A1Ā1A2

+ η3A
2
2Ā2

] + [
η5A

2
3

]
exp

(−iσ̂3T1
)

+
[
f̂21

2
Ā2

]
exp

(
iσ̂2T1

)
, (15b)

2iω3D2A3 = −D2
1A3 + η6D1A3 + η7A

2
3Ā3 + η8A3

+ [
4η9Ā3iω2D1A2

]
exp

(
iσ̂3T1

)
, (15c)

where ηs {s = 1,2, . . . ,9} are constants (see
Appendix).

3 Periodic solution

The simultaneous sub-harmonic and internal reso-
nance case (Ω12 ∼= 2ω1, Ω21 ∼= 2ω2, ω2 ∼= 2ω3),
which is the worst resonance case, has been chosen
to study the stability from the second-order approxi-
mation solution.
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From the first part of (8), multiplying both sides by
2iωn can express the derivative of Anwith respect to t :

2iωn

dAn

dt
= ε2iωnD1An + ε22iωnD2An + O(ε3).

(16)

To analyze the solution of (13), (15), it is convenient
to express An(T1, T2) in the form

An =
(

ân

2

)
exp(iγn), an = εân, (17)

where an and γn are real and represent the steady-state
amplitudes and the phases of the motions, respectively.
Inserting (17) and (13), (15) into (16) and equating the
real and imaginary parts, the following equations are
obtained:

ȧ1 = −c1

2
a1 + f12

4ω1
a1 sin(θ1), (18a)

a1γ̇1 = − c2
1

8ω1
a1 − η1

8ω1
a1a

2
2 − η2

8ω1
a3

1

− f12

4ω1
a1 cos(θ1), (18b)

ȧ2 = −c2

2
a2 +

(
c2β1

2(ω2
3 − ω2

2)

)
a2 + f21

4ω2
a2 sin(θ2)

+ η10
a2

3

4
sin(θ3) + η11

a2
3

4
cos(θ3), (19a)

a2γ̇2 = η12a2 − η1

8ω2
a2

1a2 − η3

8ω2
a3

2 − f21

4ω2
a2 cos(θ2)

+ η10
a2

3

4
cos(θ3) − η11

a2
3

4
sin(θ3), (19b)

ȧ3 =
[

c2β1

2(ω2
2 − ω2

3)
− c4

2
− c3

2

]
a3

− c2η9
ω2a2a3

2ω3
cos(θ3), (20a)

a3γ̇3 = η13a3 + [−η7 + 2η9β2] a3
3

8ω3

− c2η9
ω2a2a3

2ω3
sin(θ3), (20b)

where θ1 = σ̂1T1 − 2γ1, θ2 = σ̂2T1 − 2γ2, θ3 = σ̂3T1 +
γ2 − 2γ3 and ηk{k = 10,11,12,13} are constants (see
Appendix).

Thus, the first approximation periodic solution can
be written in the form

x1 = a1 cos

[
1

2
(Ω12T0 − θ1)

]
, (21a)

ϕ1 = a2 cos

[
1

2
(Ω21T0 − θ2)

]
, (21b)

u1 = a3 cos

[
1

4

(
Ω21T0 − (θ2 + 2θ3)

)]

+ a2 cos

[
1

2
(Ω21T0 − θ2)

]
, (21c)

where a1, a2, a3, θ1, θ2 and θ3 are obtained by the
solutions of (18)–(20).

3.1 Stability of the fixed points

The steady-state solution of our dynamical system cor-
responding to the fixed point of (18)–(20) is obtained
when ȧn = 0 and θ̇n = 0; then we can get the fre-
quency response equations (FRE) for practical case
(a1 �= 0, a2 �= 0, a3 �= 0) as follows:

σ 2
1 +

(
η1

2ω1
a2

2 + η2

2ω1
a2

1 + 1

2ω1
c2

1

)
σ1

+ c2
1 + 1

16ω2
1

[(
η1a

2
2 + η2a

2
1

) + c2
1

]2 − f 2
12

4ω2
1

= 0,

(22a)

σ 2
2 +

(
η1

2ω2
a2

1 + η3

2ω2
a2

2 − 4η12

)
σ2

+ 4

(
−η12 + η1

8ω2
a2

1 + η3

8ω2
a2

2

)2

+
(

c2 − c2β1

(ω2
3 − ω2

2)

)2

− f 2
21

4ω2
2

−
(

η2
10

4
+ η2

11

4

)
a4

3

a2
2

+ f21

2a2ω2
η10a

2
3 cos(θ2 + θ3)

− f21

2a2ω2
η11a

2
3 sin(θ2 + θ3) = 0, (22b)

σ 2
3 +

[
−4η13 − (−η7 + 2η9β2)

a2
3

2ω3
+ σ2

]
σ3

+
[
−σ2 + 4η13 + (−η7 + 2η9β2)

a2
3

2ω3

]

+
[

c2β1

(ω2
2 − ω2

3)
− c4 − c3

]2

− ω2
2c

2
2η

2
9a

2
2

ω2
3

= 0.(22c)
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To determine the stability of the steady-state solution,
one lets

an = an0 + an1, θn = θn0 + θn1, (23)

where an0 and θn0 are the solutions of (18)–(20) and
an1, θn1 are perturbations which are assumed to be
small compared with an0 and θn0. Substituting (23)
into (18)–(20) and keeping only the linear terms in an1

and θn1, we obtain

ȧ11 =
[
−c1

2
+ f12

4ω1
sin(θ10)

]
a11

+
[

f12

4ω1
a10 cos(θ10)

]
θ11, (24a)

θ̇11 =
[

σ1

a10
+ c2

1

4ω1a10
+ η1a

2
20

4ω1a10
+ 3a10η2

4ω1

+ f12

2ω1a10
cos(θ10)

]
a11

+
[
η1a20

2ω1

]
a21 −

[
f12

2ω1
sin(θ10)

]
θ11, (24b)

ȧ21 =
[
−c2

2
+

(
c2β1

2(ω2
3 − ω2

2)

)
+ f21

4ω2
sin(θ20)

]
a21

+
[

f21

4ω2
a20 cos(θ20)

]
θ21

+
[

3η10a
2
30

4
sin(θ30) + η11a30

2
cos(θ30)

]
a31

+
[
η10a

3
30

4
cos(θ30) − η11a

2
30

4
sin(θ30)

]
θ31,

(25a)

θ̇21 =
[

σ2

a20
− 2η12

a20
+ η1a

2
10

4ω2a20
+ 3a20η3

4ω2

+ f21

2a20ω2
cos(θ20)

]
a21 +

[
η1

2ω2
a10

]
a11

−
[

f21

2ω2
sin(θ20)

]
θ21

+
[−a30η10

a20
cos(θ30) + a30η11

a20
sin(θ30)

]
a31

+
[
η10a

2
30

2a20
sin(θ30) + η11a

2
30

2a20
cos(θ30)

]
θ31

(25b)

ȧ31 =
[

c2β1

2(ω2
2 − ω2

3)
− c4

2
− c3

2
− c2η9ω2a20

2ω3

× cos(θ30)

]
a31 +

[
c2η9ω2a20a30

2ω3
sin(θ30)

]
θ31

−
[
c2η9ω2a30

2ω3
cos(θ30)

]
a21, (26a)

θ̇31 =
[

2σ3 + σ2

a30
− 4η13

a30
− (−η7 + 2η9β2)

3a30

2ω3

+ 2c2η9ω2a20

a30ω3
sin(θ30) + a30η10

a20
cos(θ30)

− a30η11

a20
sin(θ30)

]
a31 +

[
2c2η9ω2a20

ω3
cos(θ30)

− η10a
2
30

2a20
sin(θ30) − η11a

2
30

2a20
cos(θ30)

]
θ31

−
[

η1

2ω2
a10

]
a11 +

[
− σ2

a20
+ 2η12

a20

− η1a
2
10

4ω2a20
− 3a20η3

4ω2
− f21

2a20ω2
cos(θ20)

+ 2c2η9ω2

ω3
sin(θ30)

]
a21

+
[

f21

2ω2
sin(θ20)

]
θ21. (26b)

The eigenvalues of the above system of equations are
given by the equation

λ6 + r1λ
5 + r2λ

4 + r3λ
3 + r4λ

2 + r5λ + r6 = 0, (27)

where (r1, r2, r3, r4, r5, r6) are functions of the para-
meters (a1, a2, a3,ω1,ω2,ω3, σ1, σ2, σ3, c1, c2, c3, c4,

β1, β2, β3, β4, β5, f12, f21, α1, α2, θ1, θ2, θ3). If the
real part of the eigenvalue is negative, then the periodic
solution is stable; otherwise, it is unstable. Accord-
ing to the Routh–Huriwitz criterion, the necessary and
sufficient conditions for all the roots of (27) to have
negative real parts is if and only if the determinant D

and all its principle minors are positive:

D =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

r1 1 0 0 0 0

r3 r2 r1 1 0 0

r5 r4 r3 r2 r1 1

0 r6 r5 r4 r3 r2

0 0 0 r6 r5 r4

0 0 0 0 0 r6

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (28)
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Fig. 2 Response of the
system without absorber at
simultaneous sub-harmonic
resonance case (Ω12 ∼= 2ω1,
Ω21 ∼= 2ω2)

Fig. 3 Response of the
system with absorber in
simultaneous sub-harmonic
and internal resonance case
(Ω12 ∼= 2ω1, Ω21 ∼= 2ω2,
ω2 ∼= 2ω3)
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Fig. 4 Frequency response
curves at selected values
ω1 = 5, ω2 = 4, c1 = 0.01,
a1 = 0.01, f12 = 5,
α1 = 0.04, α2 = 0.06 and
effect of different
parameters

4 Results and discussion

In this section, (1)–(3) are numerically integrated us-
ing a fourth-order Rung–Kutta algorithm (via MAT-
LAB 7.0). The numerical solutions of the spring pen-
dulum with and without absorbers at simultaneous
sub-harmonic and internal resonance are obtained as
shown in Figs. 2 and 3 for the selected values (ω1 = 5,
ω2 = 4, Ω12 ∼= 2ω1, Ω21 ∼= 2ω2, ω2 ∼= 2ω3, c1 =
0.08, c2 = 0.03, c3 = 0.0008, c4 = 0.008, β1 = 0.4,
β2 = 0.03, β3 = 0.06, β4 = 0.3, β5 = 0.6, α1 = 0.004,
α2 = 0.006, f12 = 0.5, f21 = 0.4).

In Fig. 2, the steady-state amplitude of the first
mode (x) is about 80% of the first excitation force am-
plitude (f12) and the steady-state amplitude of the sec-
ond mode (ϕ) is about 150% of the second excitation
force amplitude (f21). The system of the both modes

is stable with slight chaotic limit cycle, as shown in the
phase plane trajectories.

Figure 3 illustrates the results at simultaneous sub-
harmonic resonance when the absorber is effective,
i.e., when Ω12 ∼= 2ω1, Ω21 ∼= 2ω2 and ω2 ∼= 2ω3.
It is clear from the figure that for the main system
the steady-state amplitude of the first mode (x) and
the second mode (ϕ) is reduced to 0.06% and 0.25%
of the excitation forces amplitude (f12, f21), respec-
tively, and the steady-state amplitude of the absorber
(u) is about 0.04. This means that the effectiveness of
the absorber Ea (Ea = steady-state amplitude of the
main system without absorber/steady-state amplitude
of the main system with absorber) is about 1300 for
(x) and about 600 for (ϕ).

The frequency response equations are algebraic
equations, which are solved numerically and the re-
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Fig. 5 Frequency response
curves at selected values
c2 = 0.03, ω1 = 5, ω2 = 2,
ω3 = 4, β1 = 0.4,
β2 = 0.03, β4 = 0.3,
α1 = 0.6, f21 = 8,
σ3 = 0.05, a1 = 0.5,
a3 = 0.1 and effect of
different parameters

sults are presented in Figs. 4, 5 and 6, with (a1, σ1),
(a2, σ2) and (a3, σ3) at selected values of some para-
meters.

Form the stability study of practical case (a1 �=
0, a2 �= 0, a3 �= 0) we can get the effect of the detun-
ing parameter σ1 on the steady-state amplitude a1 of
the first mode, as shown in Fig. 4(a). The curves con-
sist of two branches: the solid line represents the stable
solution while the dashed line represents the unstable
solution, and accordingly their multi-valued solutions.
Figure 4(b) shows that the steady-state amplitude is
a monotonic increasing function of excitation ampli-
tude f12, which increases in unstable regions. From
Fig. 4(c) we see that the steady-state amplitude is a

monotonic decreasing function in ω1 and the curve
bends to right when ω1 is decreased, which leads to
the occurrence of jump phenomenon. Also, Fig. 4(d)
shows that the effect of increasing or decreasing of
the damping coefficient c1 and ω2 is trivial due to the
occurrence of saturation. Figure 4(e) shows that in-
crease or decrease of α1 produces either soft or hard
spring, respectively, and leads to occurrence of jump
phenomenon. Increase or decrease of the value α2 pro-
duces either hard or soft spring, respectively, and leads
to the occurrence of jump phenomenon, as shown in
Fig. 4(f).

We explain the jump phenomenon for example in
Fig. 4(a). As σ1 is reduced from a value correspond-
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Fig. 6 Frequency response
curves at selected values
c2 = 0.03, ω1 = 10, ω2 = 2,
ω3 = 4, β1 = 0.4,
β2 = 0.001, β3 = 0.002,
β4 = 0.01, β4 = 0.02,
σ2 = 1, a2 = 0.1 and effect
of different parameters

ing to the point A, the amplitude remains zero until the
point B is reached. As σ1 is decreased further, a jump
takes place from the point B to the point D. Then,
as σ1 is decreased further, the amplitude decreases
slowly. Also, we note that the region between B and
E represents unstable trivial solutions; while for the
other regions we have stable trivial solutions.

Figure 5(a, b, d) shows the effect of the detun-
ing parameter σ2 on the steady-state amplitude a2. It
shows that the effect of parameters (f21,ω2) of the
amplitude (a2) against the detuning parameter (σ2) is
similar to the effect of parameters (f12,ω1) of the am-
plitude (a1) against the detuning parameter (σ1) from
Fig. 4. It can be seen from Fig. 5(c, e) that the in-
crease of parameter ω1, α1 on the amplitude (a2) is
shifted and bent to right. Finally, Fig. 5(f) shows that
the steady-state amplitude and the unstable region are
monotonic decreasing functions of c2.

The jump phenomenon in Fig. 5(a) is the same as
one in Fig. 4(a).

Figure 6(a) shows the effect of the detuning pa-
rameter σ3 on the steady-state amplitude a3. Also,
Fig. 6(b, c, e) shows that the steady-state amplitudes
and the unstable region are monotonic decreasing
functions in ω3, c3, β3 and monotonic increasing func-
tions in c3 (see Fig. 6(d)). The effect of increasing or
decreasing the damping coefficient c2 and ω1 is trivial
due to the occurrence of saturation β3.

5 Comparison with published works

(a) Literature review [5–8] studied a harmonically ex-
cited spring–pendulum system without any ab-
sorber while [14] studied the spring–pendulum
system with transverse absorber but limited to a
single external force only for each mode at pri-
mary and internal resonance case (Ea(ϕ) = 15)
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and [25] studied the system with a longitudinal
absorber where each mode is subjected to multi-
parametric forces at sub-harmonic and internal
resonance case (Ea(x) = 6700,Ea(ϕ) = 120).

(b) This paper illustrates the response of the two
modes (x,ϕ) of the nonlinear spring–pendulum
system when connected to transverse absorber
subjected to multi-parametric excitations. We suc-
ceeded to reduce the steady-state amplitude of the
first mode (x) to 0.08% and the second mode
(ϕ) to 0.2% of its maximum value of the system
without absorber via passive control method. This
means that Ea of the first mode is approximately
1300 and 600 of the second mode at the simulta-
neous sub-harmonic and internal resonance case.
Moreover, numerically the stable and unstable re-
gions are defined when studying the effects of the
selected parameters. It is worth to mention that a
good agreement for reducing the vibration of the
second mode (ϕ) of the system when we used the
transverse absorber, more than if longitudinal ab-
sorber were used.

6 Conclusions

The vibration of a three-degree-of-freedom nonlinear
spring pendulum which simulates the ship’s roll mo-
tion subjected to multi-parametric excitation forces
can be reduced (controlled passively) using a nonlin-
ear tuned absorber which moves in the transverse di-
rection. MSPT is applied to determine approximate
solutions of the coupled nonlinear differential equa-
tions up to the second-order approximations near si-
multaneous sub-harmonic and internal resonance. Fre-
quency response equations are deduced to investigate
the system’s stability. For the specific parameter val-
ues used in this paper the steady-state amplitude of
the main system (x,ϕ) is reduced to 0.08% and 0.2%,
respectively, of its original value. This means that
the absorber effectiveness is about Ea(x) = 1300 and
Ea(ϕ) = 600. Also, the unstable regions of the main
system are decreasing when the values of f12 and f21

are decreasing and when the values of c2,ω1,ω2,ω3

are increasing. Increase or decrease of both α1 or α2

produces either hard or soft spring, respectively, and
leads to the occurrence of jump phenomenon.

Appendix

η1 =
(

1 + 7ω2
2 − 4ω2
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(
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(
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(
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2iω3β2ĉ3 + 2β2β̂1

ω2
2 − ω2

3
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